Al: Thermodynamics, Kinetic Theory and Statistical
Mechanics

Toby Adkins

June 20, 2016



Contents

1 Basic Thermodynamics

1.1
1.2
1.3

14

1.5

1.6

Some Definitions

The Zeroth Law

The First Law

1.3.1 Heat Capacity

1.3.2  Thermodynamic Changes

1.3.3 The Carnot Cycle

The Second Law

1.4.1  Carnot’s Theorem

1.4.2  Back to Clausius and Kelvin
1.4.3  Clausius’ Theorem and Entropy
1.4.4 Calculating Entropy Changes
1.4.5 The Joule Expansion
Thermodynamic Relations

1.5.1  General Conditions for Thermodynamic Equilibrium
1.5.2  Thermodynamic Potentials
1.5.3 The Maxwell Relations

1.5.4  Some Useful Thermodynamic Relations
Thermodynamics of Other Materials
1.6.1 Elastic Rod

1.6.2 Liquid Film

1.6.3 Paramagnetism

2 Kinetic Theory

21

2.2

2.3

2.4

2.5

2.6

Statistical Description of a Gas
2.1.1 The Thermodynamic Limit
Distributions and Isotropy

2.2.1 TIsotropic Distributions
2.2.2 The Maxwellian Distribution
Particle Flux

2.3.1 Pressure

2.3.2 Effusion

Collisions

2.4.1 The Characteristic Velocity
2.4.2 Collisions in a Mixture
Transport

2.5.1 Thermal Conductivity
2.5.2  Viscosity

2.5.3  Self-Diffusion

2.5.4 Heat Diffusion

Local Equilibrium

g~ W

15
15
16
17
18
20
21
21
22
23
24
26
26
27
28

30
31
31
33
33
34
36
36
39
41
41
42
43
43
44
46
47
52



Toby Adkins

2.6.1 The Kinetic Equation
2.6.2 Conservation Laws
2.6.3 Self-Diffusion 2.0

3 Statistical Mechanics

3.1

3.2

3.3

3.4

3.5

3.6

Basic Principles

3.1.1 States of a System

3.1.2  Gibbs Entropy

3.1.3 Entropy Maximisation

3.1.4 Stirling’s Formula

The Canonical Ensemble

3.2.1 Some Important Relationships
3.2.2 Stability and Equilibria

3.2.3 Some Common Examples

The Grand Canonical Ensemble

3.3.1 Chemical Potential

3.3.2 The Grand Potential

3.3.3 Multi-species Systems

The Ideal Gas

3.4.1 Distinguishability

3.4.2 Thermodynamic Quantities
3.4.3 Internal Degrees of Freedom
3.4.4 The Equipartition Theorem
3.4.5 With the Grand Canonical Ensemble
Quantum Gases

3.5.1 Occupation Number Statistics
3.5.2  Deusity of States

3.5.3 Standard Calculations

3.5.4 Degenerate Fermi Gas

3.5.5 Degenerate Bose Gas

The Photon Gas

3.6.1 Thermodynamically

3.6.2 As a Quantum Gas

4 Further Thermodynamics

4.1

4.2

Real Gases

4.1.1 Virial Expansion

4.1.2 Van-der-Waals Gas

4.1.3 Dieterici Gas

4.1.4 Critical Points

4.1.5 Expansions of Real Gases

Phase Transitions and Equilibria

4.2.1 Latent Heat

4.2.2 The Clausius-Clapeyron Equation

Al

52
23
54

56
57
o7
57
o8
59
61
62
63
65
68
68
69
70
73
73
74
75
76
77
80
80
81
82
84
89
94
94
94

96
97
97
98
98
98
100
103
103
103



1. Basic Thermodynamics

This chapter aims to cover the basic concepts of Thermodynamics, including:
e Some Definitions

The Zeroth Law

The First Law

e The Second Law
e Thermodynamic Potentials
e Thermodynamics of Other Materials

Students will find that a lot of the material covered in this chapter has an almost purely
experimental basis; many relations in Thermodynamics come from the results of exper-
iment, rather than derivation from some fundamental concept, such as the value of the
adiabatic constant for particular substances. This should not be a cause for alarm; in fact
quite the opposite. It simply means more results that can be quoted without proof. Note
that we will use d to refer to an exact differential, and d to refer to an inexact differential.
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1.1 Some Definitions

Before diving right into derivations and such, we need to define some concepts that will be
used throughout this chapter, as follows:

e System and Surroundings - The ’system’ is the term used to refer to the part of
the Universe that we wish to examine, and the ’surroundings’ are simply everything
that is not this system, though it is often used to refer to the vicinity of the sys-
tem. Generally, we are only interested in changes to the system, rather than the
surroundings

e Observables - There are two main types of observables in Thermodynamics. Macro-
scopic observables refer to large properties of the system, such as temperature (T),
volume (V) and pressure (p). Conversely, microscopic observables correspond to the
properties of individual entities within the system, such as the position and velocity
of all the particles within a gas. Evidently, these are much harder to determine than
the macroscopic observables. We can describe the state of the system in terms of
either macroscopic or microscopic observables, though evidently the former is simpler
to do. For each 'macro-state’ of the system (a particular combination of macroscopic
observables), there may be a large number of corresponding 'micro-states’. For ex-
ample, if a gas is at a particular temperature and pressure, there is a very large
number of possibilities for the number of combinations of the energies and velocities
of the individual particles that may create this

e Thermodynamic Equilibrium - This occurs where the macroscopic observables are in-
dependent of time (not changing). Macro-states are only defined in Thermodynamic
equilibrium, because we cannot define the values of the macroscopic quantities when
they are changing. However, the micro-states of the system are always well-defined,
as they do not depend on a consideration of the average quantities of the system

e Function of State - These are functions of parameters ¢ = q1,q2, ..., g, (variables of
state) that specify the state of the system. These are by definition exact differentials,
such that

Aflg) = flay) = f(g)

7

They have a well defined value in every state of thermodynamic equilibrium, inde-
pendent of how the system arrived at that equilibrium. An equation of state is simply
a relationship between two functions of state. The most well-known function of state
(in Thermodynamics at least) is the Ideal Gas Law

(1)

where n,, corresponds to the number of moles in the system, and R = 8.3144598
JK 'mol™! is the universal gas constant. This means that for any ideal gas, there
are only two independent variables of state

e Ideal Gas - This is a theoretical gas composed of many randomly moving point parti-
cles that do not interact except when they collide elastically. These two assumptions
are important in deriving many results in Kinetic Theory, as supposed to Thermo-
dynamics, but in this chapter we will only be working with ideal gases

e Quasi-static - A change in the system is said to be quasi-static if it is done slowly
enough to preserve thermodynamic equilibrium. This means that the functions of
state remain defined throughout. A good way of thinking about a quasi-static change
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is as making a very large number of infinitesimal changes to the system, where each
barely modifies the system, but their net effect is some overall change in the system

e Reversible - A change in the system is said to be reversible if it does not increase the
entropy of the Universe (entropy will be covered as a concept more formally later).

e Isothermal - A change in the system is said to be isothermal if there is no change in
temperature of the system

e Adiabatic - A change is said to be adiabatic if it is both reversible and occurs quasi-
statically. This is the case when the system is thermally isolated.

As readers may have guessed, we will mostly be describing systems in terms of the macro-
scopic functions of state, rather than on a micro-state level; we will leave that until Chapter

(3)-



Toby Adkins Al

1.2 The Zeroth Law

The Zeroth Law of Thermodynamics states that

If a system A is in thermal equilibrium with system B, and system B is
i thermal equilibrium with system C, then A in in thermal equilibrium
with system C

This means that all systems must have some common property that can be used to relate
them. If A is to be in thermal equilibrium with C, then they both must satisfy some
function of state

fac(al,ag,ag, ...,C1,C2,C3,.. )

Similarly, if A is to be in thermal equilibrium with B, then they both must satisfy some
function of state

foe(b1,ba,b3,...,c1,c2,¢3...)

We can re-arrange these functions for ¢; such that, for new functions g4. and gp.,

gac(al,ag,ag, ...,C2,C3 .. ) = gbc(bl,bg,bg, L..,C2,C3 .. ) (1.2)

We can define some function f,; such that
fav(ar,az,as,...,b1,b2,b3...) =0 (1.3)

without assuming any correspondence between the states of A and B. We should be able
to arbitrarily take some of the parameters that satisfy (1.3) and substitute them into (1.2);
this should not change the validity of (1.2). This means that the functions g4, and gp. are
independent of ¢1, ¢, ..., and so we can define two new functions such that

@a(al,ag,ag, .. ) = @b(bh bg, b3 e )

The function © is thus the property that is shared by all materials that we call tempera-
ture; a macroscopic observable that is a function of the state parameters.

A thermometer is a device used to measure the temperature of another device. They func-
tion by placing two objects in thermal contact until they both reach thermal equilibrium.
Knowledge about the behaviour of the thermometer at particular temperatures, such as
calibrating a column of liquid mercury against a temperature scale, can then allow us to
determine the temperature of the first body. Thus, a simple alternative statement to the
Zeroth Law is that 'thermometers work’.
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1.3 The First Law

The First Law of Thermodynamics is simply a statement of energy conservation as
Energy is conserved, and both heat and work are forms of energy

Let U be the internal energy of the system; this can include the kinetic energy of the
particles, the rotational energy, the chemical potential energy, the electrical energy, and so
on. Let W be the work done on the system by some external body. Then we can write:

AU = dQ + dW | (1.4)

What is this quantity Q7 We define the differences in energy dU as the adiabatic work done
to move a system from one adiabatic state to another. We can then define the quantity
Q as the difference between the adiabatic work, and the actual work done on the system.
We call this ’heat’; this means that heat is essentially energy in transit.

Consider an ideal gas inside a thermally isolated cylin-
der at some pressure p, constrained by a piston of area
A. The work done to move the piston a distance dx
against the pressure of the gas is

AW = F dx dx

= —(pA) dzx
= —p (Adz)
= —pdV

Assuming that this change is made gradually and not
explosively, we can say that this change is reversible.
Then, we can re-write (1.4) as

dU = d@Q) — pdV Figure 1.1: Compressing an ideal

. N gas
It must be stressed that this last expression is for an

ideal gas, and is not a universal equation; we will see
other such forms of (1.4)

1.3.1 Heat Capacity

The heat capacity of a system is a measure of how much heat must be supplied to it to
raise the temperature of the system in order to change the temperature by d1'. As such,

we can write
dQ =Cdr (1.5)

Let us consider the internal energy to be a function of 7' and V, namely U = U(T,V).
Using (1.4), we can write that

dQ =dU — dW
= dU + pdV
ou ou
(=) ar+ (=
<8T>Vd +<6V>TdV+pdV

Dividing through by dT', we arrive at

ar = ar),  (av), ) (o) +9
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At constant volume, dV = 0. The heat capacity at constant volume is defined as

ou oS
or= (3,5,

Similarly, at constant pressure dp = 0. The heat capacity at constant pressure is defined

as o=(ar), l(av), o] @), (), oo
Vv P I

Just looking at these two expressions, it is clear that generally C), > C'y; this means that it
takes more energy to change the temperature at constant pressure than it does at constant
volume.

Let us consider these quantities for an ideal gas. Suppose that the internal energy is a
function of temperature only U = U(T), such that

U= gnmRT

We will derive this result in the chapter on Kinetic Theory. Using the Ideal Gas Law, and
substituting it into the relations for C}, and Cy,, we obtain

ou 3
Cv=|===] ==-nuR
Y (8T)V 2"
Cp=Cy+npR= gnmR
We define the adiabatic index v as

_ &: 14 11,7,]]? B
CV ("'

v for an ideal gas (1.9)

W | Ut

This is a constant which appears a lot when considering heat changes of systems. Now
that we have defined these heat capacities, we can use them to calculate the heat changes
at constant pressure and volume. Re-arraging the ideal gas law for 7' and substituting it
into (1.5), we obtain

C

We can then either evaluate this at dp = 0 or dV = 0 and use the corresponding expression
for the heat capacity.

From an initial state (p1, V1) a gas is cooled at constant pressure to (p1,Va). Then, the gas
is heated al constant volume to (pa, V2). Calculate the ratio of change in heat during the

first process to the second.

For this, use the formula above. The first process is at constant pressure, and so

C
Q=" pdV

Cy V2

=2 dv
Rpl/v1
c,

=Ly (Vo -V,
Rp1(2 1)
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Similarly, the second process is at constant volume, so

C
Q2= Vdp

Cy
= E Va (PZ _pl)

Thus, we arrive at the desired result

QG pi-Vy) (Vi/Ve) -1
Q2 Cv Vao(pa —p1) 7(102/101)—1

1.3.2 Thermodynamic Changes

We can now examine isothermal and adiabatic processes for an ideal gas. In an isothermal
process, temperature remains constant, meaning that there is no change in internal energy.
Thus

0=4dQ + dW
dQ = —dW
AQ:—/dW
Vo
:/ pdV
1
V2 nRT
= m av
Lo

Integrating this, we arrive at the useful expression

AQ = nyRT log (?) (1.10)
2

Now consider an adiabatic change. There is no heat exchange with the surroundings, and
so d@ = 0.

dU = aw
RT
oyar = "It gy
dr _ _ nplRt dV
T  Cy V

Using the definition in (1.9) for an ideal gas, and taking the exponential of both sides; we
find that

’TV”Y*1 = constant‘ (1.11)

This can be re-arranged into a few useful forms by using the Ideal Gas Law. As a little
aside, we have derived this equation just by manipulation of mathematical identities; it
has not really told us anything about how the gas actually behaves. The same result can
be derived a little more intuitively through Kinetic Theory (see Section (2.3.1)).
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From this, we can calculate the work done in an adiabatic process for an ideal gas. Suppose
that a system undergoes an adiabatic process from pq, V; to p2, Vo. Then, recalling that
pV7 = constant from Equation (1.11)

p2,V2

p2,V2 tant
AW adiabatic = /de = / 1% comant _ [constant (1-— fy)V*(W*l)
p

1,V2 Vv p1,V2

However, we can then substitute back into for the constant again such that

14 p2,Va2 Vo — \V
AW — [P] _pVa—ph

L—n p1,V1 L=y

10
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1.3.3 The Carnot Cycle

Thermodynamic processes can be graphed in order to give us a visual understanding of
the way that they operate. The most common set of axes to use for this are pressure and
volume, and so diagrams of this type are often referred to as p -V diagrams. On such
diagrams, lines along which there is no change in pressure are called isotherms and lines
along which there is no change in heat are called adiabats.

Thermodynamic processes that form a closed loop when graphed on a p -V diagram are
known as cycles, as they can be repeated.

Pa

Figure 1.2: The Carnot Cycle

This is known as the Carnot Cycle. It consists of four processes:

e 1 — 2: Heat @)1 is supplied to allow the isothermal expansion
Vs
Ql = nmRT1 log <2>
Vi

e 2 — 3: The system expands adiabatically
T (Va7
T, \Va

e 3 — 4: Heat ()2 is lost from the system as it contracts isothermally

QQ = —nmRT2 log <“fl>

3

e 4 — 1: The system contracts adiabatically
T, (v
i \Vs
Evidently, in order for energy to be conserved, the cycle has to have some output work

Wout = QQ - Ql

11
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In this way, we can model the Carnot Cycle as being the result of a theoretical ’Carnot
Engine’ with output W that is connected to two reservoirs at temperatures 77 and
T>. As the Carnot Cycle is reversible, so is the Carnot Engine. Schematically, we can
represent this as in Figure (1.3). In this context, a resevoir can be thought of as a body
that is sufficiently large such that we can consider to have near-infinite heat capacity; we
can continue adding or removing heat, and it’s temperature will not change.

T

Q

— W =Q;-Q;

Q
T

Figure 1.3: The Carnot Engine

Efficiency

We define the efficiency of some general engine as ratio of the work done to the energy
given to the system. In this case, the work done is Wy, while the heat supplied is Q1.
Thus, we can write the efficiency of a general heat engine is given by

n=1—gg

Q1

In the case of the Carnot Engine, we can use the expressions on Page 9 to find that

Voo W3 QT

== —
i W Q1 T

This means that our expression for the efficiency becomes

T
=1--= 1.12
e T (1.12)
A geothermal power station is proposed that will extract power from a mass M of hot rock
of specific heat capacity C by cooling it from a initial temperature T; to a final temperature
Ty. The low temperature reservoir is a large river at a temperature To. Find an expression
for the total work extracted from the engine.

From the First Law, we have that

dw = d@ - dQs
—~~ ~~

heat extracted from rock  heat expelled into river

as well as the fact that dQy = —MCdT;. We shall assume that the system behaves as a
Carnot engine, such that

d@r _ dQs
Ty TS

12
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Thus, the work obtained is given by

T T
AW = —MCdT, — 22dQ, = —MCdT, (1 - 22
Ty Ty

Integrating, it follows that the final expression for the work done is

T
NW:—MCQFJD+MCBbgC;>

1

Carnot Engines in Reverse

One type of application of heat engines is where the engine is run in reverse, requiring the
input of work in order to move heat around. As we will see, in order for an engine to be
reversible, it must be a Carnot Engine.

e Refrigerator - This moves heat from a cooler body to a hotter body. As such, effi-
ciency is given by the amount of heat that can be extracted for the amount of work
done. As such, we define efficiency in this case as

_
T=w
where @y is the heat taken from the lower body. As it must be Carnot Engine, we
find that
Ty
= 1.13
U (1.13)

where Ty is the temperature of the cooler body, and T} is the temperature of the
hotter body.

e Heat Pump - Conversely, this moves heat from a hotter reservoir to somewhere else
desired. Suppose that we want to add @ to the second body. The work done to
accomplish this is again W, and so the efficiency is

@
w
Again using the fact that it must be a Carnot Engine, it follows that

T Ty

n (1.14)

In both cases, the efficiency may achieve values greater than unity (this has to be the
for the heat pump as Qn < W in order to conserve energy), which is why they are such
attractive methods for moving heat around.

A building is maintained at a temperature T by means of an ideal heat pump which uses a
river at temperature Ty as a source of heat. The heat pump consumes power W, and the
building loses heat to its surroundings at a rate a(T —Tp). Find an expression for T in the
steady state.

Using (1.14), we can immediately write

=TT,

13
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When the house reaches steady state (i.e a stable temperature), the rate of heat loss to
the surroundings has to be equal to the output heat of the pump. Thus,

Oé(T - To) = 77W
T
CT-T,

WT = oT — Tp)?

w

Solving this quadratic for T', we obtain

W 4aT,
T_%+2<H—1+a0>
(0%

w

14



Toby Adkins Al

1.4 The Second Law

Let us begin by considering two alternative statements of the Second Law of Thermody-
namics.

Clausius’ Statement: No process is possible whose sole result is the trans-
fer of heat from a colder body to a hotter body

or

Kelvin’s Statement: No process is possible whose sole result is the com-
plete conversion of heat into work

We will show that these are equivalent, but we first need to prove a very important result.

1.4.1 Carnot’s Theorem

Carnot’s Theorem states that

No engine operating between two temperature reservoirs can be more ef-
ficient than the Carnot Engine

That is, the most efficient engine is the Carnot Engine. Let us prove this by supposing
that we could great an engine I that was more efficient than the Carnot Engine C. Run E
between two reservoirs at temperatures 77 and 75 such that it’s output work powers C in
reverse, as shown below.

Qll Ql

QI 2 Q2
T

Figure 1.4: The engine E and a Carnot engine C run in reverse

By the original assumption, we have that 7, > n.. Then
wo_w
Q1
Q1> Q)
The First Law of Thermodynamics implies that
W=0Q)-Qy=0Q1—Q2
Q1— Q1 =Qy— Q2

Both sides of this expression are positive, and so this means that the combined system
does no work to take heat from 75 and dump it in 77, which violates Clausius’s statement
of the Second Law. Thus, reductio ad absurdum, we have shown the result.

