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1. Introduction

This chapter will serve as an introduction to the fundamental concepts that form the basis
of Quantum Mechanics, including:

e Quantum States

e Operators and Observables

e The Position Representation

e The Momentum Representation

This material will assume familiarity with Dirac notation and the mathematics of operators
found in Chapter 1 of the Mathematical Methods notes. It will form the mathematical
and conceptual groundwork from which one can work to understand more interesting con-
cepts.Many texts will make use of the hat symbol to denote an operator. That shall not be
done here, as it turns out to be more trouble than it is worth; most things you will write
will be operators!

"Quantum Mechanics is a unique and special subject to study as an undergraduate as it is
the great intellectual accomplishment of the last century. It is the piece of Physics the least
understood...It is fundamentally mysterious, and is extraordinarily specific to Physics, and
yet it underping everything." - Professor James Binney
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1.1 Quantum States

Many readers may already be familiar with the general concept of a quantum state; the
words like to get thrown around a lot in popular physics as a loose term used to refer to
some configuration of a system. Here, we shall define it more rigorously.

The state of a quantum-mechanical system can be specified by giving the quantum am-
plitudes (a;, which may be complex) to possible outcomes of measurements, and we can
completely specify the state of a system by giving a complete set of quantum amplitudes.
We will see what exactly a quantum amplitude represents shortly. For example, consider
the spin of a spin-1/2 particle, such as an electron, in the z-direction. This can take on
two values; £1/2h. We can then assign the amplitudes as

1
a4 : amplitude to measure + ih

1
a_ : amplitude to measure — ih

This means that the set {a4,a_} forms a complete set of amplitudes for the state of the
system.

The knowledge of any quantum-mechanical system can be encoded in some quantum state
that is written as [¢). Evidently, the system may be in a linear combination of some
possible basis states |i), and so it can be written as

=S ail) (L1)

where a; are the quantum amplitudes of each state. We can now begin to answer the
question of what exactly a quantum amplitude is. Consider (1|).

(W) = (Za ) >_asli)
=Z@mm>]
_Za%w
—Zmy:l

Let us assume that [¢) is normalised such that this last sum is equal to one. Then we have
the sum of the moduli of the quantum amplitudes are equal to one. The system must,
by definition, be in some linear combination of the states |i); in other words, it has unit
probability to be in said linear combination. Thus, we can think of the modulus-square of
the quantum amplitudes a; as being the probability of finding the system in the state |i).
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Suppose that we wanted to know the probability of the system being in some state |k) for
|k) € {|7)}. We can then find a; by

(kly) = (k| (Z a; !i>>
= Za (kl3)
= Z%&'k

In a very similar way to writing a vector as a linear combination of some basis, we can find
the quantum-amplitudes as

ap = (kl¢) (1.2)

Let us consider an example. A particle can “tunnel’ between potential wells that form a
chain, and so it’s state can be written as

[e.e]

) = Z an [n)

n=—oo

1 —3 In|/2 .
w55

Find the probability of the particle being in the centre well, or anywhere to the 'right’ (to-
wards positive n) of it.

where

Let us begin by finding the probability of being in the n** well. Evidently, this is just
square of the real part of a,. Thus,

1 1

Po=5- 3

Hence, the probability of being in the centre well or anywhere to the right of it is given by
an infinite sum.

Pso = |ao)® + |a1]? + |ao* + . ..

—_
—_
| —
—_
—_

“2Ta3Tae T
Iex1
eI
n=0
1 1
2 1-1/3
3
—>P20:Z

We could have also performed this calculation very quickly by recognising the symmetry
of the problem; the probability of it being on both sides of the centre must be the same.
Thus, as P, = 1/2, we can automatically conclude that P>o = 3/4.
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1.1.1 Energy Representation

Suppose that our system is has a set (which may be infinite) of allowable energy states E;,
each with quantum amplitudes a;. As usual, we can write

[P) = Zai |4)

What is the physical meaning of |k), for some k7 Suppose that |¢)) = |k). We clearly then
have that a; = 0 for ¢ # k and ax = 1. It follows that |k) corresponds to the state of the
system in which we are certain to measure the energy Fj. The state |k) = |Ey) is called a
state of well defined energy. We can then write the state of the system as

V) = Zai |E;)

It is always important to remember that |E;) represents the state of the system in which
we are certain to measure the energy of the system as F;, as otherwise these basis states
would not be mutually orthogonal. This is a logical necessity of the way in which we want
to interpret the mathematics in Quantum Mechanics.

1.1.2 Measurement

Suppose that our system is in the state
) = ai|E;)
i

with many of the a; being non-zero. We then measure the energy and find that |¢) is in
the energy state Ei. Then by definition

¥) = |Ek)

Thus, the state of the system has completely changed from the initial state. This is what is
known as the 'collapse of the wave-function’ that is probably the most common thing that
popular science points to when talking about the weird nature of Quantum Mechanics.
The reason for this will be explained later in these notes, but in the meantime it should
just be taken as a consequence of the mathematical apparatus that we use to describe
quantum systems.
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1.2 Operators and Observables

Operators are used extensively in Quantum Mechanics; nearly everything is defined in
terms of some operator. In general, these operators correspond to some observable, such
as momentum, position or spin. Much of the mathematics and properties of linear opera-
tors are covered in Chapter 1 of the Mathematical Methods notes, so we shall only recap
some of the material briefly. Instead, we shall focus on examining some of the consequences
of these properties of operators for the 'physics’ of the situation.

Recall that an operator @ is defined as
Q=> ala){al

Consider this acting on some state |g),.

Q |Qk (Z i |qi) (g > ‘ri>
= ailai) (ailar)
= ailas) din

= Qlar) = ar law)

This reduces to an eigenvalue problem. The eigenvalues g are known as the spectrum of
the observable that corresponds to the operator @, and the eigenstates |g;) are the states
of observing the state of the system as gx. By definition, the product

(gilgs) = aij= 9,
gives the amplitude to find the system in state ¢; given that it is already in ¢;. For the
eigenstates of the operator to be well defined, we require that this product is orthogonal;
that if the system is in g, it cannot be in ¢;. This means that most, but not all, operators
of observables turn out to be hermitian as a result of this logical necessity.
Seeing as operators correspond to observables, we want to be able to find the expectation

value of an operator, as this should give us some interpretable complex number for the
system. Let us postulate that the expectation value (@) for a hermitian operator @ for a

system in a state |1) is given by (¥|Q|v).

WIQ) = [ > aj (gl (Z%% qk\> <Zaz‘(h>
;

_ Za; (4] (2}; ki |qr) <qzs\qz'>>
= Za aigi (4ila;)

= Z!a,\ gi

= ZR 7z
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Thus, we indeed find that the expectation value of the operator @ is given by’

(@) = (WIQly) = ZP% (1.3)

In general, the quantum analogue to the determination of an observable in classical physics
is finding the expectation value of the operator that corresponds to that observable.

1.2.1 The Hamiltonian Operator

The most important operator in Quantum Mechanics is the Hamiltonian operator (we will
see why it is so important later). It is defined as

H:ZEWMM (1.4)

It is a simple calculation to show that (H) will give the expectation value of the energy of
a system.

1.2.2 Shared Eigenstates

Suppose that we have two operators A and B. Consider their commutator

[A, B] = AB — BA
= (Z%\%) <ail> ij [6) (bj] | — (Z bi [bi) <bi|> Zaj |aj) {a;]
= Zaibj |ai) (ail [b5) <l]7j| - Zaz‘ba‘ i) (bil |aj) (a;] ]
= S () o~ 1) G

In order for this to be zero, we require that |a;) = |b;). Thus, we obtain the condition that
if [A, B] =0, then the operators A and B share a complete set of mutual eigenstates. The
fact that it is complete means that we can write any state as a linear combination of these
states. This is a very powerful statement.

Most texts, at this point, will state that if two operators share a set of mutual eigenstates,
then they can be simultaneously determined. This is in fact too weak of a condition. This
can be illustrated by considering a particle that moves in a potential V(z) and is known to
have energy Fj. Can it have well defined momentum for a particular V(z)? If we consider
the energy to be the sum of the kinetic (p?/2m) and potential (V (z)) energies, then energy
is only well defined given that the kinetic energy (and thus momentum) is well defined.
However, this is only valid provided that V(z) = constant. This means that under certain
conditions, the particle can have well-defined momentum. If we had blindly worked out
the commutator, we would have concluded that it could not have well defined momentum.