15
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An interesting corollary of this theorem is the statement that

All reversible engines have the same efficiency equal to that of the Carnot
Engine

Consider a reversible engine R such that 7, < n.. Connect it to a Carnot Engine as shown
below.

Q> Q:
T

Figure 1.5: A Carnot Engine C and a reversible engine R run in reverse

From the First Law of Thermodynamics,

Qy=Q1—W
Qo=0Q1—W

Now use our original assumption that

Q2 b
1 - 22 %2
Q1 1
wo_w
Q1 Q)
Q1 < Q1

But this contradicts Clausius’ statement, and so the result follows.

1.4.2 Back to Clausius and Kelvin

We can now show that Clausius’ and Kelvin’s statements are equivalent. First, consider a
hypothetical engine K that violates Kelvin’s statement (converting all heat into work) and
use it to drive a Carnot Engine in reverse. Then by the First Law of Thermodynamics

W =Q
Qe=Q1—W

The net heat flowing from the combined engine into T} is thus
Q11— Q)= Q2

This means that heat is flowing directly from the cooler reservoir into the hotter reser-
voir (17 > T»), violating Clausius’ statement. Thus, Kelvin’s statement implies Clausius’
statement.

16
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T, iE

S 4k
(O— (&

Q2 r Q
< T ] T2
Figure 1.6: A hypothetical 'Kelvin viola- Figure 1.7: A hypothetical ’Clausius vi-
tor’ powering a Carnot Engine in reverse olator’ connected to a Carnot Engine

We still have to prove the reverse case. Consider an engine L that violates Clausius’
statement and connect to a Carnot engine as shown in Figure (1.7). Consider the net heat
flows in and out of the engine.

Qin:Ql_Q2
Qout:QQ_Q2:0

This means that the net effect is the conversion of heat completely into work, violating
Kelvin’s statement. We have thus shown that the statements are completely equivalent.

1.4.3 Clausius’ Theorem and Entropy

Clausius’ Theorem states that for a system at constant temperature T’

%JQ <0 (1.15)

T

where the equality sign applies when the change is reversible. The proof of this is a little
tedious, so it will not be covered here. In the case where the equality applies, we know
that the integrand must be an exact differential. We thus define

dQ rev
T

ds =

This function of state is known as the entropy of the system, and is in a sense a measure
of the 'disorder’ of the system at a particular temperature. Consider (1.15).

7!“&0
/ aQ / Qe _
/a / Lo

d@rev
T - T ’
This means we can write
dQ vey _ dQ
dsS = > 2 1.1
5 T — T (1.16)
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If a system is thermally isolated, dQ = 0, meaning that dS > 0. This leads to a more
universal statement of The Second Law of Thermodynamics as

For any thermally isolated system, the entropy must either stay the same
or increase: dS >0

This is often stated as ’the entropy of the Universe must increase’ as this is technically
true; if we consider the Universe as a thermally isolated system, it’s entropy can do nothing
but increase (as there are no truly adiabatic processes).

For a reversible change, dQQ = T'dS. This means we can re-write the First Law of Thermo-
dynamics as

|dU = TdS — pdV | (1.17)

Even though we have proven it using results for reversible changes, this equation turns
out to be always true; for an irreversible change, dQ < T'dS but dW > —p dV, meaning
that dU remains the same regardless of the reversibility of the process. For an adiabatic
process, the total change in entropy is zero as d) = 0 by definition. However, this is not
the case for isothermal processes.

1.4.4 Calculating Entropy Changes

Consider a large reservoir at temperature 7). that is placed in thermal contact with a smaller
system at temperature 7T that has heat capacity C that is independent of temperature.
As the reservoir remains at constant temperature, it’s change in entropy is given by

_ erev
A&_/ T,
1
= TT/erev
~Lteom-m)
- T S T

T

This is because we assume that the bodies will reach thermodynamic equilibrium, and we
have used (1.5). Thus,

T
AS, =C <T - 1) (1.18)
Similarly for the system
dQ rev
A =
5.= [ %
B / d(CT)
B T
T
e / =
using (1.5) again. Thus,
1y
ASs = Clog <T> (1.19)

The change in entropy of the Universe, AS,, is simply the sum of both of these terms.

18
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Initially, a cube of heat capacity C is cooled from an initial temperature T, to a final tem-
perature Ty using a heat-bath at temperature Ty. For Ty > Ty, find the ratio of T, to Ty
that allows the total entropy change to vanish in the limit where an infinite number of
intermediate baths are used.

If in the interval T, — T} there are n baths, then each bath creates a temperature change
of (T, — Ty)/n. Consider the i bath. The temperature at which we evaluate the bath is

given by
Ty — T
T, =T, —z< b>
n

The total change in entropy for the baths is thus

T, — Tp —
AS,=C - b;T_Z(lTa Tb)

oy — T

i=1 Ta—
:C;Rn—i

We have let R =1T,/(T, — Tp). Now let j = Rn — i.

n—z

Rnl

AS, = czf

~ Clog (Rn— 1>
n
= C'log (R— 1)
n

Now, the change in entropy of the cube is always the same, regardless of the value of n.

AS, = Clog (?) = C'log <1 — ;)

Thus, the total entropy change is given by in the limit as n — oo is

AS, = lim ASy+ AS,

n—oo
= lim C'log <R— 1> + C'log (1—1>
n—oo R
=Clog(R—-1)

This means that we require R = 2 for the entropy to vanish.

T, _ 9
Ta - Tb
T, = 2T, — 2T,
T, = 2T,

This means that the ratio that we require for the entropy to vanish is T, /T = 2, such as
T, = 200K and T; = 100K.

19
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The Entropy of an Ideal Gas

Here we want to calculate the entropy of an arbitrary number (n,,) of moles of an ideal
gas. Cousider entropy as a function of 7" and V.

oS 0S8
= (Z2) ar+ (=
- () 0+ ()
_Cy Op
=7 dT + <8T)Vdv
Here we have used (1.31). For an ideal gas, we have that

@ _ npR
oT V_ \%

Integrating dS, we thus find that

S = Cy log(T) + nmR1log(V) + constant (1.20)

Thus, the entropy of an idea gas increases with both 7" and V.

1.4.5 The Joule Expansion

Consider two containers A and B of volumes V, and Vj, respectively that are connected by
a tap. Initially, container A is filled with one mole of ideal gas at p; and T;. We now pose
the question; if the system is thermally isolated, what is the change of entropy when the
tap is opened (assuming no work is done to open the tap)?

As the system is thermally isolated, d@Q = 0. There is also no work done, which implies
dW = 0. This means that there can be no change in temperature as dU(T') = 0.

dU =TdS + dwW

0=1TdS — pdV
_ pdV _ RdV
w_if_ 1%

This means we find that the entropy of the expansion is
Vi
AS =RI -

e ( Vi )

The only way to get the gas back into chamber A is to compress it. The best way to do this,
or rather the way that requires the least work, is via a reversible isothermal compression.

Vi Vi RT 1%
AW:—/ pdV = — R(W:Rﬂ%(f>
Vi v V Vi

This means that for The Joule Expansion, the entropy change is simply

AW

AS T

(1.21)
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1.5 Thermodynamic Relations

Before diving into the material for this section, it would be useful to recall two important
results from partial calculus. Consider a function z = f(x,y). We can write

ox ox
= <ay)ﬂ” <a)d
[0y Oy
w=(5) o+ (52). -

Substituting the second of these into the first:

o= (5).(2). ()., (7) ]

For dz = 0, we find the reciprocity relation

<§i) - @)1 (1.22)

Now for dx = 0, we obtain the cyclic relation

(5).2).(3), -

We will use these extensively when manipulating partial derivatives in this section.

and

1.5.1 General Conditions for Thermodynamic Equilibrium

Consider a system in contact with surroundings that are at 7, and p,. The surroundings
will do work dW and transfer dQ to the system. Calculating the change in entropy of the
surroundings as the system comes to thermal equilibrium:

AU, = —dU = T,dS, — po(—dV')

_(dU +p,dV
e (2522)

The entropy change in the Universe is thus

dS, = dS, +dS >0
T,dS, = — (dU + p,dV — T,dS)

As p, and T, are constants, we define the availability A
dA = dU + p,dV — T,dS (1.24)
such that
dA <0
in equilibrium. A will decrease as the system goes towards equilibrium, and so equilibrium

will be reached when A is minimised.
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1.5.2 Thermodynamic Potentials

Thermodynamic potentials are scalar quantities used to represent the thermodynamic state
of a system. They are total differentials as they are functions of state.

Internal Energy

Internal Energy U(S,V) is defined as

|dU = TdS — pdV | (1.25)

e [t has natural variables S and V. It follows that
ou ou
T = _— d e _
(aS>V e <8V>s
e Internal energy corresponds to the heat absorbed by the system under isochoric
(constant V') expansion: dU = Cy dT
e If a system is thermally isolated at a fixed volume, dA = dU. Equilibrium will be
reached when the internal energy of the system is minimised
Enthalpy
The enthalpy H(S,p) is defined as

1.2

e [t has natural variables .S and p. It has the explicit form of

dH = dU + pdV + Vdp
= TdS — pdV + pdV + Vdp
dH = TdS + Vdp

T = on and V=- on
oS » op ) g

e Enthalpy corresponds to the heat absorbed by a system in an isobaric (constant p)
process: dH = C, dT'. For example, if a chemical reaction is exothermic, dH < 0

It follows that

e If a system is thermally isolated with fixed pressure, dA = dH. Equilibrium will be
reached when the enthalpy of the system is minimised

Helmholtz Free Energy
The Helmholtz Free Energy F(V,T) of a system is defined as
(27
e [t has natural variables V and T'. It has the explicit form of

dF = dU — SdT — TdS
= TdS — pdV — SdT — TdS
dF = —pdV — SdT

It follows that
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e The Helmholtz Free Energy corresponds to the maximal amount of work that the
system can do in an isothermal (constant T') process: dF = —pdV. If dF > 0, then
work is done on the system by the surroundings

o If a system has a fixed temperature and volume, then dA = dF'. Equilibrium will be
reached when the Helmholtz function is minimised
Gibbs Free Energy
The Gibbs Free Energy G(T,p) of a system is defined as
G=U-TS+pV (1.28)

e [t has natural variables T" and p. It has the explicit form of

dG = dU — TdS — SdT + pdV + Vdp
— TdS — pdV + pdV — TdS + Vdp — SdT
dG = Vdp — SdT

V= <8G> and S =— (aG)
op ) ar ),

e For a system undergoing processes at constant 7' and p, dG = 0. This means that
the Gibbs function is conserved in any phase transition under these constraints

It follows that

e If a system has a fixed temperature and pressure, the dA = dG. Equilibrium will be
reached when the Gibbs function is minimised
1.5.3 The Maxwell Relations

The so called Mazwell Relations are derived from the fact that the thermodynamic poten-
tials are total differentials. This means that for some general function

A B
df = Adx + Bdy — o4 = oB
Jdy  Ox
Considering the thermodynamic potentials:
e Internal Energy - dU = TdS — pdV
oT Op
=) =— (£ 1.29
(ov), = (35), 2
e Enthalpy - dH = TdS + Vdp
oT ov
=) =(= 1.
e Helmholtz Free Energy - dF = —SdT — pdV
oS Op
2y = Z£ 1.31
(ov), - (o), 3
e Gibbs Free Energy - dG = Vdp — SdT
oS ov
) = (== 1.32
(), =), e
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1.5.4 Some Useful Thermodynamic Relations

Al

We can use these thermodynamic potentials to derive some very useful thermodynamic

relations.

1. Consider S(T,V)

from (1.31). Let dS = 0:
0S5 ([ Op
~(ar), = ()

(), = (), (7).

oT T (0
) o (2 (1.33)
vV )g Cy \oT /,,

This is appropriate for an adiabatic or isentropic (at constant entropy) as there is

no change in entropy. This can be used to derive (1.11) if the Ideal Gas Law is
considered

Recall (1.7). Then:

. Consider U(T,V)

ou ou
dU = (8T>VdT+ <8V>Tdv

ou
Cyd +<8V>Td

Using the First Law of Thermodynamics, and substituting the result for dS from
above

dU = TdS — pdV

U B aS Ap
Cy dT + <8V)TdT =T [<8T>VdT+ (w)vdv] pdV

oUN _p(or) _
v ), " \er), "

op
= T+ |T(=) —pldrl
qU = Cy d +[ (aT)V p}d

Let dT'=0

Now, letting dU = 0, and re-arranging, we arrive at

oT 1 Op

— ) =——|T|=] - 1.34
(ov), == |7 (57), 7] 130
This is appropriate for an isothermal expansion as there is no change in the internal
energy
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3. Consider H(T,p)

OH OH
H=(2=) dr+ (=
= (Gr) 1+ (5),

oH
=Cp,dl+|— | d
P <8P>Tp

oS ov
— () ar-
5= (25) ar- (22)
using (1.32). Substitute these into the explicit form of dH

OH oS ov
T —_— = == T 2=
Cpd +<8p>po <8T>pd (8T>pdp+Vdp

oH ov oS
d; —_— T|—| — =dT' |T | = | —
(5,7 (57), ] = [ (32), -
Let dT'=10
OH ov
(3),=v -7 (ar),
ov
dH = C,dT'+ |V — T(@T) dp
Letting dH = 0, and re-arranging, we arrive at
oT 1 ov
) = |T|=—=)-V 1.
(3:), a1 (ar) " 139

This is appropriate for a reversible isothermal expansion as it occurs at constant H.

oS 0S8
ds_<aT) i (55)
L (05 (o
ov )p\oT J,
28,
a oV oT
P
Using (1.31) and a cyclical differential identity:
oS\ (o) _ (dv) (v
ov ) \oT )y ov )p\oT ),

Substituting this in, and using the known definitions of 8, and k7, we arrive at

4. Consider S(T,V)

VT

Cp—Cv ==

(1.36)
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1.6 Thermodynamics of Other Materials

Up until this point, we have just considered Ideal Gases, writing the First Law of Thermo-
dynamics in a particular form, and deriving many results from this. However, the relevant
thermodynamic concepts can be extended to systems other than Ideal Gases. Instead of
writing dW = —pdV, we write

AW = X dx (1.37)

where X is some intensive (do not depend on system size), generalised force, and dz is
some extensive (depend on system size), generalised displacement. Some examples include

X T
fluid pressure (—p) volume (V)
elastic rod tension (f) length (L)

liquid film | surface tension () | surface area (A)
dielectric | electric field (E) polarisation (p)
magnetic | magnetic field (B) | magnetisation (m)

In these more general cases, we define the heat capacity at constant ’blah’ by

oS
Cplan =T () (1.38)
T ) pian

The following sections detail some examples of applying these thermodynamic concepts
to these generalised cases. Do not forget the thermodynamic relations, particularly the
Helmholtz free energy in isothermal calculations involving entropy.

1.6.1 Elastic Rod

The equation of state for an elastic rod is

dU = TdS + fdL| (1.39)
Young’s isothermal modulus is defined as the ratio of the stress o to the strain €.
_4
77 a
__dr
L
o L (0f
E = — = — _—
T T <8L)L

The linear expansiveness at constant tension is give by

_ 1 /oL
=1 \or ;

We can investigate some properties of the material.

e Adiabatic Stretching - Suppose that we increase the length without a change in
entropy, what is the response of the system?

dQ =0
dU = dw
CrdT = fdL

Thus, as C7 > 0, f > 0, meaning that for an increase in length, temperature will
also increase
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e Contraction under constant f - If we warm the band under constant tension, it will
contract. Using the reciprocity relation

(o), G5z), (57), =
ar),\oL) \of ), ~
oL\  (of\ (oL
(or), == (Gr). (57),
1 (of
af__AET(aT)L

Now if we assume that the tension f is proportional to the temperature T if the
length L is held constant, then clearly oy < 0. This means it will contract

e Entropy changes under stretching - How does the entropy change under stretching?
Again using a reciprocity relation

of\ af oL
(or), = (52), ().
= —AEray

From the Helmholtz function,
oF oF
= = d f=(=2=
s=-(5r), = 7= (50),

AQ = TAS = a;AETAL

This means that

Stretching the rod increases entropy if ay > 0 for the substance. Let us consider the case of
a metallic wire. This contains many small crystallites which have low entropy. The action
of stretching the wire distorts those small crystallites, and that increases their entropy
and so heat is absorbed. However, for materials like rubber rubber ay < 0, and hence
an isothermal extension means that heat is emitted. The action of stretching a piece of
rubber at constant temperature results in the alignment of the long rubber molecules that
are initially bunched, reducing their entropy and causing heat to be released.

1.6.2 Liquid Film
In this case, the equation of state for the internal energy is given by:

|dU = TdS +ydA|

From the Helmholtz free energy,
dF = —=SdT + ~vdA
95 __ (%
0A ), \OoT ),
Consider the case where a cloud of droplets condenses isothermally to form a single droplet.

What is the change in temperature?
dU =TdS +vdA =0
oS oS
T||=— ] dA — | dT dA =
(52), 24+ (57) o] # 0=
oS
T <8A>T +cp,MdT 4+ vdA =0
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Re-arranging, we can find an expression for the change in temperature:
oS
Ml = - T | — dA
et == (1 (57) +)
oU
Mdl'=—-| — | dA
v (8A>T

AA [0U
AT = _CpM <6A>T

The change in entropy can simply be calculated from

oS
AS ~ <8A>T AA

(5a), =7 ((51), - (57,

- 5](%), 1

1.6.3 Paramagnetism

Paramagnetic materials are those that obtain a magnetisation M in a magnetic field,
giving them a magnetic moment m = MV for M = x,,B/u,. We define the magnetic
susceptibility as

. M C
X = i T =7 (1.40)

This means that y obeys Curie’s inverse law. The equation of state for the internal energy
is

dU =TdS + B - dm (1.41)

Note that for paramagnetic materials, it is useful to include the magnetic energy in the
Helmholtz free energy, given by

F=U-TS—-m-B
—dF =—-SdT" — m-dB

If we want the change in entropy at constant temperature, for example, we can apply the

Helmholtz relation
95N _ (om
OB)r \OT )4

0 (VxmB
_aT( Ho >B
. cv
e

B2CV
241,12

—- AS = —

This is a negative quantity. This means that entropy decreases upon isothermal magneti-
sation; this is because the magnetic domains within the material become aligned, reducing
the number of micro-states that the system can occupy, and so reducing disorder. We will
learn more about this idea of "disorder" in Chapter (3).
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The same paramagnetic material is initially at temperature T1. Find the final temperature
T, when the field is reduced adiabatically from B to zero (adiabatic demagnetisation).

(), (s), (38),

Thus, we can write, using the Helmholtz function

oy _ (T \(_cBV
0B S_ CBV ,U,OTQ
_ CB

B pocBT
dr _ TCB

dB Lol (1 + ﬁjg)

Using another cyclic relation:

Re-arranging and integrating:
2 qr © CB
uil T B MoaQ + B2C
log <T1> = [2 log (uoa +B C)]

1 < 320)
——log |1+
2 Lol

0

B

Thus, we arrive at the expression
T

B2C
1+ 1oa

Ty =
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2. Kinetic Theory

This chapter aims to cover the basics of Kinetic Theory, including;:

e Statistical Description of a Gas

Distributions and Isotropy

Particle Fluxes

Collisions

e Transport
e The Kinetic Equation

Kinetic Theory provides a much greater insight into the actual processes behind the be-
haviour of fluids, rather than just defining the evolution of macroscopic quantities as in
Thermodynamics. It has the further advantage of always being defined, regardless of the
state of the system. In this way, one could think of Thermodynamics as the study of the
stable states of the system, and Kinetic Theory as the study of how it got there. Note that
we will be making extensive use of probability distributions in this chapter, so it is recom-
mended that readers are familiar with some of their basic properties and implementation.
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2.1 Statistical Description of a Gas

In this treatment of Kinetic Theory, we will make the following assumptions about the
Ideal Gas that we are considering:

e The number of particles is very large, but their separation is large in comparison to
their molecular size. This means that most of the container is empty space

e The particles do not interact with one another (or the container boundaries) except
via elastic, binary collisions with one another

e The particles do not experience any quantum effects; no quantum correlations

e The velocities of the particles are random and uncorrelated, according to some general
distribution

In practice, all this is satisfied if the gas is sufficiently dilute (low enough number density
n) and sufficiently hot (high enough temperature 7T") to avoid Quantum Mechanics, but
not so hot as to run into Relativity. Evidently, we will relax some of these assumptions
later, but they will hold unless otherwise stated.