Another trap that students can fall into is assuming that if [A, B] = 0, and the system is
in an eigenstate of A, then it is also in an eigenstate of B. This is not the case, mainly as a
result of degeneracy. Essentially, just because there is a complete set of eigenstates which
spans both operators, this does not mean that both operators contain all of said eigenstates.
For example, if we have A |u) = a|u) and A|v) = a|v), then |#) = cosf |u) + sind |v) also
satisfies A|60) = a|f). But we might also have B|u) = by |u) and B |v) = by |v). So we
can use |u) and |v) as a complete set of mutual eigenstates, but |7/4) and |—7/4) are
orthogonal states of A that are not eigenstates of B.
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1.2.3 The Uncertainty Principle

Consider two hermitian operators A and B. Let us define
F=A-(A)
G =B — (B)

It is easy to check that both F' and G are also hermitian, and that [F, G| = [A, B]. For
some real number s, and properly normalised state |1)):

|¢) = (F +isQ) [¢)
(9l@) = (P (F* — isG™)(F + isG)| |¢)
= (F?) + s> (G*) +is ([F, G))

By the definition of the product (¢|¢), this must be real and positive. This means that it
must be of the form

as’ +bs+c¢>0
dac > b?

Defining 02 = <F2> and of = <G2>, we arrive at the result that

700 2= 3/ {(4, B} (1.5

As we shall see later, this gives rise to some of the more commonly known uncertainty
relations.
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1.3 The Position Representation

The position operator unsurprisingly takes the form z. As we define everything that we
deal with as being over all real space, it has spectrum [—o00, 0o]. This means that instead
of working in a discrete basis, we instead have to work over a continuous interval. In this
space, we write

v = [ " de(2) ) (1.6)

—0o0

By analogy to (1.1), we can see that the function (x|¢) = ¢(z) is the amplitude to be at a
particular position z. This is what is known as the wave-function in Quantum Mechanics,
as is essentially the extension of the discrete probability amplitudes a; that we saw before
to continuous space; a probability density function. In the position representation, the
identity operator is defined by

I= /OO dz |z) (x| (1.7)

—0o0

Let us check that this works:

oy = ([ astey @) ([ s o)

— /OO dz () |z) (z|z)

~ [ drv@)lo)
= |v)
The condition for a wave-function to be properly normalised is then give by
(Plep) = (P 1]9)
— [ o wlo) al)
2 o i)
—00

This is why the function space L?U is so important; it is the space in which wave-functions,
amongst other important functions, exist. Normalisation is very important in Quantum
Mechanics, as without it, we would not be able to interesting the results of calculations;
we require all wave-functions to be square-normalised in order to think of them as the
amplitude of a particle being at a particular point. Another thing we might want to
consider is the expectation value:

(Q) = (¥|Q)
= (Y|I|Q[I]v)
:/ dz (|2) (2|Q|x) (x]v)

Thus, the expectation value of an operator in position space is given by

@ = [ do le) Qs tale) (18)

where @, = (x|Q|x) is the representation of the operator in z-space. For the position
operator, we find simply that (z) = x -1 (z). This means that it acts simply by ordinary
multiplication.

10
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1.4 The Momentum Representation

Readers will (hopefully) remember from Special Relativity that

h
= - =hk
=
for wavelength A and wave-number k. Suppose that we have some wave-function ¢ (x) in

z-space, and perform a Fourier Transform to k-space.

- > —ikx
N /_OO dx e ()

This is the momentum representation of the same wave-function. Next, let us calculate
the expectation value of momentum:

p(k) =

@:/w%&”()&)

e / da " (z) ™ / da’ (hk) ¢ (a') e
/ dx/ d:z/ dk e*@=) ¥ (g )<—m£,> Y(z')
=/ da b~ ) 0 (a!) (it ) )

/ dz 4" (z Qm )ww

Thus, the momentum operator is given by

P
p=—ihV = —ih— 1.
ihV = —ih s (1.9)

in the position representation. That last phrase is important, as the momentum operator
is not always a slave to the x-operator.

@lotv) = [ da (1) wlple)

_ / Z dz ¢*(2) (-m?ﬁ)
:_mwmwum;+m1 do h(2)

— ih/oo dx w(x)a¢*

oo oz

= (—ih/ da * (x )2‘52)
= (¥[plg)"

This means that p is a hermitian operator.

a¢*

11



2. The Schrodinger Equations

With the ground-work out of the way, we can examine the principal equations that define
all of Quantum Mechanics, and some of their consequences, namely:

e The Time-Independent Schriodinger Equation
e The Time-Dependent Schrodinger Equation
e Probability Current

e Ehrenfest’s Theorem

Students may be surprised, upon reading this chapter, by the simplicity of the material
covered, despite being so fundamental to this discipline, but no simplification has been
made; these are the most general forms of the Schrodinger equations. All of Quantum
Mechanics results from the manipulation of these two equations, which is quite a fascinating
thing to come to grips with.

12
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2.1 The Time-Independent Schrodinger Equation

Suppose that a system is in a state of well defined energy, such that |1)) can be written as
a linear combination of energy states E,. Then by definition

’H |En> = En ’En> ‘ (2'1)

This is known as the The Time-Independent Schréodinger Equation (TISE). It is a simple
statement of the fact that states of well defined energy are eigenstates of the Hamiltonian
operator H. Not all wave-functions will satisfy the TISE, as this requires that they are in
a state of well defined energy. The full importance of this equation shall be seen in Section
(2.2.1).

The form of the Hamiltonian is entirely dependent on the system being examined. That
being said, a useful general form of H is simply writing it as the sum of the kinetic and
potential energies:

2

H= 2an +V(2) (2.2)

Evidently, V(z) may take multiple forms. For a free particle, we say that V(z) = 0.

2.1.1 The Nodal Theorem

A small disclaimer to begin with: to our knowledge, there is no actual theorem with this
name. It has simply been used as a snappy title.

We want to prove that An n'" order wave-function that satisfies the TISE has n-nodes for
any time independent Hamiltonian. Note that in this case, we consider the ground state
wave-function to be the 0" order wave-function. The proof makes use of the results of
(3.6), and is as follows.

Consider a particle of energy E(x) that obeys the TISE under some one-dimensional po-
tential V(z) over all space. Let us construct a new set of potentials V;(x) such that

Vo(2) V(z) for |z|<e
e\T) =
00 for |z| > ¢

For a sufficiently well-defined potential, we can approximate V(z) to be a square well
with infinite sides, as any variation in the potential along the bottom of the well will be
negligible in comparison to it’s depth. For such a particle in an infinite well, we know the
solutions to be

() odd o sin (Mnmg)

ons ey

Y(Z) eyen X COS < 5

forn=0,1,2,3,.... Suppose that we make the transformation from V.(x) to Voyg(x) i.e
to increase the sides of the well by de, where de is small. Let us assume that € and de are
both finite. We assume that the solutions are well-behaved, meaning that they must be
zero outside the well.

Let us now postulate that 1) develops another node in the transformation Vz(x) — Voi4: ().
This can occur in one of two ways:

13
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1. The sign of 1 changes, meaning that it crosses the zero-axis within the well. However,
in this case, 1 will be discontinuous at the boundary in this case as ¥ # 0. This
means that it cannot develop another node in this way.

2. The derivatives at £(e + de) do not change, but the wave-function develops an extra
zero between these boundaries. There must be a value for x at which it touches the
zero-axis, becoming tangent at this point, which we will call z,. Thus,

However, 1 is a solution to

Taking successive derivatives according to Leibnitz’ Theorem:

h? k k
—— pk+2) 4 <V(k)¢ I < >V¢(k)> — <E(k)w N < >E¢(k)>
2m k k

Suppose that *12) is zero. Then:
k k
VEp 4.4 L Vo) = Ry o 4 . Eyp®)

This implies that all derivatives from j = 0 to j = k will be zero, as V(x) # E(x) by
the definition of H. For ¢(*+3):

o ( I k 0 k
O ) (g ®Y) = 2 (phy ... (k)
e (a8 (V0 () ) =g (B0 ()

K2 0 k 0 k
_ o k3) o Y (k) (G (k) (k)
2m1/1 +8x (V P+ —i-(k)Vib > o (E U+ —i—(k)Ez/J )
K2 0 0
_ k3 o Yoy =
leb + Ox (0) ox (0)

Thus, we have shown that all successive derivatives vanish as ¢ = 1) = 0 at x,,.
This means that the wave-function must vanish if it is to become tangent at x,. But
as we have assumed that there is a non-trivial solution to the TISE, it cannot develop
a node in this way.

Continually deforming e in small changes de such that € — co means that it cannot develop
a node over all space. Hence we have proven the theorem.

14
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2.2 The Time-Dependent Schrodinger Equation

The Time-Dependant Schrédinger Equation (TDSE) states that

5910

o= H ) (23)

This governs the time evolution of the state of the system [|¢). All wave-functions must
satisfy this equation, unlike with the TISE. As the equation is first order, the initial
information required to solve for ¢ > 0 is the initial state |1, 0) that consists of a complete
set of amplitudes. If the equation was second order, then the boundary data would have to
also include 0 |1, 0) /0t. However, this would mean that |1, 0) was in fact not a complete
set of amplitudes, which would break the ’predicting power’ of Physics.