Suppose that have a container of gas at ¢ = 0, and want to predict it’s behaviour at
future times. Omne way to do this would be to know the initial position and velocity of
every molecule of gas in the container, and then solve the resultant equations of motion.
However, this runs into two main problems:

023 3

1. There is too much information; as there are about 10%° molecules per m®, we would
require about 10" Tb of data to store this, which is more data than the entire web
generated last year

2. Tt is very difficult, nigh impossible to determine the initial conditions. However, even
if we did manage to do this, a small error would change the evolution by an order
of unity in a very small time-scale, as particles experience about 107 collisions every
second. Even a stray electron appearing at the edge of the observable universe would
completely change the time-evolution of the system after only 150 collisions

The pertinent question is thus as to how we do indeed describe the gas.

2.1.1 The Thermodynamic Limit

We solve this problem by assuming that particle motion is random, meaning that v is a
random variable, and there is a sufficiently large number of particles to describe the system
by average quantities. This is known as The Thermodynamic Limit.

Let us consider an example. Suppose that the internal energy of the gas consisting of N
particles of mass m is given by the expression

1
U=-Nm(v?
5 m<v >
We are just considering the energy of the motion around the mean velocity, as we can

arbitrarily set this to zero. Evidently, the exact internal energy of the gas is given by the
sum of the kinetic energies if the individuals molecules.

Y1
Ue = Z §mUL2
i=1
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Is our original supposition valid? Let us calculate the variance in the energy, assuming
that the velocities of the particles are independent.

o® ={(U.—U)?)

= |0+ 30 ) () - <;<”3>>2

@ i#j
1

= T2 [N () + NV - 1) (07) - N2 (1))

= g2 (1) - (%))

Now consider the ratio of the standard deviation to the actual energy:

o _ L JehH 1
Ue VN \ (2)° VN

This means that for very large N, U ~ U,. This means that in The Thermodynamic
Limit, average quantities are extremely good approximations, subject to the assumption
that particles velocities are independent.
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2.2 Distributions and Isotropy

As seen in the previous section, the only feasible way to describe a gas is through a
statistical approach. To do this, we need to introduce the concept of a velocity distribution
function f(v)d3v. Tt is the joint PDF of vy, vy and v, such that

/_oo dSQ f(ﬂ) = /_OO dvzdvydvz f(vz)f(vy)f(vz) =1

meaning that it is properly normalised throughout the entirely of phase space. It represents
the faction of molecules that have velocities in the cube [v,v + d3y] in phase space.

2.2.1 Isotropic Distributions

A distribution is said to be isotropic if f(v) = f(v); that is, there is no special direction
that influences velocity. We can thus make a transformation to polar coordinates in phase
space:

f(v)d®v = f(v)v?sin @ dvdfdep

This means that while there is azimuthal symmetry, there is in fact a dependence on 6. If
we consider a sphere of radius v in phase-space, as in the figure below, it is evident that the
volume of phase space enclosed by the ring will change depending on the value of theta,
with the minimum value actually occurring for 6 = 0.

Figure 2.1: A sphere in phase space

Let the PDF of speeds be f(v). Then

flv) = /O% do /07r do f(v)v?sinf = 470> f (v)

We thus find the important relationship between the velocity and speed disbributions of

flv) = 47rv2f(v) (2.1)
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From this, we can already show some properties of the velocity distribution. As the system
is isotropic, we can say that

(vy) = (vy) = (v2) =0
For example, it is easy to show by direct integration that
1

=30  and ()=

Suppose that we have some general moment

(v*)

W=

(Vi) VigVig - . - Vi)

that we want to calculate for f(v). If n is odd, then we can immediately say the expression
is zero; this is because f(v) is an even function in v, and so the integral will evaluate to
zero. For the other cases, we can consider some generalised, symmetric tensor to work out
the desired result. For example, suppose that we want to calculate

(vivjvkvﬂ

There are six different possible tensor combinations. This means that we can write, without
loss of generality, that

(vivjupy) = adijdr + Boikdj + Y0udjn

As the distribution is isotropic, exchanging any two of the indices will leave the product
invariant. By exchanging arbitrary combinations of the indices, it becomes clear that
o = 8 =~. This gives

(vivjopuy) = a (050K + dirdjt + 0udjk)
Let t=j and [ = k:

(vivivRVE) = a (0:i0kk + 0101 + 0:101;)

(v') = a(15)
L4
*= 15 <U >
This means that we obtain the final result of
1

(vivjvgv)) = 1 (v (6ij0k1 + Sikbj1 + 6ibjr,)

2.2.2 The Maxwellian Distribution

Let us assume that the distribution is proportional to the Boltzmann factor, namely that

2kpT
m

f(v) x e "/ where Vgp =

for the Boltzmann constant kp. We require that the distribution function is normalised
over all phase space. Hence
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We can thus write out expression for the velocity distribution as

v zée_vz/vfh 2.2
f(w) rom)? (2.2)

Using (2.1), we can write the speed distribution as

~ Arv?
J) = —20 g e (2.3)

(vVvm)®

This is known as the Maxwell-Boltzmann distribution. Graphically, we can represent it as

?’r_IIlP.lK <t1> i"‘I‘I]L‘:

! ! f}

U/ Umax

Figure 2.2: The Maxwell-Boltzmann distribution, showing v max, (v) and /(v?)

Moments of the Maxwellian

Using our knowledge of probability distributions from statistics, we know that we can find
the expectation value of some v" by

0 ~
= [ dveFw)
0
However, evaluating these integrals can become very long and tedious for higher powers

of n as integration by parts has to be used multiple times. It can be shown, by creating a
recursion formula for the integral (considering both odd and even cases) that

(™) (%(Z;% vt for even n -
") = .
% (HTH)' v, for odd n

Evidently, these formulae do not have to be remembered, but they are just here for reference
to check one’s evaluation of moments. Some of the more common ones might be worth
remembering.

2 3 4 3

(v) = ﬁvth <U2> = ivth <U3> = ﬁvth
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2.3 Particle Flux

Equations (2.2) and (2.3) describe the distribution of particles inside the isotropic gas, but
this is not necessarily the same as, say, the distribution of particles that make contact with
the walls of the container. In order to be able to find this, we need to consider the flux of
particles on the walls of the container.

Let us align our z-axis perpendicular to the wall in question. Particles will only hit the wall
if they are less than v, away in some unit time. The fraction of particles with this velocity
is f(v)d®v. This means that the number of particles in the phase-space cube [v,v + d3v]
that hit the wall per-unit-area, per-unit-time is given by
d®(v) = nv, f(v)d*v
= n(vcos ) f(v)v?sin @ dvdfdg

Our expression for particle flux thus is

d®(v) = ncosfsinf v3 f(v) dvdfde (2.5)

e This is not a Maxwellian distribution as it has an extra factor of v in it. This means
that it preferentially selects molecules with higher velocities, as these are more likely
to be going quickly enough to hit the wall. The distribution of speeds is given by

203

~ B yes 56
elV) = e .
I ( ) vn’ ( )

This means that the most probable speed is

0 2
— 0 =30 — —21)4
ov v,

3
’Up = 5 Uth,

This is higher than the most probable speed for the rest of the gas vy, We can
conclude that, on average, particles included in this flux are moving more quickly
than those that are not

e It is also not isotropic due to picking up the factor of cosf. This is a manifestation
of the idea of the angular size of the area element as seen from the perspective of a
given particle; if it is travelling almost perpendicular to the wall, the angular size of
the are element will be very small, and so is less likely to hit it. The distribution of
angles is given by _

fe(0) = 2sinf cos b (2.7)

The most probable angle is clearly 7 /4, which is in a sense intuitively obvious

2.3.1 Pressure

Pressure is a form of momentum flux; it is a measure of the average amount of momentum
imparted to the walls of the container by the gas. Assume that collisions of individual
particles with the walls of the container are elastic, and that the wall is unaffected by the
collision (massive in comparison to the particles). Particles perpendicularly incident on
the wall at a speed v, will rebound with the same speed in the opposite direction, meaning
that the impulse imparted to the wall is

Ap = 2mu,
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where m is the mass of an individual particle. By the definition of (2.5), the number of
molecules doing this per-unit-area, per-unit-time is d®(v). Hence

dp = Ap d®(v)
= 2mu, ncos fsin @ v f(v) dvdfde
= 2mn cos® Osin 6 v* f(v) dvdfde

2 w/2 00
p= 2mn/ dd)/ do COSQGSinﬁ/ dv vt f(v)
0 0 0

— 2mn (2n) <;> /0 o vt ()
= %mn /000 dv v? f(v)

Here we have made use of (2.1). Thus, our new expression for pressure is

p=tnm(?) =

3 = nm (v?) (2.8)

wl o
<I<

This is in accordance with our expectations; a higher pressure may be a result of more gas
molecules, or the fact that the molecules are moving more quickly.

Recovering Thermodynamics
Using the fact that N = nV, we can write the equation for pressure as

1 2
= —-mnv
b 9 th

1 2kpT
n

2 m
= TLk'BT
— pV =n,, RT

where n,, is the number of moles (not number density) and R = N4kp is the universal gas
constant. Note that N = n,, N4 where N4 is Avogadro’s constant. We have thus obtained
the Ideal Gas Law from Kinetic Theory. It is also clear from the expression for vy, that

1
kT = =muy,?
2
This means that we can now define temperature as the energy of a particle moving at the
most probable speed, giving us a more concrete idea than we originally had when defining
temperature in Section (1.2). We also see that the energy is given by

U= ;NkBT =CyT (2.9)

This means, as we have assumed before, that the internal energy of an ideal gas depends
only on the temperature of the gas, and thus on the speed of the particles within it.
Adiabatic Expansion

We are now equipped to consider the adiabatic expansion of a gas as in Section (1.3.2).
Consider an insulated cylindrical vessel filled with monatomic ideal gas, closed on oneside
and plugged by a piston on the other side. The piston is very slowly pulled out at some
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velocity u < vy Let a particle of gas, with perpendicular component of it’s velocity v,,
be incident on the piston.
In the rest frame of the piston, the particle is incident at velocity

/
Vi =V, — U

We assume that the velocity of the piston is unchanged as m piston > M particle- The final
velocity of the particle in this frame is thus

vy = —(v. — u)
Transforming back to the rest frame of the container, the final velocity of the particle is

vp=—(v; —u)+u
= —(vy — 2u)

The change in energy of the particle is given by
AE = Tipitial — T'final

1
= im(vz —2u)? — imvg

1
= §m(vg — 2uv, + 4u?) — imvg

= —2muv, + 2mu?

 —2muuv,

as u < vy, which is on the order of v,. Let d2®4(v.) be the flux of molecules hitting the
surface area element dA of the piston per unit time. This is given by

2D 4(v2) = nv. f(v:)dv. dA
The rate of change of the internal energy of the container is thus
d(ﬁ?)zAEﬁ@M%)
= —2mnu dA v f(v.)dv,
= —2mnu dA /00 dv, v2 f(vs)
= —mnu dA <v%>

v
di

= —%mnu dA <02>

by symmetry. This can be written as

dU 2 U
w3y edd

However, u dA is simply the rate at which the volume increases.
au 20 dV

dt - 3V dt

This differential equation can easily be solved, and using the ideal gas law allows us to
re-obtain the result we derived in Thermodynamics of

pV5/ 3 = constant

This time, we have a better understanding of where this result comes from; it is the change
in the internal energy of the gas particles that occurs as the volume expands as a result of
work being done on the piston.
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2.3.2 Effusion

Suppose now that we open a small hole of dimension d < A, (the typical distance
travelled by a given particle, as we will see later) in the side of the container. Then, flux
of particles escaping through the hole or effusing is simply given by

o) = [ da)

2r w/2 0o
:n/ qu/ do sinecose/ dvv3 f (v)
0 0 0

1
" (v)
Using the fact that p = nkpT and assuming that the distribution is Maxwellian, we can

arrive at the expression

p

o = o (2.10)
Once again, the distribution of effusing particles has the properties outlined in Section
(2.3); faster particles, and those that make small angles with the normal, are more likely
to effuse. We have derived this expression assuming that all incident angles are possible.
Suppose instead that we wanted to find the flux of particles that effuse into a particular
solid angle. Then, instead of integrating 6 over the interval [0, 7/2], we would integrate up
to the corresponding solid angle.

Effusion can be used experimentally as a way of measuring internal properties of the
distribution without modifying the distribution itself. For example, we can find the vapour
pressure of a gas inside a container by measuring the rate of change of mass inside that
container. Suppose that the particles effuse through a hole of area A. Then the rate of
change of mass is

%ZW@A
dt

m
2kpmT

_ [2kpmT l d7M
P= m A dt

A closed vessel is partially filled with liquid mercury; there is a hole of area A = 107m?
above the liquid level. The vessel is placed in a region of high vacuum at T = 273 K and
after 30 days is found to be lighter by AM = 2.4 x 10° kg. Estimate the vapour pressure
of mercury at 273 K. (The relative molecular mass of mercury is 200.59)

We have already derived the appropriate expression, it is just a matter of putting the
information together.

AM
;N 926 10712 kgs*

Relative Atomic Mass
_ N
~ 3.3 x107% kg
— p~0.0247 Nm 2

This is the approximate vapour pressure of mercury, assuming that the system is at equi-
librium.
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Conditions for Equilibrium

Suppose that we have two containers joined by a hole of radius a. What are the conditions
for now flow between the containers? This will actually depend on the size of the hole.

® a > Ay, fp - In this case, we require that the pressures balance, namely

e

® a < A\pp - This is the effusive case. Evidently, we require that the effusive flux is
the same in both directions, namely

niV1h = nav/1s (2.12)

Remember that in both cases, total number density n = n; 4+ ng must be conserved.

Some results of Effusion

Suppose that we have a container with a small hole of area A. We can use the expression
for particle flux, under the effusion condition, to find the rate of change of some quantities
inside the container.

e Number Density - The rate of particles escaping from the container is evidently

dN 1

—=—-0A=—-A

dt pA W

Dividing through by the volume in the container, we find that the differential equation

for the number density is given by

dn 1A

If the temperature of the vessel remains constant, this can simply be solved to find
n(t) and consequently p(t).

o Energy - We need to calculate the energy flux J

1
dJ = d®(v) - §mv2
1

J = gnm <v3>

This means that we can write the rate of change of the internal energy as

dU
— =-JA 2.14
o (2.14)

Recalling (2.9), we find that U = U(n,T’). Assuming that neither n or 7' remain
constant (such as for an isolated container), we can obtain a set of coupled equations
for these variables from the above equation, which we can then solve for their time
evolution.
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2.4 Collisions

Let us only consider consider binary collisions between two sets of particles, where the
particles can be modelled as hard spheres. Let the two species have radii 1 and r9 respec-
tively, and the same number density n. Imagine now that only one particle is moving, with
all others fixed. The particles that it will collide with are contained within the cylinder of
volume 7(ry + r2)%vt for some characteristic speed of the system v. We define

o=mn(r +ry)? (2.15)

This is known as the collision cross section. The number of particles in this imaginary
cylinder is then given by onwvt. The collision time ¢t = 7, occurs when the number of
particles in this cylinder is one.

onut, = 1

Then, the typical distance between collisions is given by

1
Ao = — (2.16)

This is known as the mean free path of the particles. Both A, f, and 7. both obey the
exponential probability distribution; this makes sense, as the probability that particles
have not collided after long times or distances will be very low as quantities are very small.
Typically, 7. «~ 1079, Amfp 1076 and r «~ 10719,

2.4.1 The Characteristic Velocity

We have not addressed the question of what this characteristics velocity v should be. As
we have assumed that all particles (apart from the one that we were considering) were
stationary, it makes the most sense for v to be the relative velocity between the particles.

For a large number of particles, we know that (v) ~ <v2>1/2. Then:

2 2
<Ur> = <|91 — Uy >
2 2
= (v1) + (v3) — 2 (v - vy)
=2 <v2>
v~ V2 ()
We have made the important assumption that the velocities of the particles prior to the
collision are independent; that is, the particles have collided enough times with other par-

ticles prior to a second collision that we can neglect any effect of the previous collision.
This assumption breaks down at low n.

It turns out that we do not need to be this specific when specifying this characteristic
velocity v. On these scales,

vy, o (V) A <v2>1/2

This means that our choice of v in fact makes very little difference; which one we use is
essentially the definition of 7. in that case.
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2.4.2 Collisions in a Mixture

Consider a more general case where we have two species of particle in the same container,
one with effective collision radius r; and number density n;, and the other with ro and ns.
What is the time between collisions for collisions of type-1 particles with type-2 particles?
Using the same argument as before,

1
012NV

Te =

However, in this case, v is not as easily well defined. Once again, we will assume that the
particle velocities are independent, namely that

f(uy,v9) = f(uy) f(vg)

Assume that both species have a Maxwellian distribution. Then

(vr) = / / @y dPuy [0y — sl F(v10)

1 2 2 1 2 2
= dv, v, |v; — v < e‘”l/“1> < 6_”1/%)
f [ o=l (s (V)

We now want to make the substitutions that v, = v1 — v and V = % such that
d3y1 d3y2 = d3zd3%. Then

2 2 2 2
vl vy 1 9 o [ M1ims + mima
2 + 2~ %hyT [V (my + ma) + v; <(m1 T+ ma)? )]

1 mimesg
= V2 2 (172
ShpT [ (my + ma) + v <m1+m2>]
1
= 2kgT [V2(My) + 07 ()]
V2 n vf
~ (2kgT)/M; ~ (2kBT)/p
V2 122
IR

Thus, the final expression that we want to evaluate is

1 _ L2+ﬁ
) = Gy | [ PP ()
TUt Uy,

1 V2 /u2 VUp 2 /0,2
3‘/’ u 3 Ve /u
—/d me / t /d V, —F7—Z € / H

1 22\ v 27,2
= dSKI S — ein /ut> /dS'UT T efv'r/uﬂ
</ (Vmue)? (Vmuy)?
— [ By U e
- (Vru)?

2
= 7@[/“

NG

This means that we obtain a final expression for the collision frequency v, = 1/7. as

|$nkpT
ve = (r2 +12) WMB (2.17)
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2.5 Transport

This section focusses on examining how a gas transports quantities, which could be mo-
mentum, energy or other particles themselves, from one place to another. We will still
be considering the system to be globally in the steady state, but changing locally. In all
derivations, we assume that the pressure is not too high (A > d, where d is the molecular
diameter) such that we can neglect collisions involving more than two particles, and the
pressure is not too low (A < L, where L is the length scale of the container) such that the
particles mainly collide with one another and not the walls of the container.

2.5.1 Thermal Conductivity

Let J be the heat flux in the gas that results from some temperature gradient V7', such
that J = 0 when VT = 0. By the conservation of energy, we know that J has to have the
opposite sign to VT'. Assuming that the temperature gradient is small, we can write that

J=J(VT)
~ J(0)+J'(0) VT +...
=—rVT +...

219

where k is known as the coefficient of thermal conductivity.