2.2.1 Time Evolution

Suppose that at ¢ = 0 the system is in some set of states of well-defined energy F, that
satisfied the TISE. Then according to the TDSE, the time-evolution of this state is given
by

J|Ey)

ih
AN

= H|E,) = E, |E,)
which implies that
|Ep,t) = | By, 0) e P Ent/h

We can use this to find the time evolution of some arbitrary state |1). The energy repre-
sentation of this state is

|77/)> Zan |Enat

Substituting this into the TDSE:

o) . . d|Ey)
zhw = zhzn: (an |En, t) + ap, 5

) :Zn:anH|En>

The right-hand term will cancel with the middle term, meaning that we obtain a, = 0.
This means that the time evolution of [¢) is simply given by

ij t> = E ane_iEnt/h |En7 0> (2'4)

Thus, evolution in time for a quantum state corresponds simply to change in complex
phase that is dependent on the given state E,. This means that the probability that the
system will be in any energy state E, is time-independent as P, = |a,|? and @, = 0. This
is also the reason why the TISE is so important; if we can find the stationary states of
a system, we can then find the time-evolution of the system in any state that is a linear
combination of these states of well-defined energy.

15
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2.3 Probability Current

In Section (1.3), we saw the idea that 1 (z, t) is the probability density function for a particle
to be at a particular point in space. Now we can ask the question of how this evolves with
time as the particle moves through space. Let us define p(z,t) = |4 (z,t)|*. Multiply the
TDSE by ¢* and subtract this from the result of multiplying the complex-conjugate of the
TDSE by . Then we are left with

ot
6p_ ﬂ 2, 0% 1 ky72
e LA

0 op* h?
i (05 + 05 ) = =g (W - )

We can now define the probability current as

L= (VYT — V) (2.5)

This means that we actually obtain a conservation equation

o _
ot

0
at/vdvp_—/vdvv-,]

—— ¢ Joas
)%

Thus, the rate of change of probability in a region is equal to the amount’ of probability
that flows out of a region. This demonstrates the conversation of probability.

-V-J

Any wave-function can be written in the form
b, 1) = 9]
Substitute this into (2.5)
Vi = (V| + il V) e
J= % D] (V] = i[9 [VO) = || (V] + il V)]
= 2w

Hence we obtain the useful expression of

h
_ 2
L= Vo (2.6)

This means that the probability [|? is carried along at the velocity v = %V@. An
interesting case to be considered is that of a decaying or evanescent wave of the form

P(z) = [¢le ™

If this is substituted into (2.6), we find that J = 0. This means that a decaying wave
does not actually carry any probability with it; we can actually have decaying waves in
classically forbidden regions without breaking probability conservation.

16
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2.4 Ehrenfest’s Theorem

Given the results of Section (2.2), we are equipped with the ability to calculate the rate of
change of the expectation value of some observable (operator) Q.

ingy wiel) = in (2@ 1) + wl G2 1) + w12 )
~ (i W")@w}) <w\cz( a"”) bl e )

f<w|H@w>+<w\@Hw>+m< 122 1)
i (1Qh) = (01 [Q, H] ) + i (0] 02 Ju)

This expression is known as FEhrenfrest’s Theorem. Generally, the rate of change of an
operator is zero, and so this reduces to the much more compact expression

0

iho, (@) = ([Q, H]) (2.7)

If @ commutes with H, then (Q) is a constant of motion. In this case, we say that the
spectrum of @ are ’good quantum numbers’. Suppose that at ¢t = 0, |¢) = ¢;.

Q) =g
(Q?) = ¢}
—0g=(Q%) —(Q)*=0

Thus, the variance of @) vanishes for all time; this is because the system remains in the
state of well defined energy that it was in at ¢ = 0.

Let us look at some specific, and interesting, cases of Ehrenfest’s Theorem:

e The Hamiltonian (H) - Evidently, [H, H] = 0, and so for a time-independent Hamilto-
nian, it is a constant of motion, meaning that energy is conserved. A time-dependent
Hamiltonian thus indicates that work is being done on the particle. This makes sense,
as it takes energy to modify the kinetic and potential energies.

e The Position Operator (z) - For this calculation, we will have to assume that H is
of the form given by (2.2). Let us first calculate the commutator of x and p as this
will come in handy later.

(@] [z, pl [¢) = (x| xp |¢) — (x| px[¢)

= —ihx% +ih <a:g:f + ¢>
=i
= ih(z[y)
Hence,
@.p] = ih (2.8)

17
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This is known as a canonical commutation relation.
0
tho, Wl |v) = (¢l [z, H][¥)
2
~ 0l [ (£ +v) |10

2m

= o (9l ] )

_ % W ([, plp + pl, p]) [4)
=2 wlpi)
We thus obtain
O wlelv) = wl 2 jy) (29

We have recovered the classical relationship between the rate of change of position
(speed) and momentum.

e The Momentum Operator (p) - As the rate of change of momentum (in Classical
physics) is equal to the applied force, we expect to find the quantum analogue of
Newton’s Second Law.

0
—hay Wlply) = Wllp, H] )

=l [n (L +vi)|
= Wllp V1)
= —in (| 1y

We thus obtain

> wiple) = - (57) 2.10)

This is indeed the analogue of NII, with the force of the form F' = —-VV.

e An Interesting Product (zp) - All stationary states satisfy the relation that

0
~{EIQIE) =0

Suppose that we let Q = xp.

0 E|zp|E)

= &<
= &l [op. (L +v) ] 12

Calculating the commutators:

lzp, p°] = [z, p*Ip + z[p, p°]
= 2ihp?

[zp, V] = [z, V]p+ z[p, V]
— _ihz-VV

18
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Then,

0 =2ih (E| 5; |E) —ih(E|z - VV |E)
Re-arranging, this becomes
2(T) = (E|z- VV |E)
Suppose that the potential is of the form
Viz) = Alz|*
This could be, for example, a Coulomb potential with ¢ = —1. Then:

z-VV = Az|* 'z V|z|a

]
=aV
Substituting this back in, we obtain the expression
2(T) = a (V) (2.11)

This is known as the Virial Theorem. As it has been derived in a Quantum Mechan-
ical setting, it must also be true on a Classical level; this means we can apply it to
a lot of other scenarios. Astute students will have noticed this relationship cropping
up a lot when dealing with gravitational forces and orbits.

Only the last of these is a particularly interesting result, but it confirms our expectation
that Quantum Mechanics in some way agrees with Classical Mechanics.

19



3. Quantum Mechanics and Waves

This chapter shall deal with the wave-mechanics that results from considering the TISE in
one-dimenion, including:

e A General Framework
e The Potential Step

e The Square Well

e A Pair of Square Wells

This may seem like a little bit of a step-back from the more advanced Quantum Mechanics
that we have been dealing with; after all, solving a single variable, first-order differential
equation is not particularly difficult. However, it can lead to some interesting results that
illustrate some of the weird behaviours that can result from the consideration of systems
quantum-mechanically.
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3.1 A General Framework
This entire chapter focusses on finding solutions to the equation

h2 d2y

for some wave-function 1 in the position representation. This is a specific, one-dimensional
case of the TISE with a Hamiltonian of the form (2.2) for a particle with some initial en-
ergy E.

The general framework of the solution, as with most wave questions, is to first consider
the waves that are present in each section of the problem, generally in regions where the
potential V' (z) is constant. We then impose the continuity conditions of ¢ and 0v/0z
at the boundary, and solve the resulting equations for some sort of interpretable solution.
However, in Quantum Mechanics, we have a couple of tricks up our sleeve, which we will
demonstrate in the next section.

3.1.1 Parity and Phase

The idea of 'parity’ can be used to help significantly in this context, as well as many others.
Note that this is not a full treatment of the concept of parity; that shall come later. For
now, we shall simply state that the Parity Operator P acts in the following way:

PQ(z) = Q(—x)
It can be shown that if
[P,H] =0

the solutions outside of the finite, symmetric potential V(x) form a complete set of sta-
tionary states of H. Now why is this useful? For that, let us turn to an example.

Consider a particle travelling along the z-axis towards positive x that reaches a large square
potential step of the form

V—{VO for |z| <a

0 otherwise

Graphically, we can represent this as

Vo

-a a
Figure 3.1: A square-potential barrier

At |z| > a, the relevant solutions are

sin(kz + @) at * >a for k 2mE
or k=
tsin(—kx +¢) at z < —a h?
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For |z| < a, we are going to consider the simpler case where E > V, such that the solutions
are sinusoidal, and of the form

ik cos Kx B 2m(E —V,)
e or {sin KZL’} for K = — 7z

In this case, we are looking for even parity solutions of the form
Bsin(k|z| + ¢) for |z| > a
Ye(z) = .
cosKzx otherwise
or odd parity solutions of the form
B'sin(kx + ¢') for ©>a
Yo() = ¢ Asinkzx for |z| <a
—B'sin(k|z| + ¢') otherwise

We shall assume that there are no particles approaching from the right. This imposes the
condition that

B = —Bel(¢'—9)
Taking a linear combination of the odd and even parity solutions for z > a,

V() = Ve(x) + o(w)
= Bsin(kx + ¢) + B’ sinkz + ¢/

etk ) - etk ) .
=5 (Be’¢ + B'e? ) iy (Be_w’ + B'e™% )
1 i
ik
= e;—_xBei‘b (1 - 2ei(¢/_¢))
1

Similarly for ¢ < —a,
(@) = Ye() + ()
= Bsin(—kz + ¢) — B'sin(—kz + ¢')
o=

k
= ethTiBe~1 4 o xBew (1 + 262i(¢’_¢)>

Thus, we can conclude that the amplitudes for the incoming, reflected and transmitted
waves are

Az' = iBe_i¢
A, = Eewj (1 =+ eQiM’)
24

A = Eeiq5 (1 — eQiAd’)
21

where A¢ = ¢’ — ¢ is the phase difference between the odd and even parity solutions.
Taking the ratio’s and moduli-squared of these solutions, we find that

Preflect = COSQ(A¢) (31)
Pirans = sin?(A¢) (3.2)

This means that the phase difference between the odd and even parity solutions determines
reflection and transmission. Notice that these formulae for the transmission and reflection
probabilities have been obtained without reference to the form of the wave-function within
the barrier; this means that they hold for any potential V' (z) that has odd and even parity,
and vanishes outside some finite region. We will make use of this property extensively.
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3.2 The Potential Step

The potential step takes the form:

Figure 3.2: A potential step

Let us assume that £ > V, (the other case is left as an exercise to the reader). Let us also
place the origin of our coordinate system at the potential step. The solutions for x < 0
will be of the form

2mE

P(x) = Ai/,,eiikx for k= 72

where A; and A, are the amplitudes for the incident and reflected waves respectively. For
x>0

2m(E - V)

Y(x) = Ae'™® for K = 2
where A; is the amplitude for the transmitted wave. Imposing continuity at the boundary:

Ai+ A=A
ikA; —ikA, = iK A

It follows quickly that

é_k—Kgﬁpiﬂ>K2
A k+K "T\k+ K
Ay 2k 4kK

D S
t =

A4, k+ K k+ K)?

Unlike in normal wave mechanics, transmission and reflection coefficients give the proba-
bility of transmission. This means that it is actually defined as the ratio of the probability
currents for the two wave-functions being considered, as we have to take account of how
"quickly’ the probability is being transported away from the boundary in either direction.
Recalling (2.6), we can define a probability ratio P;_,; moving from region ¢ to region j as

|451% &;

|Ai|? K

Py = (3-3)

This gives rise to the probabilities shown above. It is very easy to check that P, and P,
sum to unity, meaning that the flux of particles moving away from the origin is equal to
the incident particle flux.

We can re-obtain a ’classical’ result by looking at the limiting case for initial energies
E >V, k<« K, meaning that t = 1 as we would expect. However, if we take V, < 0 and
Vo, > 1, we find that r = —1; oddly, a particle is totally reflected by a very large-cliff, in
complete contradiction of what we would expect classically.
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3.3 Square Well

In this case, the potential takes the form

Vi) = Vo for SL‘.>|CL‘
0  otherwise

Graphically, we can represent this as

Vo

Figure 3.3: A square potential well

Consider the bounded solutions for E < V,. The fact they are bounded means that there
will be exponentially decaying solutions on either side of the well. Outside the well:

2m(Vy — E)

U(z) = AeTH for k= 2

The odd parity solutions inside the well are of the form

2mE
Y(x) = Bsin Kz for K:\/%

We need continuity at |x| = a in order for the solutions to be stable, and so the conditions
we obtain are

Bsin Ka = Ae™ "
KBcosKa = —kAe ke

Dividing the second equation by the first

cos Ka - ke ka
sin Ka e—ka
Kcot Ka = —k
_ 2mV, 2mkE
- K2 - K2
2mV,
h
W2
cot Ka = — (Ka)2_1

for W = /(2mV,a?)/h?. The figure below is a plot of both sides of this equation.
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ka/n

Figure 3.4: The odd-parity solutions

The left-hand side is graphed in red, while the remaining two lines are the right-hand side
with larger (blue) and smaller (purple) values of W. Evidently, for an odd parity solution
to exist, the minimum value that Ka /7 can take is 1/2.

W2
wapr 12"
W > Ka

™
W >
-2

This is the minimum value of W for odd parity solutions to exist.

We can repeat the same calculation for the even parity solution, and we obtain the rela-
tionship that

W2

GO

tan Ka =

This always has a solution, regardless of the values of W and a. This leads to the idea
that if a shallower and narrower potential well has a bound state, then the larger potential
well must also have a bound state. Essentially, if we are able to ’fit’ a square well within
the larger potential, then the larger potential must also have a bound state.

3.3.1 Transmission and Reflection

Let us now find the reflection and transmission coefficients for a particle £ > V, incident
on this potential well. Considering the solutions to the TISE in each of the regions, we
have the following wave-functions

o v < —a: 1y(x) = e 4 Re~ih®
o |z| < a: Yo(x) = AeKT 4 p=iKe

o = > a: 3(x) = Te®
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where k and K have the same values are before. We now impose the continuity condition
at T = a.

Teika :AeiKa_i_BefiKa
ikTe™ = i K At — j K Be @

Eliminating A and B, as we are not interested in the solutions inside the well.

. 1. k
iKa _ — ika
Ae't = 2T6 <1 + ,') (3.4)
4 1_ . k
—iKa ika
Py 1 —_— — .
Be 2Te ( ) (3.5)

Imposing continuity at the x = —a boundary:
e—ik:a + Reika _ Ae—iKa + BeiKa
ike ™ — ikRe'* = K Ae™"*® — i K Be'®
Substitute (3.4) and (3.5) into these results.

e—ika + Reika — %Teika |:<1 + ;) e—2iKa + <1 _ Ik() eQiKa:|

efika . Rez’ka — %Teika |:<[]: + 1) 6721'Ka _ <I]: _ 1) e2iKa:|

Adding these two equations to eliminate R.

26—ika — %Teika |:<2_’_ % + Ik(:> e—2iKa + (2 . 5 Ik;) 622'Ka:|

o
, E K
fe—2ika _ [4 cos(2Ka) — 2i (K + k:> sin(ZKa)]

QkKe—Qik:a

T—
2kK cos(2Ka) — i(k? + K?)sin(2Ka)

We have thus obtained the transmission and reflection probabilities as

1
T 1+ (k2 — K?)sin?(2Ka)/(4k2K?2)
_ (K* — K?)sin?(2Ka)/(4k*K?)
1+ (k2 — K2)sin®(2Ka)/(4k2K?)

P

T

Evidently, there will be no reflection for all the values of K that satisfy

sin?(2Ka) = 0

2Ka =nm
nm

— Ka=—
=

This condition can be interpreted in terms of the interference between the forward travelling
waves and reflected travelling waves in the well, as there is a phase change of 7 at only
one of the boundaries, meaning the waves are in perfect anti-phase. Interestingly, this
also gives us the reflection and transmission probabilities for a square potential step as in
Section (3.1.1) for the case where E < V,, by making the substitution that

K:u/L(VO—E) = ir
2m
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This will give a transmission coefficient of

2]{:%672“{(1
T =
2kk cosh(2ka) — i(k? — k?) sinh(2ka)

and so a transmission probability of

1

b= 2 2 2
cosh”(2ka) + (k? — Kk2)” sinh*(2ka) / (4k?K2)

Consider the limiting case of a very think potential barrier such that xa > 1. Then:

1
cosh(2ka) « 562”“

1
sinh(2ka) « 562““

This means that the transmission probability becomes

1
164;.;(1 <4k2ﬁ2+k4+fi4—2]€2/€2 )
4

P -

4k2 K2
1

1 odka k2+k2 2
4 2kk

x e—4na
This expression is thus very sensitive to the value of a, with a very small amount of electrons
tunnelling through the barrier. This is actually the principle for the tunnelling electron
microscope. Electrons in the surface of the material tunnel across the classically forbidden
vacuum to the electrically sensitive tip of the microscope. The distance between the tip
and the surface is varied, and due to the sensitive dependence of the expression on a, we
can obtain a very detailed picture of the surface of the substance.