This means that to first order

Consider a particle travelling with some component of velocity in the positive z direction
that crosses a plane of constant z. As the particles travel an average of A, = A between
collisions, the distance travelled parallel to the z-axis is dz = Acos@ (see Figure (2.3)).
These particles arriving at z from z — §z will bring some extra energy §F. Let the heat
capacity per particle be ¢, = 3kp/2. Then

0F = ¢, T(z —0z) — e, T(2)
=cp <T(z) - Zéz) — T (2)

T
= _C”%z)\ cos 0

The total energy flux in the z-direction is

L:/@@ME

or
= —cn)\az/d{)(v) cos 0
= féncn (v) )\a—T

0z
Comparing this with the z component of (2.18), we find that

ﬁ:%%A@> (2.19)

where ¢, = 3/2nkp = pcy, is the heat capacity per unit volume. Interestingly, we see that
k is independent of n and thus pressure as A o 1/no.
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The thermal conductivity of argon (atomic weight 40) at S.T.P. is 1.6 x 102 Wm!'K'. Find
the effective collision radius. Solid argon has a close packed cubic structure, in which, if the
atoms are regarded as hard spheres, 0.74 of the volume of the structure is filled. The density
of solid argon is 1.6 gem>. Find the effective radius in this case, and compare the two results

Using the fact that Cy = 3/2Nkp, we can rearrange (2.19) to find that

)\ = R ~1x10""m
e
From the definition of A,
1
A= —
no
1
N 4777’%71
1
ry = ~193x107%m

Varn

Now for solid argon,
NVatom = 0.74Viotal
4
n (371’7“%) =0.74
4
—7r3 = 0.74%
3 p
re ~1.95x 1079 m

These answers are different because the hard sphere approximation used to derive A\ be-
comes less accurate. This is because at higher temperatures, the particles are more en-
ergetic, meaning that more of a ’direct hit’ is required to cause a collision, leading to a
reduction in effective collision radius.

2.5.2 Viscosity

Let us consider a one-dimensional shear flow
w=u,(t,2)

That is, a flow in the z direction whose magnitude depends on the value of z. Suppose
that at lower values of z, u,, is greater than at higher values. Then particles that travel
to z from z — §z will bring some extra momentum with them, as in Figure (2.3), creating
a momentum flux II,, against the velocity gradient Vu,.

We know that II,, = 0 for Vu, = 0, and (by the conservation of energy) that II,, must
have the opposite sign to Vu,. Assuming that the shear velocity gradient is small, we can

write that
ou

ou
~ / z
~ 11,,(0) +1II,,(0) 5, +...
. (9um+
= n(?z
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A
slow/cold M, J.
Z I
Vu, VT
5 A
z- 0z
fast/hot
,ux

Figure 2.3: Transport due to a temperature and velocity gradient

This means that to first order

ou
Mew = =11 8;

where 7 is known as the coefficient of dynamical viscosity.

Let us calculate the extra momentum brought by each particle.

0p = mug(z — §z) — muy(z)

~m (Um(z) - a;; 6z> — maug(z)

= —m%)\ cosf

0z

This means that the total momentum flux is given by

I, = / dB(v) bp

Ouy
d
o )\/d (v) cos@

1 Oouy
=— gnmz\ (v) P

= —nm

Comparison with (2.20) yields

1
n= gnm)\ (v)

Al

(2.20)

(2.21)

Interestingly, we also find that this is independent of pressure. How can this be? At lower
pressures, less particles will be moving through this plane of constant z, but they will have
a longer A. This means that each particle is individually better at transmitting momentum,
and so this cancels out the effect of having fewer particles producing the momentum flux.
Evidently, this will start to break down when A is on the order of magnitude of the size of

the container.
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A momentum flux is simply analogous to a pressure; in this case, it is the pressure that
each infinitesimal layer of gas exerts on adjacent layers. For finite differences in velocity
and separation, we can write that

F Au

where Awu is the velocity difference perpendicular to the separation Az.

Two plane disks, each of radius 5 ¢cm, are mounted coazially with their adjacent surfaces 1
mm apart. They are in a chamber containing Ar gas at S.T.P. (viscosity 2.1 x 10° Nsm?)
and are free to rotate about their common azis. One of them rotates with an angular veloc-
ity of 10 rad s'. Find the couple which must be applied to the other to keep it stationary.

We want to consider the force exerted on the disk in the 6 direction along the edge of the
disk.
Oug

Fo=-n%g,

Converting to torque, we multiply by r as r L F. As uy is the velocity at r, ug = wr.

drg = —nr% dA
0z
o(wr)

IR

Q

|

T

DO
3
=

w
U
3

for a small gap z. Integrating:

We thus find that 7 ~ 2 x 107%. For a disk that is slowing down, we can find the rate of
change of w by recalling that 7 = Idw/dt, where I = 1/2ma? for a disk.

2.5.3 Self-Diffusion

A gas can move itself around, in a sense. If we have some labelled particles of number
density n*(r), then this distribution will change over time as the particles within the overall
gas. As these particles move, they set up a 'number gradient’ Vn*. What is the flux of
the labelled particles ®*7 By the same logic as before, we know that ®* = 0 if Vn* =0,
and (by number density conservation) that it must be opposite in sign. We can thus write

~ ®*(0) + @*(0)Vn* + ...
=-D*Vn*+...

This means that to first order

(2" =-D"Vn* (2.23)

where D* is the coefficient of self-diffusion.
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Now, consider a particle travelling with some component of velocity in the positive z
direction that crosses a plane of constant z. Using the same argument as before, the
number of extra particles dn* that arrive is

' =n"(z—9z) — n*(2)

on*

=n"(z) — o 0z —n*(z)
:—882)\0089

Then the total flux of the labelled particles in the z direction is

ot = / d®(v) on*

on*
=— ) 0
o )\/d (v) cos

1 on*
n _g)\ (v) 0z

Comparison with (2.23) yields

D" = é)\ (v) (2.24)

It is clear that D* oc p~'; for higher pressures, we would expect molecules to be able to
travel a shorter distance due to a greater number of collisions, and hence a lower coefficient
of self-diffusion. Observing that p = nm, we obtain the useful relationship that D*p = 7.

Consider a volume V of gas bounded by a closed surface S. Then the rate of change of

the number density n* within the volume will be opposite and equal to the number of the
labelled particles that leave the volume via this surface.

o= [ as-ar
ot Jy av

:—/d3rV-CI>*
\4

:/ddT D*Vzn*
|4

by the Divergence Theorem and (2.24). As we are integrating over an arbitrary volume,
we can write

on*
Ot

This is known as the self-diffusion equation.

= D*V*p* (2.25)

2.5.4 Heat Diffusion

We have already found the coefficient for thermal conductivity. We now want to find how
temperature flows within the gas, which is directly related to the rate at which energy
is transported throughout the gas. In a similar vein to the previous section, consider a
volume V of gas bounded by a closed surface S. Then the rate at which energy changes
in the volume is going to be opposite and equal to the amount of energy that leaves the
volume through this surface. The energy density € of the gas is given by

U 3

€= v = inkBT:ch
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Then we can write

a/d%e:—/ ds-J
ot Jy oV
=—/d3rv-J
1%

by the Divergence Theorem. As we are integrating over an arbitrary volume, we can write

Oe

—+V-J=0

ot -
This is the energy conservation equation for the gas. Suppose that there is a source of heat
that generates heat at a rate H per unit volume. Assume that there is no loss of the gas

particles, meaning that n is time-independent. Using (2.18):

(e, T)
ot

+V-(—kVT)=H

oT
— = V2T + H
c ot K +

Re-arranging, we arrive at the heat diffusion equation

oT H
— =aVT+ = 2.26
ot @ + Co ( )

Here, a = /¢, is known as the coefficient of thermal diffusivity.

Newton’s Law of Cooling

Newton’s law of cooling states that the temperature of a cooling body falls exponentially
towards the temperature of its surroundings with a rate which is proportional to the area
of contact between the body and the environment. FEvidently, this is not always true,
as objects tend to cool exponentially only at long times as the leading exponential term
becomes dominant. Mathematically, we can express this as

J = hAT (2.27)

where AT =T — Tsyrroundings, and h is a vector perpendicular to the surface whose mag-
nitude is the heat transfer coefficient.

Some Examples
Let us take a look at some examples of problems concerning the heat equation.

1. A cylindrical wire of thermal conductivity k, radius a and resistivity p uniformly car-
ries a current I. The wire is now placed in air at temperature T, and the wire loses
heat from its surface according to Newton’s law of cooling. Find the temperature T(r).

We shall assume that the wire is sufficiently long that there is no z dependence. We
know that in the steady state, the heat loss to the surroundings must be opposite
and equal to the heat generated. Let the heat transfer coefficient be h.

JA=VH
2wal(h(T(a) — T,)) = ma*CH
WT(a) —T,) = %H

a
T(a)=T, + —H
(@) =To+ 3,
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This is our boundary condition at the surface. Assuming that the wire obey’s Ohmic
heating:
I’R
ma2l
2 [ pt

- (%)

pl?

m2at

We shall then assume that the system is in the steady state. This means that the
heat equation becomes

ver = 1

KR

1d (dT\ H

rm<ﬂn>__n

dr  Hr?
"o T o T4

2

H
T(r) = == +e1log(r) + ¢

We require the solution to be finite at » = 0, meaning that ¢; = 0. Imposing the
condition derived above:

T(a) = —7}:2 +c
%+;H:_ﬁf+Q
co="1T,+ %H + };‘22
This means that the final solution is
T(r)=T,+ 47;02[;&@2 -+ 87:)2{12?%

2. Consider a thick, uniform layer of material with coefficient of thermal diffusivity o.
Solve for the time evolution of the system given the following boundary conditions:

o The surface of the layer is subject to a time-dependant sinusoidal temperature
variation given by

T(0,t) =T, + Z T, cos(nt)

Suppose that the solution is of the form
T(xz,t) = Z T(z,w) e
w
Take the FT of both sides of the heat equation:

/OO dtei‘“taT:a/oo dte*i“taQ—T

oo ot oo x2
~ 9T
wl =« 92

T(x,0) = c1™ 4 cpe™ k=
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We require that c; = 0 for the solution to be properly bounded. Let ¢; =

T(0,w).
iw = —ak?
o
«

k= (—1+i)\/g: ;w(—1+z')

Thus, the final solution is of the form

= Zf(@,w) e~/ 0w gilwt—a/du) (2.28)

0., is known a the skin depth, and is a measure of the attenuation of the propa-
gating wave. Calculating the F'T of the initial condition:

T(0,w) =T, +/ dt e~ ZT cos(nt)
=T, + = ZT / dt et (eint + e—mt)
=T, + = ZT / dt 7wt 4 gmilwtn)t
=T, + - ZT d(w—=n)+6(w+n))

Substituting this result back into (2.28), we find that

T(x,t)=T,+ Z The /% cos <nt - ;)

n

o The interor of the material is subject to a space-dependant sinusoidal tempera-
ture variation given by

T(x,0) =T+ Z T, cos(nx)

Suppose that the solution is of the form
t) = T(kt)e*
k

Taking the FT of both sides of the heat equation:

o g OT ee 0 0*T
—ikz Y- —tkx Y+
/_Oodke 5 /_Oodke 92

a —ikx _

E%/ dk e T = a(ik)*T
oT ~
—— = —ak’T
at ~ ¢

T(k,t) = T(x,0)e k"
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Thus, the final solution is of the form

T(w,t) =Y T(x,0)e k" ¢ike (2.29)
k

Calculating the FT of the initial condition as above, we arrive at the final
solution of

T(x,t) =To+ » Ty cos(nx)

Note that in this section, we have used a different normalisation convention on the
Fourier Transform than in the Mathematical Methods notes.
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2.6 Local Equilibrium

Note that the material covered in this section is not on syllabus, but we have included it
here for the sake of interest.

Up until this point, we have assumed that the distribution function of the particles de-
pended only on their velocity v. However, this may not always be the case, as there
might be some region of the gas with a higher number density or with some mean flow
u. With this in mind, allow the distribution to depend on both position (r) and time (¢):
F(t,r,v). The expression F(t,r,v)d®rd3v thus represents the fraction of particles with ve-
locities in the range [v, v+d3v] and located in the cube in space [r, 7 +d3r] at a given time .

Let our macroscopic scales of the system be ¢ and ¢. These are the scales on which the
gas is inhomogeneous; that is, the scales on which any variations are measurable. Suppose
that we now break the system into small fluid ’elements’ of size §¢ and observe them for a
time dt. Then we still have

0 605 Mgy
t> 0t > 7,

On these scales, these fluid elements can be considered to be almost homogeneous, and
hence can be considered to be Maxwellian in this locality. This means that we arrive at
the local distribution function

n(t,r)

~[v—uf* /v 2
(V)3 ‘ " (2.50)

Fuy(t,r,v) =

for some mean flow u = w(t,r), and vy, that depends on some temperature distribution
T(t,r). Evidently, global equilibrium occurs where n, u and T are constant. However, for
any evolution to occur, this has to not be the case. This means that in fact these local
distributions are not quite Maxwellian. We thus write

F(t,r,v) = Fu(t,r,v) + 6F(t,r,v)

local Maxwellian  local relaxation

2.6.1 The Kinetic Equation

Consider the particles present at r with velocities v at a time t 4+ 0t. Particles with these
properties will either be those that move into this location, or those that are scattered into
this velocity.

L. . contribution
ballistic motion from collisions

—_———
F(t+dt,r,v) = F(t,r —vét,v)+ oL,
Assuming that 0t < 1, we can Taylor expand as
F(t + 5t7fa Q) ~ F(tva Q) - (Q(St) : VF(t’f’ y)

Dividing through by §t and taking the limit

F(t+ ot - P(t OF
i P+t rw) — Fltry) o VE( ) + 2L
5t—0 ot 5t—0 ot
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This means that we obtain the Kinetic Fquation

F
%—t +v-VF = CI|F) (2.31)

where v is the velocity of the particles, and C[F] is known as the collision operator. We
know that C[F] needs to satisfy the following properties:

e The local Maxwellian must be a fixed point
C[Fym] =0
That is, the collision will not change the local Maxwellian
e Relaxation to the local Maxwellian must happen on a time-scale « 7,

o Conservation laws must be satisfied.

The simplest model that satisfies this is:

ClF|=-——M = __6F (2.32)

This is known as Krook’s Collision Operator.

2.6.2 Conservation Laws

Now that we have an equation for the evolution of the local distributions, we can use it to
derive some local conservation equations for the gas. We assume that there is some mean
flow u = u,, and define w as the peculiar velocity (the difference between the velocity of
the particle and the mean flow).

e Number Density

on 0 3

— /d% (—vz%f +C[F]>

9 3 3
- M o
Z/dvfu + /de'[ ]

no mean velocity collisions do not
in z direction change particle no.

This means we obtain the expected result of
on

— =0 — n =const
ot

e Momentum Density

g(mnum) = gt/d?’v mug, F'

ot
OF
_ 3 oy 2
—/d vmvx< Uzaz —I—C[F])

0
=—— | Bvmuu.F+ | dv mu,C[F|
0z
=toll ., momentum
by definition is conserved

Again, we obtain the expected result of

8Hzx
0z

— (mnuy) + =0

ot
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e Energy Density

1 1
€= /d3v §msz — 5mnu§

——

total kinetic energy ~ energy of mean flow

As we are interested in the local conservation, we need to subtract the 'macroscopic’
energy of the mean flow.

% = % (/ d3v %mUQF - ;mnui>

S L
_/dv2mv vzaz—l—C[F] Mg
d

1 oIl
= —at/d?’v §mv2sz—|—ux a;x

Let v = u,T + w.
3.1 9 3 I 5 1 2
d’v §mv v, F = | d°w Fw, §mux + imw + muzw,

1 .
= /d3w 2mw2wa+uz/d‘5wmwzw2F

This means we obtain
e 0J, Ouy
ve - L. 2=
ot s = 5

The last term is the result of viscous heating due to the mean flow of the gas; we can
obtain the same conservation equation used to derive (2.26) by letting u, = 0

2.6.3 Self-Diffusion 2.0

Using this powerful apparatus that we have now obtained, let us examine the problem of
self-diffusion again. Let us compare the relative magnitude of the terms in (2.31). We know
that 0 F' < F), and that variations in § F' occur over very large time-scales as supposed to
those of F;.

O _ Vthdmpp  Vih Amfp
ot I ¢
UV " Ugp

for some characteristic length of the system ¢ > A,,r,. This means that we can neglect
the first term

(6F ~ —7. vV Fy| (2.33)

Suppose that, as before, we have a number of labelled particles n* of mass m* within the
gas, with distribution F™* that satisfies (2.31). Integrating this over all space:

/d% <8F +U-VF*> = —1/d3v5F*
ot Te

0 3 * 3 * 1 3 *

— [P0 F*+ V. [ dv vF*=—— [ d°v 0F

ot Te

on* 3 <\
BN +V-(/dqu>_0
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by the definition of § F™.
/d%vF* = /dgv v(Fy +6F7)

:/d3v Vo F*

as the mean velocity for F}; is zero. Using (2.33),

/d?’v vOF* = /d3v v (=7 vV Fy)
= —Tc/d3v UQVF]T/[
=—7.V [ d v2Fj{‘/1
= -7, <v2> vn*

This means the equation becomes

on* 9 o
E—TC<U>V(VTL)—O
an* *v72, %
BN =D*V*n

where D* = 7, <v2> is the expression for the self-diffusion coefficient. This expression is
evidently the exact one, rather than the approximate one that we found in Section (2.5.3).

We can take the first moment of the Kinetic Equation in order to find the momentum
conservation equation of the labelled particles.

gt /d3v mroF* = /d3v (m*v)(uVE™) —I—/dSU m*vC[F*]
0 *n* * 3 3 *
8t( U -V [ d®v mo? — [ d°v Fy)m*v
= —m*n*V (v?) Tcm n*u*

Thus, we obtain a result that we have all known since secondary school; that the magnitude
of friction is proportional to velocity, and that it acts in the opposite direction to the
motion.

* %k
Friction = ——m ' n"u
Te
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3. Statistical Mechanics

This chapter aims to cover the basics of Statistical Mechanics, including;:
e Basic Principles
e The Canonical Ensemble

The Ideal Gas

e The Grand Canonical Ensemble

Quantum Gases
e The Photon Gas

Arguably, Statistical Mechanics is one of the most powerful pieces of physics that one learns
as an undergraduate. Evidently, Quantum Mechanics will always give the correct answer,
but it will become increasingly difficult - and almost impossible - to compute the required
problem. Statistical Mechanics provides an elegant solution to this, allowing one to treat
a large variety of relatively complex systems without much thought actually being given
to the small details of the problem. This author certainly enjoyed this course immensely,
and hopes that this is reflected in these notes.
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3.1 Basic Principles

Evidently, as we saw in Chapter (1), Thermodynamics allows us to make a large set of
predictions about a system; it can give us the equation of state, the entropy, the energy,
the heat capacity, and so on. However, in order to be able to write down the important
equations

dU =TdS —pdV and dF = —-SdT — pdV

we have to have some knowledge about various aspects of the system. For ideal gases, we
can get this from Kinetic Theory, but we need to be able to extend this kind of formalism
to other systems. This is where Statistical Mechanics comes in.

3.1.1 States of a System

Suppose that a system consists of Q2 microstates (that is, a possible states of all the particles
of the system), where for each microstate a we have an associated probability p,, and
associated energy E,. It is evident that 2 > 1 for an macroscopically defined system due
to the sheer number of particles and possible energies involved. This means that we can
define certain quantities of the system in terms of their mean quantities, such as the mean
enerqy:

U= ZpaEa (31)

Evidently, this is where the statistical nature of this subject comes in; we recognise that
we cannot know the exact energy of the system, and settle instead on trying to calculate
the mean energy. Note that we evidently require the probabilities are properly normalised,
namely that )" po = 1.