Evidently, this was quite an algebraically heavy method to find these results. Instead, let
us find the same results by considering parity. Inside the well, the solutions are either
of odd or even parity. As [P, H] = 0, we know that the waves outside the well must be
stationary states. Thus, we can write

inside ‘ outside
even | cos Kz | Asin(kz + ¢)
odd | sin Kz | Bsin(kz + ¢')

Applying continuity at the £ = a boundary for the even parity solutions:

cos(Ka) = Asin(ka + ¢)
—Ksin(Ka) = KAcos(ka + ¢)
_k cot(Ka) = tan(ka + ¢)
K
Doing the same of the odd parity solutions:

k
7 tan(Ka) = tan(ka + ¢')
Solving for ¢ and ¢, with Ka = 7/2.

tan(ka+¢) =0 — ka+¢=nn

tan(ka + ¢') =00 —> ka+¢/=(2n+1)g
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Thus,
T
Ap=¢' —p="
P = 2 (E)
cos 5
=0

Thus, we were able to obtain the same result through much simpler algebra, though we do
not have explicit forms for the reflection and transmission coefficients.

3.3.2 The Infinite Well

This is a limiting case of the square well. As V, — oo with a fixed, W — 0o, meaning
that the values of k£ that solve the defining equations for the odd and even solutions tend
to k = nm/2a and k = (2n+ 1)7/2a respectively. This means we obtain the wave-function

1 ((2n+1)7rx> f .

cos | ~——-"—— or even parit

ba) =4 Vo 2 . (3.6)
7 sin (%) for odd parity

for n = 0,1,2,3,..., and the pre-factor has come from simply normalising the wave-

function. We can infer from this that wave-functions vanish at the edges of a region with
infinite potential energy.

2mE
k= 72
h2
E=_—F
ka

The solutions are of the form cos(kz) and sin(kz), and so we obtain an expression for the
energy of each stationary state as

h2m?
E, = Oma? n (37)
forn=1,2,3,.... Know that we know these values, it is simple to find the time evolution

of the system using (2.4).

The infinite well is one of these problems for which there is a clear classical analogue of a
ball bouncing completely elastically between two walls at x = +a. The Correspondence
Principle dictates that for high energies, and thus high n, that the quantum and classical
results must agree. In this case, let us shift the well to the right such that the zero point
is located at the left-hand edge of the well; otherwise, we would get trivial results for the
expectation values, making it uninteresting. For this, the odd parity solutions will remain

the same.
20 1 . /nnx 2
<$> = /0 dﬂ? X (\/a Sin (2@))

=a

Interestingly, this is independent of the energy of the state; the expectation value is being
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in the centre of the box in both cases.

(a?) = /;a dz o (\}asin (@Zf))z
1 a

= Py (327r3n3 — 127rn)

< (i B 2<7r1n>2>

el gh)
=a” @ N 2(7r1n)2>

Classically, the probability density function must also be normalised, and equal to a con-

stant.
2a )
JRCTE
0

2a 1 =1
1/1(;:

Thus

[

¥~
S

From this, we can calculate the expectation values.

o [ (5)

=a

= [ ()

I
s:"—‘
| — |
w| 8,
| I
o [\

s

2 _
Oc

W= Wk DN

Thus, it is clear that in the limit as n — oo that 0 = 02, confirming our expectations.
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3.4 The Dirac-Delta Well
= —V56(x). From the TISE:

Consider a very narrow well with a potential of the form V (z)

h? d%y
o dn? —Vsé(x)y = B

Let us integrate this equation in the region of 2 = 0, namely in the range [—¢, ¢] for ¢ — 0.

_/E dxd21/’_2m<vg¢(0)+E dezﬂ)

_. dx?  Rh? e
dyl° 2 ¢
— |:d£C:| . = % <V5 ¢(0) +E . dx ¢>

The last integral will vanish as € — 0, and so we obtain the condition

dpls  2mVs
@] =Tt

(3.8)

This means that the first derivative is discontinuous across a delta-function well. Again,
as [P, H] = 0, we can consider stationary states outside the well.

‘ z <0 x>0
even | sin(k|z|+¢) | sin(k|z| + @)
odd | —sin(klz| + ¢') | sin(k|z| + ¢')
for k = /2mE/h?. Imposing the boundary conditions at z = 0 for the even parity
solutions.
sin ¢ = sin ¢ very useful....
2mV;
2k cos¢p = — n}; 0 sin ¢
R’k
tan ¢ = ——
an ¢ Vs

Doing the same for the odd parity solutions.
. / . /
—sing’ =sing

¢’ =0
This means that no odd parity solutions exist. It follows that
h’k
Ap=¢ —¢=—tan"! <>
mVs

Thus, it follows that the transmission probability is given by

P, = cos*(¢/ — )
2

mVs

/h4k2 + m2‘/62

m2v;$2 -1
*32@+ﬁw>

30



Toby Adkins A3

Inside the well, we expect solutions to exponentially decay, and so they will be of the form
Vs(z) = AeTE®

where the negative sign applies for x = 0". Substituting this result into (3.8):

2mV
—KA-KA=-— 72 A
2mVi

—2K = — 2

mVs

K="

Letting v5(z) = Ae~ X7 into the TISE for > 0 and re-arranging, we find that

mV52
2h?

Es =
Thus, the energy of the particle is dependent on the depth of the well.
A particle of mass m moves in one dimension along the x-axis, and is subject to the po-
tential V. = V5[0(x — a) + d(z + a)], where Vs is a negative constant. Using symmetry

arqguments, find the implicit equations for the energy eigenvalues in the odd and even cases.

As [P,H| = 0, we can consider odd and even solutions. This means that we will have
solutions of the form

|lz2<-a|-a<z<al| z>a
even | Aef® Bcosh(z) | Ae K=
odd | Aef® Csinh(z) | Ae K®

where K = \/2m|FE|/h?. Note the signs of the exponentials; the solutions need to be
decaying outside the wells. As in (3.4), we will have a discontinuity at * = +a. For the
even case, let us impose the boundary conditions at x = a:

Continuity in 1: B cosh(Ka) = A=K

2mVs
72

Discontinuity in ¢': kBsinh(Ka) 4+ K Ae %% = B cosh(Ka)

Solving these equations, and their odd counterparts, simultaneously will yield:

£1
tanh(Ka) = (?; - 1)

where the positive sign corresponds to the even solutions, and W = \/2m|E|/h?. Sketching
these solutions makes it clear that there will always be a single even parity solution, but
for W > ka, there will be both an odd and an even parity solution.
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4. The Quantum Harmonic Oscillator

This chapter aims to cover the basics of the Quantum Harmonic Oscillator, including:
e The Hamiltonian and Operators
e Stationary States
o Wave-functions of Stationary States
e Dynamics of Oscillators

Arguably, the Harmonic Oscillator is the most important entity in all of Physics as the
Harmonic Oscillator potential can be used to approximate many physical phenomena.
Almost any system near equilibrium is at least approximately harmonic as one can expand
the potential energy as a Taylor series around this equilibrium point, and the linear term
is zero by construction. It is thus imperative that students become quickly familiar with
the concepts covered in this chapter, as they will come up again and again.
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4.1 The Hamiltonian and Operators

As previously stated, any system near equilibrium is approximately harmonic. Let us
suppose that a system moves under a well-defined potential V' (x) through a point of stable
equilibrium z,. Consider the Taylor expansion of V(x) about this point.

V(@) Vi) + VO o) (o — 20) + VO (ao) @ — 1) + ..

However, by definition, z, is the point of stable equilibrium, and so must be a minimum.
VD (z,) must vanish, meaning that the potential can be approximated by

Vi)~ 5V (o) o — 2,

In this case, let us assume that V(z) is a quadratic potential, and that is equal to zero at
the equilibrium point x, = 0. Then, we can write it as

1 1
V(z) = 5]4::1:2 = gmwzmz

Writing our Hamiltonian in the form (2.2), it becomes

B p? + (mwr)?

2m

H (4.1)

We want to find the stationary states of the system; rather, the energy eigenstates that
satisfy the TISE. This will allow us to find the time evolution of the system assuming that
the system was initially in a linear combination of these energy eigenstates.

4.1.1 Creation and Annihilation Operators
In order to do this, let us introduce the dimensionless operators

mwz + 1p

A= annihilation (4.2)
vV 2mhw
Al = %};p creation (4.3)
m

It will become clear why they have these names later on in the chapter. Consider the
operator product ATA.

AtA = (mwx — ip)(mwx + ip)
- 2mhw
_p? + (mwa)? N imwlx, p|
- 2mhw 2mhw
H )
o ﬁ[fap}
w2k

This means we have almost factorised the Hamiltonian with these operators, writing it as

ATAZE—

— (4.4)

N

Evidently, reversing the order of the operator product will just change the sign.
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What about the commutator of these two operators?

1

[AT,A] = M[mwx — ip, mwx + ip|
r .
= Ymbw (me[xap] - me[p7 .’E])
- FL T,p
-1
Thus,
[AT,A] = —1 (4.5)

This is all just groundwork for the derivations in the next sections, so do not worry if it
feels a little disjointed.
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4.2 Stationary States

Suppose that we have a stationary state |E) such that
Apply (4.3) to both sides of this equation
EA'|E) = ATH |E)
= (HA" + (A", H)) |E)
= (HAT + [AT, ATA + ;] m) |E)

- (HAT + At[AT, A]m) )
= HAV|E) — hwA' |E)
H(AY|E)) = (E + hw)(AT|E))
Hence, we have shown that AT|E) is also a stationary state, with eigenvalue E + fw. The

application of the creation operator thus raises the energy of the system (excitation) by
hw; hence it’s name. Through entirely analogous algebra, we can show that

H(A[E)) = (E - hw)(A|E))

The annihilation operator lowers the energy of the system by Aw. However, this seems to
imply that we can continue lowering the energy of the system arbitrarily. Consider the
expectation value of the energy.

(E) = (E|H|E)

1
= _— (E|p'p|E
5 (ElP'D|E)

_ pIB) P+ m2?z|E) P
2m

2,2
+ me <E\:1ch|E>

>0

This means that the annihilation operator A can only act assuming that A|E) # 0. Sup-
pose that for some energy F,,

A|E,) =0
0=|A|E,) |
- <E0| ATA ’Eo>
H 1
= Eo = 5 Eo
E (s~ 3 ) 122
1
Ey= ~hw
- 2

|E,) thus represents the minimum energy state, known as the ground-state. This means
that the energy eigenvalues are given by

E, = (n + ;) huw (4.6)

Thus, there is an infinite 'ladder’ of possible energy eigenvalues. This is why AT and A are
often called 'ladder operators’.

35



Toby Adkins A3

4.2.1 Normalisation

As we have established that the energy eigenvalues are quantised, we shall now write the
energy eigenstates as |0),]1),]2),.... We saw that when the creation operator is applied,
the states satisfy

AT|n) =an+1)
for some constant a.

— (n| ATAn)
= (n| ATA + [A, AT] |n)
+

—a=vn+1
Repeating the same process for
Aln) =Bn—1)

we find that 8 = y/n. Thus, we obtain the very useful relations that

In+1) = AT |n) (4.7)

1
vn—+1
n—1) = \/15 Aln) (4.8)

These equations can be remembered quite easily as dividing through by the square root of
the highest ladder number involved in the operation.

4.2.2 The Number Operator

Let us now introduce the operator
N =ATA (4.9)

This is known as the number operator. Apply it to some general state |n).

N(H |n)) = N(En|n))
(ATA)H |n) = E,(ATA) |n)
AY(A(H [n))) = E, AT(A|n))
AN(H |n — 1)) = Epv/nA' n)

(H |n)) = n(En [n))

Thus, the number operator does not modify the state of the system; it simply returns the
number of the energy eigenstate that the system is currently occupying.

36



Toby Adkins A3

4.2.3 Matrix Representations

With these results established, we can actually find matrix representations for the x and
p operators by writing them in terms of the ladder operators.

2mwx

vV 2mhw

h
=/ —(A+ Al
o 2mw (A+ A7)

= (A4 AT)

A+ AT =

where we have defined ¢ = \/h/(2mw). In the energy representation, the matrix of z is
given by

Tk = (nj|z |ng)
¢ ((ng] Alng) + (AT ) )
= 0 (Vnk (nj|ng—1) + v/nigt (njnesr))

As the eigenstates are orthogonal,

Tk =0 (VM 6 k—1 + /M1 0jjot1)

There will only be non-zero terms for j = k+1 and j = k—1. The first term will contribute
entries on the upper diagonal, and the second will contribute entries to the lower diagonal.
Thus, we obtain the matrix

0 vV1 0 0 0
Vi o0 vV2 0 0
0 V2 0 V3 0
Ljk = 0 0 V3 0 4
0 0 0 V4 0
Similarly, using the fact that
ih
= At - A
P=3 E( )

we arrive at the expression

ih
Pik = 55 (VAke19551 = vkdje-1)

This gives us the matrix

0 —V1I 0 0 0

Vio0 —vV2 0 0

| 0 V2 0 —v3 0
Pik=5,1 0 0 V3 0 -4

0 0 0
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4.3 Wave-functions of Stationary States

We want the find the position representation of these energy eigenstates. Using the defi-
nition of the ground-state:

0=A|0)
= (x| A]0)
= (z| (mwx + ip) |0)
= mw (z|z |0) 4+ i (z|p|0)

_ (ﬂ;;}x + ai) (]0)

Using the integrating factor method,

a% (<x\o> er/W) ~0

(x]0) = A - e * /40

for some constant A. Now, remark that (z|0) is of the form of a Gaussian. We require it’s
modulus-square to be properly normalised to one:

Po() = | (=0}
— A2e7%/20

Comparing this to the normal form of the Gaussian, it follows that the ground-state wave-
function is

1 7932 4g2
(@l0) = gy © /

It follows quite quickly that we can obtain successive wave-functions by repeatedly applying
the creation operator At to this. That is;

(aln) = (A1) (z|0)

In order to do this, it is helpful to write AT in a more useful form.
mwx — ip
2mhw
Imw il
= —r — —
R

_2 w9
a2t T R\ T,

Al =2 1 — (4.10)

At =

Simplifying, this becomes

As an example, let us apply this to the ground-state to obtain the wave-function of the
first excited state.

(a[1) = AT (2]0)

—(*_ gi b o248
20 Ox ) (2me2)1/4
1 z 6712/4£2

(27m02)1/4 ¢
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It turns out that the nt® wave-function is of the form

(x|n) = (2[;{22(;)/4 e/ (4.11)

where H,(z) are Hermite polynomials, as we saw in the Mathematical Methods notes.

4.3.1 Back to Classical Physics

Let us try and connect these results back to Classical Physics. Looking back at the results
of Section (4.2.3), we have already shown that both (x) = (p) = 0 as the diagonal elements
of the matrix are equal to zero. This is what we would expect for a classical harmonic
oscillator centred at the origin; it’s average position is also at the origin, and it has no net
motion in a particular direction.

Let us also examine the second moments of position and momentum.

(n]a? |n) = 2 (n] (A+ A7) |n)
:€2<n\( + (AT)?2 +AAT+ATA) In)
— 2 <n\( AT+ATA) In)

= (Vatl n|A\n+1>+\F<n|AT|n_1>)

Similarly for momentum

(0] 22 ) = 1o (n] (42 + (412 = AT - 4T4) )

4’222 (n] (44T + AT4) |n)

hQ
=2 (2n+1)

_ mhw (2B,
4 Fuw

(n p* [n) = mEy,

We already know from the Virial Theorem that the kinetic and potential energies are equal
in accordance with the classical result, but let us confirm this using these moments.

1 2 1 2
(V)= 2mw <-T > (T) = m <P >
1 5 I 1
_ — — mE
2 mw mw? 2m mEn
1 1

We re-obtain the classical result as expected.
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4.4 Dynamics of Oscillators

If a system is dynamic (that is, it is moving in a classical sense) then it cannot be in a
state of well-defined energy by definition. However, it can be the time evolution of some
initial linear combination of these states. Suppose that the system is initially in some state

[,0) = an |n)
n
Then the time-evolution of the system is given simply by
[, t) =3 ay e 2)et )
n

Let us now find the expectation value of position.

() = (Y| z )

— Zaz 6i<n+%)wt <n‘ T |m> am e—i(m-ﬁ-%)wt

nm

= Z a;amei(nfm)m (n]x|m)
nm
.y Z <a;amei(n7m)wt) (\/TTL Onm—1+Vm+1 (5n’m+1)
nm
=/ Z afans1 Vn+le ™4 ¢ Z alan_1 /et
n n
In the first sum, let n =n' — 1.

(x)y =1 Z als yan V' e”“t 40 Z akan_1 /et
n’ n

Doing another arbitrary relabelling, we arrive at

(xy =+ Z vV (ahan— el +ah_ja, e ") (4.12)

This is not a particularly enlightening result in this form. If we let 2\/nafa,—1 = X, e'n
where both X,, and ¢,, are real, then it follows that

(x) = EZ X, cos(wt + ¢p)

Thus, we have obtained sinusoidal oscillations, with each of the initial stationary states
oscillating at the same frequency w regardless of their amplitudes a,. Thus we have re-
covered the classical result that the frequency at which the harmonic oscillator oscillates
is independent of amplitude and equal to /k/m, where k is the ’spring-constant’ for the
system.