Pressure

From this, we can immediately derive an expression for pressure in this formalism. Consider
an system undergoing some adiabatic process. From Quantum Mechanics, we know that
in adiabatic processes, the system remains in a state of well defined energy during the
process (assuming it was already in a state of well-defined energy), which means that the
microstates « of the system do not change. From (1.17), we can write that

oU 0FE,
dUqdiabatic = (W) dv = ZpaaTdV
P1,---PQ o

However, during an adiabatic process, we know that dU = —pdV'. This means that we can
simply define the pressure as

oE,
b= Za:pam/ (3-2)

This kind of calculation can also be repeated for non-pV systems. This means that if we
were able to know the complete sets {p,} and {E,}, we would be able to calculate this
quantity explicitly.

3.1.2 Gibbs Entropy

The next logical question to ask is as to how to calculate these {p,} given that we know
the set of energies { £, }. Knowing the latter is not too difficult, as this can be given to us
from Quantum Mechanics without much trouble. What about the {p,}? Suppose that we
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know nothing about our system at all. In this case, the system must be isolated, as oth-
erwise we would be able to gain some information about the system from how it interacts
with its surroundings. The only fair way to assign probabilities to the microstates of the
system is to say that they are equally likely; we have no information to tell use otherwise.
This leads us to the important statistical mechanics inference that for an isolated system
wn equilibrium, all microstates are equally likely.

Suppose that our system consists of N particles, where N > . Now, let us randomly
assign each of the N particles to the microstates {a}, in a similar way to randomly throwing
marbles into a very large set of boxes. In this way, we arrive at having N, particles in the
microstate «, and associated probability

Na

pa:W for %:Na:N

Now what is the most likely outcome of our assignment {N,}? The number of ways E of
carrying out our un-ordered assignment is given by

N!

W=—
Nil.. Ng!

As we have no information about the system to tell us that any such assignment is more
likely than another, all outcomes are equally probable. This means that the most likely
outcome for {N,} will be the one that maximises W, or rather logW. We will make
extensive use of (3.5).

logW =log N! —log (N1!... Nq!)
“~ NlogN — N =)~ (Nylog No — No)
(0%

= —%Nalog (?i?)

Recalling the definition of p, above, and dividing through by N, we arrive at the expression

Sag = — Zpa log pa (33)

This is known as the Gibbs Entropy of a system. We will see it’s full significance shortly,
but for now, we understand it as a function that is related to the possible assignments of
particles to microstates within a given system.

3.1.3 Entropy Maximisation

In the previous section, we supposed that the most likely outcome for our assignment { N, }
will be that maximises log W. This corresponds directly to Sg being maximised, subject
to a set of constraints F; = 0 that correspond to our knowledge about the system. This
means that we want to maximise

m
Sa — Z N F;
i=1
unconditionally with respect to 2 4+ m variables

b1y, PQ, )‘17"'7Am
———
Lagrange Multipliers
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such that m < Q. This is because the number of constraints cannot be greater than the
number of microstates, as m = {2 corresponds to total knowledge of the system. In reality,
m < ) as we are limited by our knowledge of the system.

Let us suppose that we are completely ignorant about our system; we know that it exists,

but we really don’t know anything about it. This means that the only constraint that we
can place on Sg is

A (Zpa - 1) =0 (3.4)

Maximising unconditionally:
dSc — d\ (Zpa — 1> —AD dpa =0
—> (logpa + 1+ A) dpa — dX (Zpa — 1) =0

Setting each of these terms individually to zero:

logpa +1+A=0

Do = ef(1+)\)
Q
> o
~——
@ independent of «
L, ]
Pa = Q

Thus, we confirm our assumption in the previous section that the microstates of an isolated
system in equilibrium are all equally likely.
3.1.4 Stirling’s Formula

Before moving on, it would be would be worth introducing Stirling’s Formula due to all
the large logarithmic factors that we will be dealing with. It states that

log Nl ~ NlogN — N (3.5)

assuming that N is sufficiently large. In fact, it turns out that N « 50 is enough to reduce
the error in using this formula to 2%, so in the Thermodynamic limit, this is essentially
an exact expression.

In order to prove this formula, we need to consider the integral expression for N!, namely
oo
N! = / de aNe ™
0

This integral evidently has a maximum, as it tends to zero as * — oo, and is zero for
x = 0. Let us expand the integrand around the maximum. Let

el @) = gNe==

f(@) = Nlog(z) —
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Taking the first and second derivatives:

of _N
ox T

?f N
022~ 22

This means that the maximum of the integrand will occur at x = N. We can thus Taylor
expand the integrand as

o
N!:/ dz /@)
0
&9}
_ eNlogN—N/ da e~ an (@—N)*+...
0

o eNlogN—N /27TN

where we have used the fact that we can extend the integral range to [—oo, 0] as the
contribution from the negative part of the integral becomes vanishingly small for large N
(width scales as v/N). Tt follows that

1
log N! «~ Nlog N — N + §log(27rN)

If N is sufficiently large, we can ignore the last term, as it scales as log N rather than as
N. We thus arrive the result quoted above.
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3.2 The Canonical Ensemble

Suppose that the mean energy of the system is fixed. This means that we now add the
constraint that

B (ZpaEa - U) =0 (36)

In this ensemble, we are going to treat both the volume V' and the number of particles N as
exact external parameters, as supposed to some mean property to be measured. Maximising
S unconditionally with respect to both constraints:

—> (logpa + 1+ A+ BEq)dpa — dX (Zpa— 1) .y (ZpaEa —U) =0

Setting each of the terms identically to zero:
logpa = —1 = A= BEq — po = e )

1
—(14+X+B8Eas) _ —(14X) _
e =1 — e =
za: S e PEa

Putting these two expressions together, we find that the probability of a particular mi-
costate a is given by

e_BEa

———— lor = e PEa .
7 o 2B =2 (37)

«

DPa =

We give this the name the canonical ensemble, where Z(/3) is a normalisation constant
known as the partition function. This means that if we know all E,’s, we can calculate
the probability of each microstate from this expression.

We are now going to examine the question of the significance of our Lagrange multiplier
B. Substitute our new-found expression for p, into the normal expression for Sq.

1 _ 1 _
So ==Y palogpa =Y e log <Ze ﬁEa) = BU +log(2)

«

Calculating the total derivative:

az
dSq = Udp + BdU + -

1
= Ud + BdU — — za: e B (BdE, 4+ E.df)
=UdB + BdU — > pa(BdEy + Exdf)

= BdU — B padBa

Recalling (3.2), this reduces to

SG = 6 (dU +Pdv) = ﬁerev
———

...First Law!
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We now impose the condition that dS = kp dSg, where S is our conventional Thermody-
namic entropy. Then, by the definition of dQ;e,, we find that

B=— (3.8)

Thus, the Lagrange Multiplier that we impose along with the constraint on the mean
energy turns out to be inverse temperature! Note that it has units of energy, such that the
partition function remains dimensionless.

3.2.1 Some Important Relationships

Our formalism is thus clear: maximise entropy subject to constraints, find the distribu-
tion, find the partition function, relate to thermodynamic quantities through entropy, and
differentiate to find everything. The partition function is all we really need for Thermo-
dynamics, which is what makes Statistical Mechanics such a powerful tool. Now that we
have an expression for 3, we can now derive some useful thermodynamic quantities from
our partition function Z(5).

Mean Energy

Using our statistical definition of the mean energy U:

U:ZpaEa
:Z%e_ﬁEaEa
10 ( _sp.
== 755 ()

This means that the mean energy is calculated from the partition function as

~dlog(2)

U=-—03

(3.9)

Heat Capacity

At this stage, is would be useful to find a relationship between derivatives with respect to
T and those with respect to 5, as we work mainly with the former in Thermodynamics,
and the latter in Statistical Mechanics. From the definition of 3:

B 1 0 8 0

oT ~ kgl oT _ Top

We can use this relationship to find an expression for heat capacity at constant volume.

o _(9U\_ _B (U
- (5)--4(5),

Substituting our definition of U from above, we arrive at

B @82 log(Z)

Cy = T (3.10)
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Let us compute this expression explicitly from Z(f3).
9?log(Z) 0 1
2N 7 - - E —BEq
932 9\ Z Za: o€
1 _ 1 _ _
o «a 0l
- St~ (St ) (L

o e y

Recalling our definition of the expectation value of some quantity, we see that the above
expression is clearly the variance of the energy <(AE)2> Thus, another way of expressing
the heat capacity is

(AE)?
kpT?

Cy = >0

Clearly, a system will only be stable for Cy > 0, as otherwise it would be able to increase
it’s temperature arbitrarily. We examine similar conditions in Section (3.2.2).

Entropy and Helmholtz Free Energy
Using the partition function, have already found the relationship that
Sa = U +log(2)

This means that we can write the Thermodynamic entropy of the system as

S = % + kplog(Z) (3.11)

This expression is always greater than or equal to zero, as Z > 0 for probabilities to be
well-defined (positive). It then follows that:

|F=U-TS=—kpTlog(Z)|

We can take the usual derivatives of F' with respect to various variables to find the desired
quantities, such as entropy (7") or pressure (V). This means that often the hardest part
about Statistical Mechanics is finding the partition function; the rest is merely taking
derivatives!

3.2.2 Stability and Equilibria

We are now going to derive the conditions that are required for a system to be in equilib-
rium. Suppose that we have a system that is made up of a series of subsystems indexed
by %, that have the quantities:

€; total energy
m; mass

u; velocity

r; centre of mass

V; volume
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As entropy is additive, the entropy of the total system is the sum of the entropy of the
individual systems; that is:
s-Ys
i

Note that S; can only depend on the internal energy of the sub-system, as the total energy
of the total system is conserved. This means that S; = S;(U;, V;), where U; is the internal
energy of the system (the difference between the total and kinetic energy).

We thus want to maximise the total entropy with respect to the following conservation

s
5@&._5) ~o

a-@miui_p):o

b (Zm—L) o

g@v;_v):o

We are not going to try and assign any significance to the Langrange multipliers used, as
they are completely arbitrary, with § = kg8 being the notable exception.

Equilibria

Maximising the expression for entropy and requiring that all of the individual constraints
are zero allows us to obtain relationships between the quantities in each of our subsystems.

e Thermal Equilibrium:

aS; 05, 1 1 1
dei  OU; T T; T
This means that the condition for the subsystems to be in thermal equilibrium is if
their temperatures are the same, as anticipated by the Zeroth Law of Thermodynam-

1CS

e Mechanical Equilibrium:
0S; i o
o, 1, PTS
This means that the condition for the subsystems to be in mechanical equilibrium is

if the pressures within them are the same, meaning that the pressures are balanced
at the boundaries

e Dynamical Equilibrium:
oS 05 oU; 1
ou,  oU ou; T
This means that we can write u; = u + X r;, where u represents constant transla-
tional motion, while Q x r; represents rigid rotation.

— mou; = —m;(a+b x 1)

This means that in equilibrium, we cannot have an gradients of temperature, pressure, or
velocity inside the total system, as we could have anticipated.
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Stability

The stability of the systems comes from looking at further derivatives of S. This is because
we do not in fact know whether the extremum found when maximising S was a maximum,
minimum, or saddle point.

e Thermal Stability:

92 e, \T)  T20s;  T20U;  CyT?

2

825i_8<1>_ 1or 19T 1

We have thus found that this is a maximum as Cy > 0 (proven above)

e Dynamical Stability:
0S; 1

ou, T

Suppose that T < 0. Then, this means that all S;’s would be maximised by decreasing
their argument as much as possible; that is, by increasing their kinetic energy, flying
off to infinity. This means that temperature must be positive for dynamical stability.
Note that this restriction does not apply for systems who’s motion is constrained,
and prevented from flying apart (such as a chain of molecules)

3.2.3 Some Common Examples

Let us now examine two common systems that can be treated with the Canonical Ensem-
ble. These will come up many times in this course, as they can be applied to describe the
behaviour of a large variety of systems.

Before we do so, a quick note about systems that are composed of many individual units,
such as the particles in a gas, or atoms within a lattice. Assuming that these units are
distinguishable, the partition function of the composite system is given by

2(8) =z (3.12)

This follows from the definition of probabilities; the probability p, of having N particles
in a state « is given by p’aN (where pl, is the probability for a single unit), meaning that
the partition function must be modified in the above way. We will come back to how one
handles indistinguishable units in a later section.

The Two-Level System

Suppose that we have a system that has two energy levels, +A and —A. Then, the partition
function for the system is clearly

Zy(B) =) e P =ef% 4 e = 2cosh(BA)

«

The most common system that we can apply this partition function to is that of a sz'n—%
paramagnet, with energy levels £upB. Suppose that we have NV spin—% particles within
our system. Then the partition function for the entire system is given by

Z(3) = 2" cosh™ (BupB) (3.13)

65



Toby Adkins Al

The quantity we are most often interested in with the spin—% paramagnet is its heat capacity
Cy. Using (3.9):

1 e
U = —NppB tanh(SupB) = —5 NkpOjp tanh (2;)

where we have defined ©p = 2‘2123, which is the excitation temperature for the paramag-

netic effects. From the definition of heat capacity, we find that

oU Op\? OB/T
Cp=|+=) =Nkp|—=) ——
b <8T>B b < T > (e@B/T+1)2

Let us look at some limits of this expression.

e High Temperature Limit (7' > Op):

1
OB/ 1 —>cBo<ﬁ

e High Temperature Limit (T' < ©p):

1
8/ > 1 — cB X ﬁe_e/T

As Cp tends to zero in both limits, this means that there must be some maximum tem-
perature for which the magnetic heat capacity of the system is maximised. This turns out

to be around « 5.6K.

For the magnetisation, we need our expression for the Helmholtz free energy as
F=U-T5-m-B

where m = MYV is the magnetic moment. This means that the magnetisation can be easily

obtained as
1 OF NMB /LBB
M=—-—=|=-=] =—/——tanh|*—
v <aB>T v (kBT

This once again behaves sensibly; we re-obtain Curie’s Law in the high temperature limit,
and find that the magnetisation is constant in the low temperature limit.

The Harmonic Oscillator

We know from Quantum Mechanics that the energy levels of a 1-D harmonic oscillator are

1
En: <n+2> huw

This means that the partition function is given by
o o0
Zl(ﬁ) = Z ei’BEO‘ = Z e_(7L+%)6h"J — e*%ﬁﬁw Z e*nﬁﬁw
@ n=0 n=0

We can sum the last term as an infinite geometric series to obtain

e*%m"”

Z1(B) (3.14)

T 1 e Bhw
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This expression is actually used within the Einstein model of the heat capacity of solids. All
atoms are considered to be independent simple harmonic oscillators all vibrating in three
dimensions at the same angular frequency w. Note that there is some constant energy Uy
in the Hamiltonian of the system, but we are going to ignore this as it does not effect the
properties of the solid (apart from the mean energy). The result Z; above is for a single
oscillator in 1-D. For N particles in a 3-D lattice, it follows that

Z(8) = (2'7)* = (2{')* = 7"
Recalling (3.10), we find that

eﬁhw

_ 2
Cv = 8Nkp(81w)* 50—y

At high temperatures, ffiw < 1, such that €™ « 1+ Bhw. This means that we obtain
Cy = 3Nkp in the high temperature limit.
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3.3 The Grand Canonical Ensemble

We are now going to make N (the number of particles) a variable parameter within our
formalism, such that we can treat systems where numbers of particles are exchanged, or
where there are various inhomogeneities. This means that we have to introduce a further
constraint of

*ﬁﬂ (ZpaNa - N) =0 (315)

where N is the mean particle number for the system. Following the familiar maximisation
process, we find that

e_ﬂ(Ea _HNoz)

P = 2B, )

for Z(B,u) = Ze_ﬁ(Ea_“N‘l) (3.16)

This is known as the grand canonical ensemble, with Z(j3, ) being the grand partition
function. We can re-obtain the canonical ensemble by letting N, = N (all energy levels
have equal numbers of particles).

3.3.1 Chemical Potential

In a similar fashion to Section (3.2), we want to give some meaning to our new Lagrange
multiplier . Substitute (3.16) into the normal expression for Sg.

Sa ==Y Pal~B(Ea — Ns) —log(2)] = BU — BuN + log(Z)

Taking the total derivative:

. _ dz
dSg = PdU — ppdN — AN+ U =4)dB + —

dz
? = Zpa [_ﬁ(dEa _M) _ZEQ\_N‘N&MQ]
where we have restricted dN, = 0. Cancelling terms as shown,

dSq = B(dU — udN) = B> padEa

Again, letting dS = kpdSg, and using (3.2), we arrive at the equation

TdS = dU + pdV — uN | (3.17)

This is the fundamental equation of thermodynamics for open systems. This means that

we can write p as
oS
ILL = —T ——
ON UV

We can thus interpret —u as the heat from adding an extra particle to the system at con-
stant U and V. This means that p is normally a negative quantity, as it is often thought
of as a "cost-per-particle". It is known as the chemical potential of a system. Note that
we often find p as the implicit solution to an equation for N, which we see in later sections.
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Let us now consider the Gibbs Free Energy. Using (1.28) and (3.17), we know that

dG = —SdT +Vdp + pdN — = (gg)
p, T

Now, G and N are both extensive quantities; that is, they depend on the size of the system.
This means that if we scale N by some constant A\, G must also scale in the same way.

G(p,T,AN) =AG(p,T,N)

Differentiating with respect to A and using the chain rule:

(), 5

O(AN) T

However, as our choice of A is arbitrary, this equation must hold for all A. If we set A = 1,
we find that

== (3.18)

This means that the chemical potential can also be thought of as the Gibbs Free Energy per
particle for a system. This means that it is an intensive quantity, and so that pu = u(p,T)
(as it cannot depend on system size, and thus N).

Particle Equilibrium

Suppose that we have two systems of total energy U = Uy 4 Us, total mean particle number
N = Nj + N, and total entropy S = S1 + So (that we wish to maximise). Then:
051 051 | - 05 052 | -
dS = —dU; + —=dN; + —dUs + —dN.
oo, " T aN M T e, M T o,
051 05 051 052

= — — — —— | dN-
<8U1 8U2> * (az\h 8N2> !
1 1 M1 M2\
==—-—=1)d —— 4+ = | dN-
<T1 T2> U1+< T1+T2> '
Setting dS = 0, we find that when a system is in equilibrium 77 = T» (as before) and

p1 = po. That latter of these two is known as chemical equilibrium. Suppose now that the
system is in thermal equilibrium, but not chemical equilibrium.
dNy
dS = —(pu1 — ”2)7 >0

This means that dN; > 0 for us = pi. This means that matter moves from large to
small p. Evidently, the chemical potential is related to the exchange of particles between
systems.

3.3.2 The Grand Potential

For open systems, we define a new thermodynamic quantity known as The Grand Potential,
defined as

®=F—puN=—kgTlog(Z)=—pV (3.19)

The last equality comes from considering (3.18), and simplifying the resultant expression.
This is always true, meaning that the equation of state for the system can be found trivially
from the Grand Potential. Taking the total derivative:

d® = —SdT — pdV — Ndpu
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This results in the relations:

S =— (gi)ﬂy (3.20)
p=- <§$>M (3.21)

Once again, the thermodynamics can simply be extracted from the Grand Potential, which
is essentially just the logarithm of the partition function.

3.3.3 Multi-species Systems

Now that we have set up our apparatus for dealing with multiple component systems, let
us put this into practise. Suppose that we have a system that consists of m different species
that are free to exchange particles and energy with one another. For each microstate of
the system «, let us associate an energy F,, and particle numbers

N1a7N2a7“'7Nma with K1y 2y - -5 fom

We are again going to consider the Gibbs Free Energy of the system, and scale by an
arbitrary factor .

G(p, T, )\Nl, ‘e ,)\Nm) =A G(p,T, Nl, cee ,Nm)
Taking the derivative as before and setting A = 1:
oG - oG
——— N;=G — — =G
P K

sum over species

Then, it follows that
G = Z /’LSNS

Now consider a chemical reaction between various species. All such reactions can be written
as

Y veas =0 (3.23)

where as denote the various species, and v; denote their coefficients in the chemical equa-
tion. Conventionally, the products are defined to have negative us. For example, the
formation of water

2H5 + Oy = 2H50
can be written in this form for a1 = Ho, v1 =2, a9 = Os, 19 = 1, a3 = H20, and v3 = —2.

In the first chapter, we learnt that equilibrium was reached for a system held at a given p
and T when the Gibbs Free Energy was minimised.

dG = pusdN, =0
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This, along with (3.23), implies that as the chemical reaction progresses
dN1:dNy:---:dN,, =v) 119 U

That is, the particle numbers and the coefficients v will be in the same ratio. This leads
to the very important equation of

> Vaps =0 (3.24)

This is one statement of what is known as The Law of Mass Action, which determines the
behaviour of chemical reactions. We can use this to find the equilibrium concentration of
the various components in a multi-species system.

Given that the chemical potential of a non-relativistic electron/positron gas can be written
as

mek‘BT 3/2
2mh?

u = —kpT log ((25 + 1)%) where ng = (

find the density of positrons created from spontaneous pair-production defined by the equa-
tion

e~ + et = photon(s)

Remember to take into account the relative concentration of the positron and electron pairs
with respect to the density of normal electrons in matter (without pair production) ng. Con-
sider briefly the relativistic case.

Now, we will see the expressions for p and ng in later sections, so do not be too worried
about their significance here. If readers find this example a little confusing at this stage,
it is recommended that they come back to this when they are familiar with the results
of Section (3.4) and (3.5.3). The condition for chemical equilibrium (in both the non-
relativistic and relativistic cases) is

H— ~+ fy = M photon = 0

Let us actually consider the relativistic case. In this limit, the energy of the system is
so high that the number of the electron-positron pairs dominates in comparison to the
number of electrons in normal matter, and so we can neglect ng as it is very small. This
means that the entire system is symmetric, and so that yu— = g4 = 0. The equilibrium
concentrations can thus be calculated using the results of Section (3.5.3), though this is
left as an exercise for the reader once they have covered Quantum Gases.

In the non-relativistic limit, the energy of the system is much lower, and so we cannot
assume that the equilibrium density of the pairs is much greater than ng; in fact, it is
most likely going to be much less that ng. We now need to take into account the chemical
potential that results from the rest mass. Letting s = % for electrons and positrons (as
these are spin—% particles), their chemical potentials are

2
p— = —kpTlog (T@) + mec2
n

2
py = —kpTlog (TLQ> + mec?
4
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If we now apply the condition for chemical equilibrium for the system from above, we find

that
4n?2
kpT log ( Q ) = 2mec2
n_n4
2
AnQ _ —emee) (s T)
n_n4
As ng > ny, we can write n_ = ny 4+ ng « ng (this equality comes from the fact that

the density of pairs must be the same, taking into account the concentration in normal
matter). This means that the equilibrium concentration of the positrons is given by

3
b o 2 (meEBTNT _@mee?)) (ks )
ng \ 2mh?

This author tried calculating this value (estimating ng v ag 3 where ag is the Bohr radius),
but it came out to be zero. This is because the factor in the exponential is on the order of
107, which dominates the cubic expression.

72



Toby Adkins Al

3.4 The Ideal Gas

We will first treat the Ideal Gas using the Canonical Ensemble. If we treat the ideal gas
classically, it’s energy levels are given by
h2k?
€= ——
F 2m
Theoretically, we could just plug this expression into (3.7) and obtain the partition function.
However, the problem that we encounter is that sums of this type are very difficult to
calculate; it is much easier to calculate an equivalent integral. Suppose that our system
is a box with side lengths L, Ly, L,. Then, we are restricted to the wavenumbers that

satisfy
2. 2w . 2w,
k= fxlxv fyly, lez

for integers iy, iy,4, in order to fulfil appropriate (periodic) boundary conditions at the
extremities of the box. This means that Ak, . = (27)/(Ly,y,.) represents the mesh-size
(spacing between discrete grid points) in phase-space. Then, we can approximate the
desired sum by an integral:

A Zefﬂfk = ZM 2£ 2l 2£ e Per 4 /d3k: efﬂh2k2/2m

3 3 -
E NGRS (2)
(zv)3 Aky Ak, Ak,

Assuming that the system is isotropic, we can transform to polar coordinates:

V ! /d3k o BI2k2/2m _ 14 i /OO dk A2 e—BH2K/2m _ /OO dk g(k) e=BPK*/2m
(2m) (2m)? Jo 0

The quantity g(k) = (Vk?)/(27?) is known as the density of states, which tells us the num-
ber of microstates o per k or (with appropriate substitution) per . From the calculation
above, it is clear that the density of states depends on the dimensionality of the space; this
means that the behaviour of the 3-D Ideal Gas (as described in the following sections) will
be altered if we assume different dimensions for the space.

Evaluating this integral, we obtain the single particle partition function

2
Zi =2 o g = 2T

E kaT

(3.25)

It is clear that Ay, has dimensions of length in order to allow Z; to remain dimensionless.
This means that this expression must hold in the relativistic case, except with a different
definition of Ay, (it is left as an exercise to the reader to find out exactly the definition is
modified).

3.4.1 Distinguishability

If we were to assume that the particles were distinguishable, we could use (3.12) to cal-
culate the partition function for the entire system. However, if we were to calculate the
entropy, we would find that it is not additive, even though it has to be additive by defini-
tion. This is a result of the fact that we have determinate momenta for the particles, but
indeterminate position; this essentially means that every particle is everywhere, and so we
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cannot distinguish between them. The way to get around this is by letting the occupation
numbers n; of each state ¢, take the values 0 or 1. This means that we can write the NV
particle partition function as

L a

= 3 (3.26)

This assumption will only hold if we assume that the number of single particle states is
very much greater than NN, as otherwise there will be a non-negligible probability that
any particular state is occupied by more than one particle. But how much greater? The
number of single particle states can be roughly approximated by the single particle partition
function, as only the dominant terms remain in the sum. This means that our condition
for this assumption to be valid is

|4 n
Aih nQ

where we have introduced the quantum concentration ng = 1/)\§h. It is very easy to show
quantitatively that at room temperatures that this condition is indeed satisfied.

3.4.2 Thermodynamic Quantities

Now that we have calculated the partition function, it is a simple matter of taking deriva-
tives to find thermodynamic quantities of the gas. First, the Helmmholtz Free Energy:

F = —kpTlog(Z) = —NkpT [1 —log <n”>}
Q

where we have used Stirling’s Formula. This means that the entropy is given by

S=— <g§>v = kpN B — log (;;)] (3.27)

This is known as the Sackur-Tetrode equation. Interestingly, this is the first time that we
have obtained an explicit expression for the entropy of a system; up until this point, we
have simply been calculating entropy changes. We can also use this equation to find the
adiabatic equations (see (3.41)) for an ideal gas by recalling that AS = 0 in an adiabatic
process. Next, the heat capacity:

U:F—FTSISN]CBT — CVZ;N]{ZB

Thankfully, this is the same expression that we have derived via both Thermodynamics
and Kinetic Theory. Lastly, the pressure:

oF
v=-(5v), =t

This is also the familiar result. The dependence of F' on the volume comes from the
dependence Z o< V¥, and so the equation of state only depends on the factor of volume in
the partition function. This in fact means that both non-relativistic and relativistic gases
obey the same equation of state.
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3.4.3 Internal Degrees of Freedom

Thus far, we have only taken into account the translational degree of freedom for the ideal
gas, as we have implicitly assumed that it is monatomic gas. We can now extend our
theory to diatomic gases, and consider the new degrees of freedom that this brings. If we
model a diatomic molecule as two hard spheres connected by a weak spring that are free to
rotate around their centre of mass, then evidently we also have vibrational and rotational
degrees of freedom. This means that we can write the entire partition function as

Z = Ztrans. Zvib. Zrot. (3.28)

Of course, we already have an expression for Zans.. We now simply have to find expressions
for the remaining two terms.
Vibrational Freedom

This case is particularly simple; we can just model the molecule as a 1-D harmonic oscil-
lator. Using (3.14), it is easy to show that

e—%@vib./T

ZVlb - 1 —_ ef@vib./T

(3.29)

where we have defined the vibrational temperature ©.y, = hw/kp, which is the temperature
at which the vibrational modes get excited. Typically, this temperature is on the order of
T «~ 3000K, as so only contributes to the heat capacity at very high thermal energies.

Rotational Freedom

For the rotational degrees of freedom, we treat the molecule as a rigid rotor. From Quantum
Mechanics (see A3 notes), it can be shown that the energy levels of such a system are given
by
ﬁ2
ee=—ll+1
(=57 (£+1)

for I = ,urg, where mu is the reduced mass, and 7o is the average distance between the
atomic centres. The degeneracy of each energy level is (2 + 1). This means that the
partition function becomes

Zror. = 3 (20 + 1)e™ 7% = 3 (20 4 1) (EHDOw/T
£=0 =0

where we have introduced the rotational temperature ©,o;, = h?/(2Ikp). This is typically
on the order of «~ 10K, meaning that for most scenarios, we can approximate the sum as
an integral. Performing the integration, by noting that d¢2¢+1 = d(¢(¢+ 1)), we find that

T
7 =
rot. 2 ®rot.

(3.30)

This result proves very accurate, except for at lower temperatures. In the lower tempera-
ture limit, it is clear that the contribution to the heat capacity is approximately zero; the
partition function is dominated by the large Boltzmann factor, and so effectively tends to
zero. To find a more accurate approximation around this limit, one can take the £ = 0 and
£ =1 terms, and calculate the contribution to the heat capacity from there.
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Total Heat Capacity

As we calculate the Helmholtz Free Energy by taking the log of the partition function,
it is simply the sum of the separate Helmholtz Free energies for each degree of freedom.
Due to the linearity of differentiation, this means that the total heat capacity is simply the
sum of the heat capacities that result from the translational, and rotational modes, with
the latter two adding Nkp to the total. Evidently, which modes are excited depends on
temperature, and so the resultant heat capacity takes the form:

Ll

Cyv/Nkp 4

T2
mml
5/2

rotational

32 b

translational

| | [
I I L8

Orot. Oyib. T

Figure 3.1: The variation of the heat capacity of a diatomic gas with temperature

3.4.4 The Equipartition Theorem

The Equipartition Theorem states that

If the energy of a classical system is the sum of q quadratic modes, and
the system 1is in contact with a heat reservoir at temperature T', then the
mean energy of the system is given by U = %quT.

Assume that the energy of the system is given by the sum of quadratic modes

q
E = Z aia:?
i=1
Assuming the probabilities to be Gibbsian, the mean energy can be calculated as follows:

f...fd:cl...dxn( Loy )exp( BI L )
f . [dzy ... dz, exp (—ﬁ 22:1 aj:cj)

_ dml ;] exp( Baw?)

ZZ; d:vi exp(—ﬂaiw?)

q
= ai(af)

i=1
= %quT

Note that this is only valid at high temperatures. However, this does mean that any re-
sults we derive using more complicated theories must reduce to the results predicted by

U:
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equipartition in the high temperature limit.

One particular application of the equipartition theorem is in the prediction of the heat
capacity of gases. It follows directly from the equipartition theorem that for ideal gases
with a number of degrees of freedom f:

Cy = gR and C) = <ch + 1) R (3.31)

Evidently, the value of f will depend on whether the translational (3), rotational (2) or
vibrational (2) modes are excited, as we saw in the previous section.

3.4.5 With the Grand Canonical Ensemble

Suppose that for each microstate a we now have possible occupation numbers ay =
{nk,, Nky, ... } such that >, ny = N. The grand partition function is therefore:

Z =33 PN By 3 BN L VAT S (z 6BM>N
NI\ X3, NI

N an N N

Recognising that this is the series definition of the exponential, we arrive at

Z = % (3.32)

where Z7 is the single-particle canonical partition function. Note that all the results for
an ideal gas with fixed N are still valid under this ensemble, except now we replace N by
N. However, now we can find the chemical potential of an ideal gas. This is most easily
done as the solution to an equation for N.

® = —kpTlog(Z) = —kgTZ e
Then, the mean particle number is given by (3.22)

_ Z
N = Z1eP* — = —kpTlog <]\;>

_ trans. 77 internal
=7 1 zZ 1

However, recall that 7 . This means that we can write the chemical

potential in the useful form

nA3
1

As a sanity check, let us examine whether p is large and negative (as it should be in the
classical limit). By definition, we require that Zllnternal > 1, and we know that n/\?h <1
in this limit. This means that it is indeed large and negative.

Consider a volume V of classical ideal gas with mean number densityn = N/V, where N is
the mean number of particles in this volume. Starting from the grand canonical distribution,
show that the probability to find exactly N particles in this volume is a Poisson distribution.

We are considering a particular set of microstates of the system for which the particle
number is N. Letting o = ay such that N, = N:

eBuN eBuN eBuN Z{V

—BEa — In = b
Z %:e " Z “NT Tz N

PN =

sum of energies in N
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It follows directly from (3.33) that the grand partition function can be written in the form
Z =eN. Then:
N . N ~\N VN _—N
ZY i anbea(3)] _ 20y s (5)"] _ NNe

PN =€ NI NI

which is indeed a Poisson distribution with mean N. This result can also be proven by
considering a limiting case of a Binomial distribution for particles being in a volume V.

Equilibria of Inhomogeneous Systems

Thus far, we have considered the entire system of the ideal gas to be homogeneous. Now,
let us introduce some potential per particle ¢(r) into the system, and ask how this changes
the equilibrium state of the system. We are going to make use of the fact that in equilib-
rium, the only parameter that is allowed to vary in space is n; we showed that the other
parameters must be fixed in Section (3.2.2).

Suppose that our potential ¢(r) behaves in a way such that ¢(0) = 0, and results in some
energy shift e4 for the system. This means that we can write the partition function as

Z1 = 7,(0) Z¢ = 7,(0) e P

where Z71(0) is the partition function of the system in the absence of the potential. Then,
we can write the chemical potential as

Z1(0)eFze nAY
p=—kpT log <N = kpTlog ZiTetmal TE

By definition, g and T must be constant in equilibrium, and so the only parameter that
is allowed to vary is n, as stated above. We can thus arbitrarily set © = 0, as we are only
looking at changes in the system, meaning that:

n)\fh €¢
10g <Zilnternal> == kBT

So that in general the density distribution is given by

n(r) = n(0)e P (3.34)

An ideal gas is placed inside a cylinder of radius R and height h that is rotating at angular
frequency 2. Find the density distribution of the gas in equilibrium.

The number density profile of a gas should not change under frame transformation, meaning
that we can arbitrarily transform to the rotating frame of the gas. In this frame, the
particles will be subject to a "centrifugal potential" given by

8(1) = —5(@rf — ey = —gm(@)?

Using (3.34):

n(r) = n(O)eA’"2
for A = 1/2mQ%. Now, we have to find our normalisation constant n(0). Evidently, we
require that the total number of particles is equal to the number density integrated over
the volume of the cylinder. Thus:

2
eAl” _ 1

N /dV n(r) = 2wh n(O)/dr red” = 2rh n(O)T
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Re-arranging, we can write that

AR2eAT

n(r)=n AR
for n = N/(7R%h). We can now look at some limits to ascertain whether our expression

makes any sense. To make things easier, consider the value of n at r = R.

e High temperature limit (7' — oo) - In this limit, S becomes very small. This means
that we can Taylor expand the exponential factor in A:

AR?

n(R) e

=n

This makes sense, as at very high temperatures, the thermal energy will be so high
that the gas does not care about the effects of the rotation

e Low temperature limit (" — 0) - In this limit, 8 becomes very large, and so the
exponential factor will dominate.

1 mn(QR)?

P~ nAR? =
n(R) «~ nAR 5 kT

This is a large factor due to T being small. This we would also expect as the
molecules would be dominated by the effect of the rotation, and would cluster in a
small cylindrical shell around the rim of the cylinder.
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3.5 Quantum Gases

Before jumping into the very interesting world of quantum gases, we first have to look at
a particularly important property of the sorts of particles that we will be considering. Let
|1, 2) be the ket representing the state of two particles; the first particle on the left (in state
1) and the second particle on the right (in state 2). Let us now ’swap’ the two particles.
Assuming that they are indistinguishable, this should not change the modulus of the state
vector:

[11,2) 2 =[2,1) |7
12,1) = €' [1,2)

If we now swap the particles in the second ket, we obtain
21 = &% |2,1)
—~—
et=41
This means that there are two possible exchange symmetries:
1. |1,2) =|2,1) for bosons that have integer spin
2. |1,2) = —|2,1) for fermions that have half integer spin

Suppose now that that the states "1" and "2" are in fact the same state. This means that
for fermions |1,1) = —|1,1) = 0; that is, no two fermions can occupy the same quantum
state. This is known, quite famously, as the Pauli Exclusion Principle.

This actually has an important effect on the behaviour of quantum gases. Unlike with the
states of real gases, those of quantum gases are collective states; the system appears to
"know" about what the rest of the system is doing. As such, the occupation numbers (the
amount in said state) of particular energy states are bounded for fermions (n; = 0,1) by
the Pauli Exclusion Principle, but in principle unbounded for bosons (n; = 0,1,...,N).
This crucial difference between Fermi and Bose gases leads to quite different behaviours
under certain conditions, as we will soon see.

3.5.1 Occupation Number Statistics

Consider a the set of occupation numbers {n;} that correspond to the set of energy states
{i}. Let ¢; be the single particle energy levels. This means that we can write the Grand
Partition Function as

2= e fTimln) = SO e frution) = HZ[ (ei— u)}
{ni} {ni} i i {ni}

Now for fermions, n; can take the values 0 and 1, and so the partition function simplifies
to

Z fermions = H <1 + e_ﬁ(ai_ﬂ)>

7

For bosons, n; is unbounded, meaning that we obtain an infinite geometric series that we
can sum to

1
Z bosons = H 1_ c-Blei—n)
1
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Taking the logarithm of the partition functions (which, after all, is what we usually want),
we find the surprisingly simple expression

logZ =+ log <1 + e*fB(ff#)) (3.35)

where the "+" sign corresponds to fermions, and the "—" sign corresponds to bosons. This
will remain the case throughout the remainder of this section unless otherwise stated.

Let us now go back to considering our microstates {a}. The probability to be in a particular
microstate a will be a function of the occupation numbers {n;}, as these will determine
the amount of particles in each of the energy levels, and thus the energy of the particular
state. Let us calculate the mean occupation numbers for each of these states. Using the
definition of p, in the Grand Canonical Ensemble:

iy = Znip(nl,n27...,nj,...)
{n;}

Substituting in (3.35), we arrive at the very important results for the mean occupation
numbers of

1

eBlei—pn) 4+ 1 (3.36)

n; =

where "+4" corresponds to Fermi-Dirac statistics (fermions), and "—" corresponding to

Bose-Einstein statistics (bosons). If you are going to memorize any result in the Statistical
Mechanics of quantum gases, it would be this one, as it allows you go calculate everything
else.

3.5.2 Density of States

Now that we have the mean occupation numbers for each of the energy levels, we can start
calculating various quantities, such as

N:Zﬁi or U:Zﬁigi
% i

As we known, sums tend to be hard to evaluate, while integrals are typically much easier.
As we saw in Section (3.4), we can turn these sums into integrals.

Zi:— (25 +1) Zk:—(zsﬂ) (QZ)g /d3k—W/0mdkk2

spin components

from mesh size moving to polar coordinates
This means that the density of states is
(2s+ 1)V
g(k) = o2 K
s

This is essentially the same as we found before, except we are now taking into account the
spin of the particles, which is an intrinsically quantum mechanical effect.
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Now, how we calculate the density of states, as before, depends on the regime in which we
are working, as this will determine the corresponding relationship between k and e.

e Non-relativistic limit (kgT < mc?) - In this case, the energy relation is clearly

p?  R2E? NI
e=——=—— —dk=
2m  2m h 2[

Recalling that g(k) dk = g(g) de, we find that the density of states is clearly

(25 + 1)Vm?3/?