By analogy, the expectation value of momentum in the same general state is given by

)= 25 i (a1 €1 - ayan i) (4.13)

As an example, let the initial state of the system be
1

0.0) = 5IN— 1)+

1
V) + 5 IN+1)

40



Toby Adkins A3

for large N. Using (4.12), we find that

(x) =1 [\/ﬁ (2\156‘”” + 2\1/563@“) +VN+1 <2\1/§e—i‘”t + 2\1/562‘”)]

¢ 1 W —lw 1 W —iw
:ﬁ{zm(e "+e t)+§\/N+l(e Fte t)]

_ L [V + V1] cos(wt)
2

2N
V2
= V2 (VN cos(wt)

Compare this with the classical oscillator with energy ' = Nhw. Let X be the maximum
displacement of the oscillator.

4

cos(wt)

1
FE = Qmw2X2
= Nhw
AN
X2=—9""
mw

Interestingly, we find that we do not actually recover Classical Physics, as

Xclassical = \/5 - X quantum

This is because we require a large number of initial states clustered around some large N
in order to have enough uncertainty in the oscillation for the correspondence principle to
hold. In this case, let us assume that the initial state of the system is

N+K-1

1
¥,0) = i kz;v k)

for N> K > 1. Using (4.12):
N+K-1 ‘ '
(x) =/ Z VEk (afp_iar €™ + ajag—q )
k=N
N+K-1

— é Z \/E(eiwt _’_efiwt)
k=N
N+K-1

20
=% Z Vk cos(wt)
k=N

We can use the fact that K < N to say that all K of the vk terms are v/N as they are
all close enough to this large number N. Then

20
(x) I KVN cos(wt) = 20vV/N cos(wt)
We thus re-obtain Classical Physics. If the correspondence principle does not appear to

initially hold, it is usually because the problems being considered are in fact not equivalent,
rather than a fault in Quantum Theory!
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4.4.1 Heisenberg’s Uncertainty Principle

Another thing to be considered with an oscillator is it’s uncertainty relation, as this gives
us constraints on x and p for a dynamical system. Using the results of Section (4.3.1),

2 E
T omw?
2 _
apme
E
OpOp = —

—(n+3)n

Thus, as we have an infinite spectrum of energy values, we can simply write

>t

Ox0p > 3 (4.14)

This is what most people will commonly recognise as Heisenberg’s Uncertainty Principle.
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5. Angular Momentum

This chapter aims to cover the basics of Angular Momentum in Quantum Mechanics,
including:

e Symmetries and Conservation Laws

Orbital Angular Momentum

Spin Angular Momentum

Composite Systems
e The Hydrogen Atom

Hopefully, the previous chapters will have built in the reader a solid understanding of the
basic concepts and manipulations that are involved in Quantum Mechanics. This chapter
will extend this understanding to a slightly more involved concept, namely that of Angular
Momentum. This is a particularly important area, as it will allow us to better understand
the behaviour of particles, as well as more complex systems such as the Hydrogen atom. It is
important that readers are familiar with the manipulations associated with eigenfunctions
and eigenvectors, as well as commutators, as these will be used extensively throughout this
chapter.
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5.1 Symmetries and Conservation Laws

In physics, a symmetry of a physical system is a physical or mathematical feature of the
system (meaning that it is either observed or intrinsic) that is preserved or remains un-
changed under some transformation, such as rotation, reflection and translation. Let C' be
some operator that performs such an invariant transformation. C' can either be discrete
(such as parity, which we will discuss next) or continuous (such as a translation).

If a system in invariant under C', we say that the system posses the symmetry corresponding
to C. In this case, we would expect probabilities, and thus the inner product, to be
preserved. This means that for the two states [¢)') = C'|¢) and|¢’) = C'|¢), we require

that
(/1) = (w16)
Wl = Il {<w'|¢'> = (9l)

This means that C' is either unitary or anti-unitary. However, continuous operations need
to contain the identity as their limiting, ’zero-transformation’ case, meaning that C' must
be unitary.

Now let us consider the action of C' on the TISE. Consider the same state |¢)) as before.
Applying the operator to both sides of (2.1):

Clh 2 ) = CH|¢>—>ZH*\¢> (HC +[C,H]) |[¥) = H |[¢') + [C, H] [4)

This means that we require that [C, H] = 0 for the system to have the symmetry associated
with the operator C.

5.1.1 Parity
The parity operator P is defined by the equation

P (aly) = (—al¥) | (5.1)

We can think of this as changing the sign of all vectors. Finding it’s eigenvalues:

PIy) = Aly)
Prly)= P [9) = \|y)

Unitary

This means that it’s eigenvalues are A = +1. If a state satisfies A = 1, we say that it is a
state of even parity, and A = —1 is odd parity. We met this concept in Section (3.1) when
talking about the behaviour of particles in one-dimensional potentials. A property that
results from this is that concerning vector operators. Let |¢)) be a state of well-defined
parity, and v some vector operator.

(Wlulp) = = (| PP ) = —(£1) (| vP ) = —(£1)* (¢| v |[v)

This means that the expectation value of any vector quantity in a state of well-defined parity
15 zero. This is quite an intuitive result. For example, consider a particle trapped in an
infinite square well, and it’s classical analogue of a ball bouncing back and forth between
two walls. In the latter case, we would expect the average value of the position of the ball
to be mid-way between to two walls, which is what we observe quantum-mechanically for
an appropriately centred well.
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5.1.2 Continuous Symmetries

Suppose that our transformation operator C' now depends on some parameter . We require
that C'(0) = I in the limit that § — 0, as this corresponds to no transformation at all. If
06 is small, we can expand our operator as

C(80) = I — id6T + O(66?)
We require that T is hermitian, and so
I =CT(60)C(60) = I 4+ i50(t" — 1) + O(66%)

This means that we require our complex coefficient 7 to be Hermitian, and so it might
correspond to an observable. We can think of building up some total transformation 6 out
of infinitesimal transformations 66. Suppose that § = N§6. Then:

N
[y = C(6) [v) = lim [C(E0)V[¢) = lim {I_ZMT} »

N—o0 N—o0 N

Recalling this limiting definition of the exponential function, we find that

') = e 7 |ip) (5.2)

Differentiating both sides of this equation with respect to the parameter 6:
- a / /
i5g V) =)

Thus, 7 gives the rate of change of the original state of the system as we vary our transfor-
mation parameter 6. The operator 7 is thus known as the generator of the transformation;
the momentum operator is the generator of translational symmetry (the uniformity of
space), and we will soon encounter the generator for rotational symmetry (the isotropy of
space). With this in mind, consider again the commutator of our transformation C with
the Hamiltonian.

oC

C(r),H)=|r,H] —

C(r), H) = [ H] 5
This means that if 7 commutes with the Hamiltonian, then the system has the symmetry
described by C'; eigenstates of the system with said symmetry must thus be eigenstates of
the generator. This means that we usually do not work with the transformation itself, but

rather the associated generator.

5.1.3 Spatial Symmetries

Suppose that we have some state |1)) that we can describe in the position representation
by (z|¥) = ¥ (x). How does the state change when we make the shift z — z — a?
i

0 0? 0
(o=t} = alo) a5+ 3 TG e (o ) (el = exp (0 ) fale)
—_———

T(a)

Our transformation operator for our parameter a is thus 7'(a) as shown, with the generator
of the transformation being the momentum operator p. How have the expectation values
changed under this transformation? Let [¢)') = T'|¢).

(Y| ple')y = @|TTpT [¢) = (W] p|v)
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as the generator must commute with the operation by definition. This means that the
expectation value of momentum is unchanged under the translation.