96) = 5o

(3.37)

e Ultra-Relativistic Limit (kgT > mc?) - We know that the energy for a relativistic
particle is € = vVmZ2c* + h2k2c2. In the ultra-relativistic case, € «~ hkc. Through a
similar calculation, the density of states can be obtained as

(2s+1)V 2

g9(e) = 9m2(he)d © (3.38)

Numerical constants aside, we can see that the energy component of these states differs by
a factor of £3/2, which means that we will observe different sorts of behaviour for Quantum
Gases that are in the non-relativistic and ultra-relativistic limits. The reason why we
usually work in one of these two limits is that the calculations using the exact form of
the energy become horrendously complicated, and thus is not worth considering; we can
extrapolate backwards from these two limits to determine the behaviour in the exact case.

3.5.3 Standard Calculations

This section will simply cover some of the standard calculations that students need to
be familiar with when it comes to quantum gases. Everything will remain in complete
generality, so the results derived will be valid for both fermion and boson gases, though
using the density of states expression (3.37), but results will be included for both cases
where convenient.

Chemical Potential

Let us begin by calculating the chemical potential. We will have to do this implicitly; that
is, we will have to determine p as the analytic solution to some equation for N(u,T).

. > 9(€) (25 + 1)V/ 2 VB
N = i = d = de —=—r—~——
;n /0 ©eBEm £ 1 A 0 Vreble—n) £1

Making the substitution x = fe:

(2s+1) /
n = —
A Nz e 5# +1
~———
quantum concentraton, ng f(ﬁ,u)

This reduced to the quite simple expression

= f(B,m) (3.39)

n
nQ
A similar one can be obtained for the relativistic gas, except that ng and f(3, u) will have

different definitions (watch out for this when doing calculations!). We can obtain a solution
to this equation for p for given values of T and n.
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Mean Energy

Again, we are going to have to convert our sum into an integral.

- oo e ng 2 o] 1.3/2
U—zi:niai—/o de g(¢) el Nk:BT< n =) dx ]
This equation does not any particular meaning at this stage. However, when it is written
in this form, we can see that we require the quantity in brackets to reduce to 3/2 in the

classical limit, that we will examine in Section (3.5.3).

The Grand Potential

Let us now calculate the Grand Potential, as this will allow us to find the equation of state.

®=—-kpTlogZ =F kBT/ de g(¢) log (1 + e—ﬁ(€—u))
2
= FNkpT nQ / de  x  log (1 + e—ﬁ(w))
~—
Integrating by parts:

9 9 [e'S) 3/2 2
® = —ZNkpT (”Q “ e _x) =—2U

from above. This means that we can use (3.19) to find the equation of state as

for non-relativistic
L (3.40)
for relativistic

pzf% where §—{

= Wl

Note these equations of state are valid regardless of whether the gas is in the classical
limit, degenerate limit or in between, as the derivation has been done without evaluating
any of the expressions. We are starting to see that the differences in the density of states
between non-relativistic and ultra-relativistic gases leads to a difference in coefficients in
the common expressions.

Entropy
Using the results of Section (3.5.3), it follows that
U-®—uN (1+&U —uN
T B T
where £ has the definition as above. Now consider an adiabatic process; we know that in
such a process that both S and N must remain constant. This means that

S

N

S:

= (1+ g)NT —% = function of %only

only depends on Bu
meaning that as the left-hand side of the above equation is constant, pu/7 must also be a

constant in an adiabatic process. This means that

n
— = constant
nQ

for the appropriate definition of ng. Using (3.40), we arrive at the result of

pV ¢ = constant (3.41)
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Classical Limit

The Correspondence Principle tells us that any results we derive in a quantum mechanical
system must hold in the classical limit. We now ask the question what is the classical limnit
for quantum gases? In general, the classical limit will occur where the gas is hot (T" — o)
and dilute (n — 0). In this limit, e=## > 1. Then:

—x B — Bu
f(B,p \F/ ewﬁ#jzl \f/ dx\/ze e

Using the definition of f(f, 1), this means that the condition for the classical limit of a
quantum gas is

2« (3.42)
nQ

again for appropriate definitions of ng. This is in fact the same condition that we found
in Section (3.4.1). This result can be used to show that the mean occupation numbers 7;
for Fermi-Dirac and Bose-Einstein statistics reduce to a Maxwellian concentration in the
classical limit.

Degeneration

In this context, degeneration occurs when the number of quantum states available to a
single particle becomes comparable to the number of particles in the system. Physically,
we can interpret our quantum concentration ng as ‘concentration’ of quantum states for the
system, coming from the density of states. This means that we would expect degeneration
appear when n is on the order of ng, namely that

o>y

nQ
By writing n¢g explicitly and n in terms of the pressure p, we can show that air at STP is
safely non-degenerate (n/ng «~ 107%), where as electrons in metals are very much degen-
erate (n/ng « 10%) under everyday conditions. This means that we cannot describe the
properties of electrons in metals via classical models; we require Fermi-Dirac statistics in
the degenerate limit. The following two sections will examine how Fermi and Bose gases
behave when they become degenerate.

3.5.4 Degenerate Fermi Gas

Consider a Fermi gas for which 7' — 0 so  — 0. Then, considering carefully the behaviour
of the exponential factor, the mean occupation numbers will behave according to

_ 1 1 for e < u(T =0)
= —
efle=m) 41 0 for e > pu(T =0)

This is shown in Figure (3.2). The consequence of this is that when Fermi gases become
degenerate, the electrons will begin to 'stack up’ and occupy all the available single-particle
states from the lowest-energy one to maximum energy equal to the value of the chemical
potential at T'= 0

ep =T =0)

This quantity er is known as the Fermi energy, and tells us what the maximum energy
per particle is at T'= 0. Let us find an expression for the Fermi energy, remembering that
in this state the occupation number has become a step-function.
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kT

finite T

.
»

EFR 3
Figure 3.2: The occupation numbers for 7' = 0 and some finite correction

As the Fermi energy is merely the chemical potential at T = 0, we use the same method
as we usually use to calculate the chemical potential.

EF 2 EF 9 9 3/2
N = / de g(e) =n Vﬁgﬂ/ ds\/g:n V'Bi’)/2<6 )

as step function

Rearranging, we find that the Fermi energy is given by

6m%n 23 p2
_ 7 4
°F <2s n 1> om (343)

This actually allows us to find a criterion for treating Fermi gases as quantum gases at
zero temperature. Looking at Figure (3.2), it is clear that this is limited by the width of
the curve, kpT', and so this treatment is valid for temperatures satisfying

eF ﬁ2n2/3

where TF is known as the Fermi temperature. This can be interpreted as roughly the
temperature at which the gas becomes degenerate.
Sommerfeld Expansion

It is very easy to show (have a go yourself!) that to first order the mean energy for a Fermi
gas is given by

U x Nep

However, this poses a problem for calculating further quantities, such as the heat capacity,
as this expression is independent of temperature. This does make sense; at absolute zero,
it would require a vanishingly small amount of energy to increase the temperature of the
system. We thus need to find another way of evaluating our integrals for finite 7" «~ 0; that
is, to take into account the curve shown in Figure (3.2).

It can be shown that integrals of the form
N A (O
0 eﬂ(a_ﬂ) +1
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where f(g) is an arbitrary function, can be expanded around 7' = 0 as

71'2
I /0 " de £le) + ")k + (3.44)

This expansion proves to be quite accurate, as it is already to second order. This a result
that is worth remembering for Fermi gases, as it allows us to calculate quantities to greater
precision.

Thermodynamic Quantities

Let us now use the Sommerfeld to calculate some of the thermodynamic quantities of a
degenerate Fermi gas. It is a useful exercise to check that the results match those predicted

by first order theory. The density of stats can be written as
N
g(e) = o 32 Ve
(2/3)ey

This is useful as we are interested in how these quantities scale relative to er. Let us begin
by calculating the chemical potential from N:

=—0 |zu ———(kgT)" + ...
e 3 02
Observing that v ep + ..., we can re-arrange this expression to obtain the equation
w2 (kT 2
= 1—— e 3.45
p=cr [ (20 (3.49

Evidently, this expression is well-behaved; it reduces to p = ep at T = 0, which it has to
by the definition of ep. This is plotted in the figure below. We see that it becomes very
large and negative at high temperatures, as anticipated by (3.33).

Hoa

EF

HV

Figure 3.3: The chemical potential of a degenerate Fermi gas

The next step is to consider the mean energy U with the aim of finding the chemical
potential.

N [2 5, 73 ) 3 572 (kpT\>
- |2 — ST + .. | =SNep |14+ = (/] +...
U 28" S SV (RpT)” + sNer |1+ 5 (o) +
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where we have again used that u «~ ep+..., and (3.45). It then follows from the definition
of heat capacity that

2 kgT
Cy = 7-‘;]\UCBL (3.46)
2 EF

Thus, the correction to our zero-temperature result is initially linear in 7" for T' < ep/kp,
as can be seen in the figure below.

Cy A

3
g
2 classical limit

| .
T »

cp/kp

T
Figure 3.4: The heat capacity of a degenerate Fermi gas

We could also have anticipated this result qualitatively. As we increase the temperature
above T' = 0, we get some excited particles. For small corrections, the number of excited
particles ANgyc. is given roughly by

ANgxe. g(e’;‘p)Aa

Looking at Figure (3.2), we can see that Ae «~ kgT. This means that the change in the
energy of the system scales roughly as

N (kT2

AU « ANexe Ac g(‘gF)(kBT)Q - 5

We thus obtain the same dependence for C'y upon differentiation, where we have simply
considered the width of the distribution around T' = 0; this is more of ’hand-wavey’ way
of deriving the dependence.

All that remains is to calculate the equation of state. We can simply use (3.40) and our
expression for U from above.

Uu 3
p= 5? = Egnep (3.47)

572 (kT \>
1+ = (282
+ 12 <5F> +

We observe, interestingly, that the pressure of a degenerate Fermi gas is actually non-zero
at T = 0, and at this point it is proportional to n%/? (from the definition of e).

Derwe the Chandrasekhar mass limat for white dwarfs. Consider the star to be a relativistic

degenerate Fermi gas, and find the stable mass by extremising the total energy (gravitational
and from the electrons).
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Figure 3.5: The pressure of a degenerate Fermi gas

The immediate question that we need to ask ourselves is as to why we can neglect the
energy of the protons; after all, there are equal numbers of electrons and protons for the
star to be electro-statically neutral. The answer lies in degeneracy. Looking at (3.43), and
recalling that Tr «~ Tgeg, we can see that the degeneration temperature scales inversely
with mass. This means that the electrons will become degenerate before the protons. But
why does this matter? Looking at the figure above, it is clear that the pressure of a de-
generate gas is much more than that of a non-degenerate gas, and at the density in stars,
we can essentially treat the electron gas as being at T' = 0 as TF is very large. This is the
reason for neglecting the contribution of the protons.

Now that this is understood, we can now begin with the derivation. We are going to work
on the simplifying assumption that the star has a constant density cross-section; this is of
course not the case, but still allows us to obtain relatively sensible results. First, let us
find the potential energy of the system by building the star out of spherical shells.

M 4 1672
dU, = M - C —mrip ) (4nr?pdr) = _1om GpPrt dr
r r \ 3 3
Integrating:
1672 R 16m2Gp? R° 3G M? B
U = — G 2 d 4 - —_— = — —_
g 3 P /0 " 15 5 5R R

Now for finding the energy due to the electron gas. It is easy to show that the Fermi energy
for an ultra-relativistic gas is given by

6m2n \ /3 N
spzhc< > — gle) = ———= &2
25 +1 (1/3)e3,

where we have re-written the density of states(3.38). Then:

N P, 3 he L4 TV A
Uezi d SZ*N — (3 2\4/3 [ * N4/3R71:7
(1/3)5%/0 et = g Ner = BT R

where we have used the fact that V = (4/3)7R3. The total energy of the system is thus

A B

UT:U5+U :E—E
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The critical point clearly occurs when A = B. Re-arranging this equality, we find the
expression for the mass as

3/2 3/2
(3 (),

mg 16 G

This is actually a little larger than the actual Chandrasekhar limit, but this is due to
the fact that we have approximated the density as being constant. We can do similar
calculations for non-relativistic white-dwarfs, and we obtain a stable radius R that scales
with M~1/3. This is an interesting result, as it means that if mass is added to the star, it
will shrink. It is not immediately obvious, or intuitive, that this should be the case!

3.5.5 Degenerate Bose Gas

We are now going to consider the behaviour of a degenerate Bose gas. We know that for
such a gas, the occupation numbers are given by

1

i = 65(51’_#) —1

Now, it is clear that in order to avoid negative occupation numbers (which have no physical
meaning), we required that p < &;. This means that p < ey = €9 = 0, where we have
arbitrarily chosen the lowest energy state to be that of zero energy. As T — 0, there is
nothing to stop the bosons occupying the same energy state, and so the lowest energy level
becomes macroscopically occupied. In this limit:

1

_ 1 kT

N N

This means that the chemical potential for a Bose gas is vanishingly small for these low
temperatures, as seen below.

H g

Figure 3.6: The chemical potential of a degenerate Bose gas

We know that the density of states g(e) o &P for some power p (not necessarily an integer).
This means that the particles in the lowest energy states eg = 0 of our system are invisible
to our continuous approximation, as they make no contribution to the integrals. This is
not surprising, seeing as the use of continuous approximation for a sum implicitly assumed
that there were a small number of particles in each state. Our theory thus begins to break
down for T« 0 as we get a very significant fraction of particles occupying the groundstate.
We thus must come up with another way of describing the system.
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Bose-Einstein Condensation

Recall that the first step when calculating quantitative for quantum gases was to calculate
the chemical potential from the transcendental equation (3.39). For Bose gases, this is of
the form

2 [ VT n n
f(ﬂu)_\/;"/o d$7ef—5#—1_%0<7T3/2

We have already found that we required p < 0 for the occupation numbers to remain
defined, and so we will only obtain a solution for this equation assuming that n/ng <
f(0) =((3/2), as shown in the following figure.

f()d#) r 3 f o (3]1)‘/2
érs:’,

<,

nQ

>
classical limit 0 B
Figure 3.7: Determining N for a degenerate Bose gas

Evidently, there is only a solution to this equation if n/ng < f(0). This means that there
is some critical temperature T, above which our original theory is valid; that is, some
temperature that satisfies n/ng = f(0). Then:

2 h? n 3/2
©= ks [«3/2)(28 T 1)] (3.48)

For all T < T,, we thus set ¢ = 0. This means that we can calculate the number of
particles that are excited above the groundstate as

N T 3/2
VinQ = f(0) — Nexe. =N <Tc>

Thus, the number of particles that remain in the groundstate is given by

This macroscopic occupation of the groundstate is known as Bose-FEinstein Condensation.
As T, is very small, this effect can only really be observed at very low temperatures, and
complete condensation can only occur at absolute zero. A figure showing the relevant
occupation numbers can be found on the next page.

(3.49)

Astute readers may now be asking the question, what about the occupation number of
the first excited state? Will that not be quite large as well, and change the behaviour of
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phase transition
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Figure 3.8: The number of particles in excited states in a degenerate Bose gas

the condensate? To answer this question, we first need to estimate the energy of the first
excited state. The smallest possible wave-number allowed in our system of volume V is
given by
A 2r  2m
min — L - V1/3
Using our classical expression for energy:

R 2mRPn?3 1 kgl

T 9m T m N3N
At low temperatures, 1 > e1 > Bu. Using (3.36),
1 1
il o ———— v — x N?/3

- efer — 1 - 661

This means that 72, /g « 1/N /3. However, in the Thermodynamic limit, N > 1, meaning
that this fraction is very small. As a result, we do not need to give special consideration to
particles in the first excited state as a being a condensate, as they are only a small fraction
in comparison to those in the groundstate.

Show that Bose-Einstein condensation cannot occur in two dimensions.

This example will demonstrate the significance of having a different density of states for
the system; it can completely change the way it behaves. In two dimensions:

Z:(23+1)Z:(2s+1)(2ﬁ)2/d2k:(23+1);T/Ooodkk

i k

Using our classical expression for the energy, it is easy to show that the density of states
is given by
(2s+1)Am
9(&) = ——=5—
21h

Then, defining ng appropriately:

n o 1 o ePre— 1
— = dr ——— = dr ——— =log | ——
ng 0 er—Br — 1 0 1 — e %ebn 1—ePr

This means that it cannot form a condensate because there is no upper bound to n, meaning
that the states of zero momentum can accommodate any n, resulting in no condensation.
Putting it another way, there is no unique critical temperature 7. defined by this equation.
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Figure 3.9: The pressure of a degenerate Figure 3.10: The heat capacity of a degener-
Bose gas ate Bose gas

Thermodynamic Quantities

Let us begin by calculating the mean energy of a degenerate Bose gas. Assuming 7' < T¢,
we can set 4 = 0. Then

2 & z3/2
U=ngkpT ﬁ/o d:vex_l
3¢(3)
Writing this expression in terms of T, it becomes
T\ 5/2
U-~0.72NkgT, <Tc> (3.50)

Interestingly, we observe that this depends on both T and V', but not on the number of
particles; this is hidden by the definition of T,.. Using (3.40), it very quickly follows that

p« 0.51nkpT, <T> (3.51)

This means that unlike with a degenerate Fermi gas, the pressure of a degenerate Bose gas
is zero at T = 0. In fact, careful calculation reveals that this equation is asymptotic to the
classical limit from below, as shown in the following figure above

Lastly, the heat capacity also follows very quickly from the definition of (3.50):

T\ 5/2
Cy « 1.93Nkg <T> (3.52)

[

We note that Cy is discontinuous around 7" = T, meaning that Bose-Einstein conden-
sation represents a third order phase transition. Evidently, all of these quantities have
been calculated assuming the non-relativistic case, but all that changes are the numerical
factors, rather than the dependences on 7.

Consider bosons with spin 1 in a weak magnetic field, with energy levels

h2k?
e(k) = o 2ups,B for s, =-1,0,1
m
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Find an expression for the magnetic susceptibility of the system Xxm for small B, and ex-
amine the magnetisation of the system as B — 0 .

The easiest way to tackle this question is via the Grand Potential, and take derivatives to
find xm. Let @ be the Grand Potential of the system, and ®g be the Grand Potential in
the un-magnetised case. Writing the former in terms of the latter, we find that

1 1 1
b = gCI)O(,u — 2#381B) + gfbo(,u — 2/.,LBSQB) + §¢)0(M — 2/13833)

1 1 1
= §CI>0(,u) + g‘I’(M —2upB) + gq)o(ﬂ +2pupB)

Evidently, we obtain the trivial equality that & = &3 when we set B = 0, as expected. We
can now Taylor expand this expression for small B to obtain:

1 0?9,
Ho b —(2upB)?
o(k) +3(uB ) o
indep. of B

The magnetisation of the system is defined as

o L(20) mhDo b (o)
V\OB )1y 3 V ou? 3 V\ou/)ry

Calculating an expression for N for a degenerate Bose gas for all T, and setting s = 1, we
arrive at the expression

By mhzo o, v
Xm =\ o8 T,V_ A3 /o \Jo er—Pr —1

In the classical limit, e®# « n)\?h < 1, and so

/ dxﬁmeﬁ“/ dx \/Eex:eﬁ‘”/;
0 0

er—hr — 1

Substituting this into the expression for y,,, we find that the magnetic susceptibility re-
duces to Curie’s Law in the classical limit, as it should. In the other limit as T — T.°,
Bu — 0, and the integral in our expression for x,, does not converge. This means that the
system must have infinite magnetic susceptibility at T' = T..

For T < T,, the gas will form a condensate, meaning that the groundstate occupation
number is given by (3.49). Then, to a very good approximation, the magnetisation will be
given by

2uph T\3?
My = =557 = 2yupm [1_<T>
C

Evidently, for B = 0, there is no magnetisation, as the spins are sufficiently randomly
distributed that they do not produce a net magnetisation in the material. However, as
soon as B is non-zero, this makes a particular alignment energetically favourable, and so
all the particles in the groundstate will align as such. This means that there will be a large
magnetisation even for B — 0%.
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3.6 The Photon Gas

Thermal radiation can be modelled as a gas of photons with energy per particle iw, with
chemical potential p = 0, and which has an energy density profile that is only dependent
on temperature (black body radiation). It follows that for a gas of N particles that the
energy density is given by

u=u(T) = nhw

From Kinetic Theory, we know that the particle flux is ® = ne/4, meaning that the energy
flux is given by P = uc/4. Lastly, by analogy to (2.8), we can write the pressure of the
photon as as p = u/3. With this set-up, let us derive some further properties of the gas
from both Thermodynamics, and the theory of Quantum Gases.

3.6.1 Thermodynamically

Starting from (3.17), it quickly follows that for a gas with the above properties

U oU oS U
dU =TdS — =d — =T|—] —=
v=tas-gav — () =7(57), 5

However, we know that

ou 0 ou
(57), = g v =wev (G5), =

as u cannot depend on the size of the system by the definition of energy density. Recalling

(1.31):
95\ _ (%) _ldu
av ), \ar),  3dT

We thus obtain the differential equation

1 _ du u du
_oopde U gy =72
YERtar T3 T M T ar

that we can solve to obtain u oc 74. This means that incident power per unit area is given

by

1
P = uc= oT? (3.53)

for some constant of proportionality o that is known as the Stefan-Boltzmann constant.
However, to find the actual value of the constant, we have to treat the photon gas using
the theory of Section (3.5).

3.6.2 As a Quantum Gas

Photons are bosons, where their spin can take the values s = £1. We want to calculate
the number density of photons with frequencies in the range [w,w + dw]. The density of
states for such a system is given by

Vk?

14 2
g(k) dk = 2 oy A7k dh = - dk

polarisation states
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Using the dispersion relation w = ck, this can be written as

v
g(w) dw = 71_263&]2 dw

Assuming that there are a large enough number of photons to approximate them as having
a continuous spectrum, we can use (3.36) with =0 and € = hw to write that

B 1
M= B
Thus, the number density of the photons is given by

B 1 w?
n{w) = m2e3 eflw — 1

This means that the spectral energy density is given by

h w3

When integrated, this will give the energy density of the photon gas. We can use this to
find an expression for the Stefan-Boltzmann constant:

h & w3 h 1 & 23
we [ = o5 [ a i = o (hﬂ)4/0 Y
N——

w4 /15

where we have made the substitution x = fhw. By comparison with (3.53), it is clear that
the Stefan Boltzmann can be expressed as

214
kg

_ _ -8 —217—4

By letting w = (27¢)/A, we can also write the spectral energy density in the form

8mhe 1
u(A) = =3 oBhe/x _ 1

(3.56)

In the classical limit, S becomes very small, so we can Taylor expand, yielding the Rayleigh-
Jeans law:

8rkgT
UA(/\) = T

This evidently diverges for low A, giving infinite energy density, which is known as the
ultraviolet catastrophe. We thus need the quantisation that is implicitly included in (3.56).
This distribution has a maximum that can be found numerically as Apax « (he)/(5kpT).
This gives rise to Wien’s Law which states that

Amax T’ = constant (3.57)

That is, the product of the maximum wavelength emitted by a black-body and it’s tem-
perature will yield a constant value. This can be used to find the temperature of stars, for
example.
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4. Further Thermodynamics

This chapter aims to extend the readers knowledge of Thermodynamics, covering
e Real Gases
e Phase Transitions

This quite short chapter builds on the ideas outlined in the first three chapters to look
at some more accurate descriptions of gas behaviour, as well as look at some further
concepts about phase transitions between solids, liquids and gases. As is often the case
with Thermodynamics, it is not particularly complicated, just time consuming to learn!
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4.1 Real Gases

For most of the Thermodynamics that we have been doing with gases, we have merely
dealt with the Ideal Gas, as this is the simplest way to model gases. However, evidently
most gases are non-ideal, and so it would be useful to develop other ways of describing the
behaviour of gases, as we will do so in the following sections. Before we do so, let us derive
a useful result for the energy of a gas. Consider U = U(T,V):

ou ou
dU = (6T>VdT+ (av)TdV

From (3.17), assuming a closed system (dN = 0):

ou\ . (08 (0P
(av>T—T<av)T p—T<aT>V P

where we have made us of (1.31). Putting these together, this gives

ar

dU:CvdT+[T<8p>V—p} % (4.1)

This can be used to show, for example, that U is only a function of temperature for certain
gases (the second term is zero for an ideal gas, and certain other equations of state). It
is also a relation that one is commonly asked to derive, so it is well worth having in the
memory bank.

Let us also recap some important notation. We will use n,, = N/N4 to refer to the number
of moles of a substance. Recall the gas constant R = Nkp. This means that we can write
the simple relation

Nkg =n,R (4.2)

that allows us to convert between (typically) Statistical Mechanics and Kinetic Theory
expressions (involving kp), and Thermodynamic expressions (involving R), though they
are of course equivalent.

4.1.1 Virial Expansion

The equations describing real gases include some corrections for the fact that intermolecular
forces, that we have neglected with the Ideal Gas, exist. This often means that they will
reduce to the case of the Ideal Gas in some limit, and so we can write them as a wvirial
ezpansion in their density:

pV npB  n,C
o RT % V2 + ... (4.3)

where B and C are the (possibly) temperature dependent coefficients, and n,, is the num-
ber of moles of the gas.

The Boyle temperature is defined as the temperature that satisfies B(T) = 0; that is, the

temperature that means that the gas behaves like an ideal gas to first order in n,,. It is
so called because it will thus obey Boyle’s empirical law.
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4.1.2 Van-der-Waals Gas

This is the one of the most common real gas approximations. The equation of state can be
derived through a Statistical Mechanics approach by making a mean-field approximation,
but it is much easier to quote the equation and explain the origin of the various terms.
The Van-der- Waals equation of state is as follows:

2
<p + a;y) (V = brim) = nmRT (4.4)

where a and b are coefficients that depend on the nature of the gas being examined. This
has been written in molar form as this allows easier comparison with (4.3), but it can also
be written in terms of particle number N. There are some key features to note:

e The number of nearest neighbours to a particular particle is proportional to n,,/V
, and so attractive intermolecular interactions lower the total potential energy by
an amount proportional the number of atoms multiplied by the number of nearest
neighbours. This means that we can write the potential change as (any,,)/V which
gives rise to an energy change —(an2,dV)/V2. This can be thought of as an effective
pressure causing the energy change, giving rise to the extra term shown

e The term bn,, comes from considering the particles to have a finite size (instead of
point particles), meaning that we must exclude this volume in the equation of state

It is evident that this equation reduces to the Ideal Gas equation in the low density limit
nm/V < 1. Tt is also under this limit that we can write this equation as a virial expansion:

pV bn, -1 anm a \ nm bn, 2
i RT ( v ) w1+ (0 ) ¥ +< v )

This means that the Boyle temperature for a Van der Waals gas is T, = a/(bR).

4.1.3 Dieterici Gas

An alternative equation of state is that of the Dieterici gas, which is as follows:

ang,
p(V — bny,) = npm RT exp (_W> (4.5)

Once again, the bn,, comes from the requirement of excluding the finite volume of the
particles from the calculation, and the exponential term regulates the strength of the
inter-particle interaction. This description of real gases can prove more accurate than that
of the Van der Waals model, but not by a significant margin. Once again, this can also be
written as a virial expansion in the low density limit:

pV e~ (anm)/(RTV) a \ Nm 9 a® ab T\ 2
— -1 _ 2\ Im _e 27 (Em
Ny RT 1 — (bny)/V + (b RT) V A Gl 2R?T? RT < 14 ) +

This means that the Boyle temperature for a Dieterici gas is actually the same as that of
the Van der Waals gas.

4.1.4 Critical Points

In Thermodynamics, phases are regions of a system throughout which all physical properties
of a material are essentially uniform; this is often used to refer to different states of a
particular substance that exist within the one system, such as a ’liquid phase’ and ’gas
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Figure 4.1: Isotherms of the Van der Waals gas (temperature increasing towards the top
right), with dashed liquid-vapour equilibrium curve, critical isotherm and critical point

phase’. With that in mind, consider the isotherms (lines of constant temperature) for the
Van der Waals gas. These are plotted in the figure above.

We remark how for a particular range of values of pressure (for a given isotherm), that
there are two possible values of volume that we shall call V; and Va. For a given pressure p;,
the two phases associated with these different volumes are in equilibrium. We know from
Sections (3.2.2) and (3.3.1) that can only have equilibrium when temperature, pressure
and chemical potential are equal in both phases. As we know that the pressure and
the temperature are both equal (we are sitting on an isotherm at a given pressure), the
condition for these phases being in equilibrium must then be

2 2
/ dy = / Vdp=0 (4.6)
1 1

That is, the shaded areas under the curves must be equal. Note that the first equal-
ity follows from the results of the next section. The region of the curve marked in red
in the diagram represents a region of instability; here, the isothermal compressibility
Kp = —% <%—‘;)T is negative, meaning that the more pressure you apply, the more the

gas is allowed to expand. This means that phase transitions that occur between our two
volumes V7 and V5 tend to be very 'sharp’.

Now, there is a particular critical point for which there is no point of inflexion. This means
that the two phases can no longer co-exist in equilibrium, and one dominates (usually the
gas). This causes the equilibrium curve in the p-7 plane to terminate at this critical point,
meaning that we can actually avoid ’sharp’ phase transitions by going ’around’ this point.
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We can characterise a critical point by a pressure p., temperature T, and volume V.. As a
critical point is a point of inflexion by definition, we can find it by applying

Op 0%p
- - = 4.
(a%),=0 = (37%), = D

in conjunction with the equation of state of the gas to solve for these three unknowns. We
can then use these ’critical coordinates’ to define the compressibility factor

_ pVe
nkpT,

This leads to what is known as the Law of Corresponding States; that many different gases
all have the same compressibility factor. We then define reduced coordinates p = p/pe,
V = V/V.and T = T/T.. Writing the equation of state in terms of these reduced co-
ordinates, according the the law of corresponding states, should give the same equation
regardless of the gas, with only the critical units changing from gas to gas.

Find the critical point coordinates for the Dieterici equation of state, and write it in reduced
coordinates.

We can re-arrange (4.5) to give

M BT (anp)/(RTV)

=y ",

Performing the differentiation:

@ _0 — V2 _angy
ov ), V —bn, RT

Defining u = V/(bn,,), we can write

U2 a

Fw) =1 = &7

Applying the second derivative condition (f'(u) = 0), we find that u =2 — V. = 2bn,,.
Then, it is just a few simple steps of algebra to show that

a

and pe = 155

a
o= TR

Writing T' = T T,, and similarly for p and V, it is again a step of relatively simple algebra
to show that

p(2V —1) =Texp [2 (1 — T1Vﬂ

4.1.5 Expansions of Real Gases

We can use the results derived in the previous sections to now look at some of the deviations
from Ideal Gas behaviour that can be observed in practise; this often involves the expansion
of gases. We shall look at two expansions in particular.
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The Joule Expansion

We have already met this expansion in Section (1.4.5). To recap,this involves two chambers
with adiathermal walls, so no heat is exchanged with the surroundings - the gas is allowed
to expand freely when the piston is drawn back, so no work is done. The change in
internal energy is therefore zero. We are thus interested in whether this results in a change
in temperature, and so we define the Joule coefficient vy as

o= (), (), (5e), - 7 (),

Making use of (1.31), this becomes

A ),

We can find the change in temperature by the simple integration of this coefficient over
the change in volume. As we have seen, py = 0 for an Ideal Gas, meaning that we
observe no change in temperature. However, for a Van der Waals gas, we find that puj; =
—(an2,)/(CyV?), meaning that there is in fact cooling of the gas upon expansion. This
we would expect, as for real gases the potential energy is raised by forcing the molecules
apart against intermolecular forces upon expansion, which lowers the kinetic energy, and
thus temperature.

The Joule-Kelvin Expansion

The Joule-Kelvin expansion involves the steady flow of gas through a porous plug that
imposes the condition of quasi-stasis. The gradient between the two chambers, as well as
the rate of flow, are kept constant using pistons. The chambers one again have adiathermal
walls, and so there is no heat exchange with the surroundings.

D1 4 % Vs P2

(high) (low)

porous
plug

Figure 4.2: A schematic of the Joule-Kelvin Expansion

Suppose that after some time, the gas occupies a volume V) in the higher pressure chamber,
and a volume V5 in the lower pressure. This means that we can write the energy change
as

U, —-U = Vi - p2Ve — Ui +pVi=Uz+p2Vo
work done by p1 work against pa I},l }‘Irg
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It is clear that the the enthalpy H is conserved in the process. This means that we are
interested in temperature changes at constant H. We thus define (you guessed it), the

Joule-Kelvin coefficient
_(ory __(ory (on
= \op )y~ " \or ) \ap ),

Recalling that dH = T'dS + Vdp, we have that

8H> (85) <8H) ((95)
— )| =T|(==| =Cy, and (— | =T|(— ) +V
(8T v or), b op )p op )

Putting this together, we can write the Joule-Kelvin coefficient as

ov
T(8T>p—v

We can thus find the change in temperature by integrating ujx over the change in pressure.
This is evidently again zero for the ideal gas. However, for real gases, ujx can either be
positive (cooling) or negative (heating), meaning that we have a cross-over inversion curve
that is defined by the equation pjx = 0, or rather

oy _V
oT p—T

Using the reciprocity relation (1.22), this can be written in the more convenient form

1

_ = 4.
MK Cp (9)

il

Op

or

),

Op

ov

)

=0
T

(4.10)

From this, we can also define the maximum inversion temperature below which the Joule-
Kelvin process results in cooling.
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4.2 Phase Transitions and Equilibria

We are now going to look at the details of phase transitions; that is, the Thermodynamic
processes where-by a substance changes from one phase to another. A very typical example
is that of the boiling of water; the phase transition is quite rapid, as it is only when the
boiling point is reached that the liquid phase becomes thermodynamically unstable, and
the gas phase thermodynamically stable.

4.2.1 Latent Heat

Usually to change from one phase, at entropy Si, to another phase at entropy Sz, we
require some additional heat supply. This is known as the latent heat (of evaporation,
melting, etc.) given by

|L=AQrey =T(S:— 51| (4.11)

where T is used to refer to the temperature at which the phase transition occurs; the
change in entropy occurs instantaneously at this temperature. As we are interested in
changes at constant temperature, we will be making use of the Gibbs Free Energy.

Ehrenfest’s method of classifying phase transitions is that the order of a phase transition
is the order of the derivative of G or p that is discontinuous. First-order phase transitions
have discontinuous entropy and volume, and so they exhibit a latent heat. Second-order
phase transitions have no latent heat but may have discontinuous heat capacities or com-
pressibility (2" derivatives of G). When no latent heat is exhibited (continuous entropy),
we have a continuous phase change. In Van der Waals gas, we can have either continuous
or discontinuous phase changes depending on whether we go ’directly across’ the phase
boundary or around the critical point, as outlined in Section (4.1.4).

4.2.2 The Clausius-Clapeyron Equation

Recall from (3.18) that G = pN. This means that we obtain the two differential forms for
G:

dG =Vdp— SdT and dG = udN + Ndu

Assuming that total particle number is conserved, we find that the differential form of u
can be written as

S v
du = _NdT + Ndp = —sdT + vdp

where s and v are the entropy per particle and volume per particle respectively. From
Section (3.3.1), we know that p; = ug for the phases to coexist in equilibrium, and so we
know that along the p-T boundary for the two phases

dpy = dps
—s1t+v 2L _ —S2+v d—p
1 LT 2+ V2o
dp 51— s2
dT v] — v9
Substituting in our expression for latent heat, we obtain the Clausius-Clapeyron equation
dp L

dr  T(Va - Vi) 12

Depending on the type of transition, we can use this to derive different p-T' curves for the
phase boundaries.
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Solid-Liquid Boundary
The Clausius-Clapeyron equation can be simply re-arranged to give

L LT
P=TAv

where AV = V5 — Vi. Assuming that both AV and L are temperature independent, then
this equation can be integrated to yield

L T
— = log [ = 41
p=po+ 5y log (T0> (4.13)

The constants pg and Ty are chosen such that p = py and T' = Tj on the boundary. The
volume change AV on melting is relatively small, so that the gradient of the phase bound-
ary in the p-T plane is very steep.

When lead is melted at atmospheric pressure the melting point is 327.0°C, the density de-
creases from 11.01 x 10% to 10.65 x 10° kgm? and the latent heat is 24.5 kJkg~' . Estimate
the melting point of lead at a pressure of 100 atm.

We can use the above equation to write that

L T:
Ap = — log <2> — Ty =1 e

Th

We are already given that Ap = 99 atm. Suppose that there is a mass M of lead. Then
the change in the specific volume (volume per unit mass) is given by

1 1

AV = viiquid — U solid = ~3.07x107% m3kg!

P liquid P solid
Recalling that L is a specific, per unit mass quantity, we can then simply plug everything
into our expression for T yielding «~ 327.75°C, which is a very small change in temperature.

Liquid-Gas Boundary

Let us initially treat this boundary assuming that Vgas = V > Vijguiq, the resultant
gas is ideal, and L is temperature independent. The former of these assumptions is not
particularly assumptive, as most incompressible fluids undergo a large expansion when
moving to their gaseous phase. Then, according to the Clausius-Clapeyron equation:

dp L pL

dT ~ TV _ n,,RT?

where we have used the ideal gas equation in the second equality. This equation can be
integrated to give

L
P = poexp (—nmRT> (4.14)

As R = Nakp, the exponential factor is roughly Boltzmann. This equation can be used to
solve that annoyingly typical example about boiling a cup of tea on the top of a mountain;
it is evident that the British simply cannot get away from their tea.
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Suppose now that we do not make any assumptions about the temperature dependence of
latent heat. At the phase boundary, we can write that AS = L/T. Noting that we can
write the total derivative with respect to temperature as

d _ (9N  dp (0
ar —\or), dT \dp)

we can find the change in AS as
£(0)-(5) -5 (2)
dT \T or J, dr \ op )r
LU L AG, i (05 (05 |
Tdr T2 T dTr op ) r op ) r
dL L dp [ 0

ar 7 PAG T aT(V"_VE)p}

dr

where the subscripts £ and g are used to refer to the liquid and the gas respectively, and
AC), = Cpy — Cpy. Using the assumption about the relative volumes of the liquid and the
gas, and substituting the Clausius-Clapeyron equation, we find that

dL L L [0V,
Z_Z 4 A _ = (29
ar T ROy (8T>

P
Assuming that the gas produced is ideal, then this equation simplifies to

dL

o =AC, — L=Lo+AGT

Substituting this result back into the Clausius-Clapeyron equation, and solving, yields:

(4.15)

LO ACp log(T) >

P=Pocxp <_nmRT TR

p-T Curves

We are now going to consider a short example
to illustrate how to think about phase transi-
tions with respect to p-T" curves. Suppose that
asaturated gas expands adiabatically. What is dp
the condition on the gradient of the p-T curve
for some gas to condense? Looking at the fig-
ure on the right, it is clear that the gas has
to ’cross’ the transition curve with gradient
dp/dT in order to condense. This means that
when moving left (lower pressure and tempera-
ture associated with expansion) along the adi- >

abatic curve, we need to be able to cross the T
transition curve. From this, it is clear that the
condition on the gradients of the two curves is

Op dp
(58), <

liquid

Figure 4.3: The adiabatic compression of
a gas
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