(W2 [y) = @ T2 [) = (Y| T'Tz + TYT, 2] [¢) = (|2 — aly)
As one could have guessed, the expected value of position is changed simply by the original
translation that was made.
5.1.4 Rotational Symmetries

Suppose that we want to rotate our system by some angle a. Then, by direct analogy, the
transformation operator will be given by

U(a) = exp (—;a : J) (5.3)

where J is the generator of the rotations. This can be thought of as an operator associated
with angular momentum, though we can only substantiate this claim by saying that in
Classical Mechanics, dynamical symmetry about some axis implies that the component of
angular momentum about that axis is conserved. However, we can already derive some
useful commutation relations concerning these operators. Consider the state |¢0') = U |¢)),
and the expectation value in this state of:

e Some scalar operator a. Being a scalar, a will be unaffected by rotations:
Wlaly) = WUl [y) = (V] aly)
As this must hold for all states |¢), we have that
UaU =a — [a,U] =0

As U can be expanded as a power series in J, this means that J must also commute
with a

e Some vector operator v. Then, we can describe the action of U on the expectation
value of v by a single rotational operator R:

(') v|¢") = R(e) ($|v|p) — UU = Ru

where the second expression follows from the fact that this must hold for any state
|t)). Consider a small rotation da that adds da x v to v. Then, using a small angle
expansion of U to first order:

i i
<I+h5a-J>v<I—h5a-J> =v+0axXv

da X

]

%[(h - J, 0] + O(6a?)
['UZ‘, Jj] = ihfijkvk

as this must hold for arbitrary da. The product da - J must be invariant under
coordinate rotations because the operator U depends on the direction da and not
on the numbers used to quantify that direction. Since da is an arbitrary vector, the
invariance of da - J under rotations implies that under rotations the components of
J transform like those of a vector, meaning that we can simply substitute v; = J;
into the last relationship.
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Together, these commutation relations imply that we can find a complete set of eigenstates
for J2 = J-.J and one component of .J (but only one). A summary of these results is shown
in the box below.

la,J;] =0 for a scalar operator a (5.4)

[vi, J;] = ihe;jrvy for a vector operator v (5.5

Eigenvalues of J, and J>

We cannot find a complete set of simultaneous eigenkets for two components of J, but we
are within our rights to find this information for one component and J2. We can use the
above commutation relations to find the associated eigenvalues, though we will need more
specific information about the form of J to be able to find the eigenfunctions.

Without loss of generality, let our known direction be J,. We are going to choose |7, m) to
be our ket that is simultaneously an eigenket of J, and J?, such that

J.|j,m) =mhl|j,m) and J?|j,m)=Bh*[j,m)

Note that our labelling of the eigenvalue of J? is arbitrary; we have simply chosen to call
it 8. We now define the raising and lowering operators

Ji = J, +iJ, (5.6)

These evidently commute with J2, meaning that they have no effect on the total angular
momentum. Their commutators with J, satisfy

[J., Li] = [, Jo) £ il ]2, J,)] = ihd, £ i(—ihJ,) = h(J, + iJ,) = £hJy (5.7)

The kets Jy |j, m) are eigenkets of J2 with eigenvalue j(j + 1). Operating on one of these
kets with J,:

Jedx|jym) = (Jade + [, Ji)) [5,m) = (m £ D)hJ 4 |j,m)

Thus, Ja |j,m) are members of the complete set of eigenstates of J? and .J,, but their
eigenvalues with respect to J, differ by one from the original. We then write

Ji |jam> =0t |jam:l:1>

where a are some (possibly complex) coefficients. In a similar way to finding the raising
and lowering coefficient for the Harmonic Oscillator (Section (4.2.1)), we can now evaluate
these coefficients:

s ]® = (ym| JLJL |j.m) = (j,m| (Jo F iJ,)(Je £ i) |j,m)
= (j,m|(J* = JZ F hJ.) |j,m) = Bh® — m(m £ 1)h?
This means that we can write
ayr =+/f—m(m=+1)h

It cannot be possible to create states with ever larger eigenvalues of J, by repeated ap-
plication of J,.. All that can stop us doing this is the vanishing of oy when we reach
some maximum eigenvalue Mmpmay, and similarly for J_ and a—. We thus expect, for some
maximum Mpax = J:

Ji|B,7) =0 — (8,41 JLJ4|8,5) = (B, 4| J* = J2 = hJ.|B,5) = B—j(j + 1)h* =0

This means that 5 = j(j + 1) for some value of j. This also means that —j < m < j; there
is thus a 25 + 1 degeneracy in m for each value of j.
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A summary of these important results is shown in the box below.

J23,m) = 3(j + 1)k |5,m)
Jiljom) = /j(j+1) —m(m £ 1)h|j,m 1) (5.10)

Rotational Spectra for Diatomic Molecules

We can now use our knowledge of the eigenvalues of the angular momentum operator J
to look at the rotational spectra for diatomic molecules. Suppose that we can model a
diatomic molecule as two hard spheres connected by a light spring that is aligned along
the z-axis.

I, T
1.

Figure 5.1: A diatomic molecule with it’s axis aligned with the z-axis

We can then write the Hamiltonian in the form

J: o2 g2 1 1
R . B a7 [P
oI, ' 21,  2I, 2I, oI, 21,

as I = I,. From our knowledge of momentums of inertia, I, < I,.

, ﬂyum27ﬁﬁ<1 1>],
H‘]7m>: + - |J’m>
2I, 2 L I,

This means that it is very hard to create rotation around the axis of the molecule (aligned
with the z-axis), and so we can effectively set m = 0. Then, the energy of such a rotating
molecule is given by

2

B =
1= 91,7

G+1) (5.11)

It is quite easy to show using the centre of mass that I, = us?, where y is the reduced
mass of the molecule, and s is the typical separation of the two molecules.

If the molecule undergoes a change in rotational energy, the only way that it can do this
is by emitting a photon of energy hw. It’s energy is then given by

h2

hw:Ej—Ej_lz—j

Iy
If we are given two different frequencies of photons that are emitted, and their correspond-
ing transitions, we can approximate the spring constant for the molecule by finding the
change in the force F' = pusw? and the change in the distance s, as k = AF/As.
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The Uncertainty Principle

As we did with the Harmonic Oscillator, we are now going to consider the uncertainty
relation that is associated with the angular momentum J. We know from (1.5) that

h mh?
01,00, 2 5 (o)l = =

The states |j, m) are symmetric with respect to z and y as z is the only direction that we
know about, meaning that o,0;, = (0,)% As (J5) =0, ai = (J2). By symmetry,

(2) = 2 (7= 2) = 5+ 1)~ m2)R?

Substituting these results into the uncertainty relation above, we find that
Jj(G+1)>m(m+1)

which we know to be true as m < j. This means that angular momentum does in fact

satisfy the uncertainty relation.

Decomposing J

Suppose that we can decompose our angular momentum operator J into two components,
namely

J = L + S

~—~
Total Orbital spin

It is completely within our rights to do this, as we are simply writing J as the sum of two
other operators. As we shall see in following sections, L corresponds to orbital angular mo-
mentum (that is analogous to the classical angular momentum that we are used to), while S
corresponds to the intrinsically quantum-mechanical effect that is spin angular momentum.

What effect does this have on our rotational transform U?

U(J) = exp <—;a : J> = exp (—;a' (L+S)> = exp (—;a : L) exp <—;a'5>

This means that we can simply write that

U =UL)U(S)]| (5.12)

This means that our rotation can be decomposed into a rotation associated with the or-
bital angular momentum, and a rotation associated with the spin angular momentum. The
order is unimportant.

The last important thing to note about this decomposition is that due to linearity, both
L and S obey the same commutation relations, and thus eigenvalue equations as J. This
means that the results derived in Section (5.1.4) hold for both L and S. We will make the
changes j — £ and j — s respectively.
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5.2 Orbital Angular Momentum

We are first going to take a look orbital angular momentum, as it has an already quite
familiar classical analogue. We define the orbital angular momentum operator as

L=rxp=—ihrxV (5.13)

The forms of each of the components of L are thus very easy to work out in Cartesian
coordinates by evaluating the above cross product. However, we are must more interested
in their forms in polar coordinates, particularly those of our special direction z and the
total angular momentum. It can be shown that the polar coordinate representations of
these operators are

.= —ma(zb (5.14)
) 9 1
2= —p| -0 (el )+ L O 1
i [sme 26 <Smeae> * sin298¢2] (5.15)

Note that the former of these can be proven by observing that

0 _oao g0 0:0
dp  0pOx  0pOp O 0z

and using the polar coordinate representations of x,y,z in comparison to the Cartesian

definition of L.

5.2.1 Eigenfunctions of L, and L?

Looking at the first of these expressions, it is clear that the eigenvalues of L, are the func-
tions e™?. However, this has to be a single valued function, due to rotational symmetry,
meaning that m (and thus ¢) must be an integer. Readers may have implicitly assumed
this was the case, but now we have demonstrated it exactly.

We now want to find the eigenfunctions of the operator L2. We know from Section (5.1.4)
that the maximum value that m can take is £. We are going to consider the eigenfunctions
of the state |¢,¢), and work backwards from here. Suppose that

Y/ (0,0) = (0, 9]¢,0)

Apply the raising operator L to this state in polar representation:

w0 o)
0, 0| Ly |,0) =€ (80+zc0t08¢) Y/ =0

Suppose that Yf is an eigenstate of L, such that LZYEE = th Yf. This implies that Yf =
£(0) . Then:

% leotff(0) =0 — O (f(@)sin=t0) =0

From this, we find the important result of

YA (6, ¢) o sin’ 0 ¢ (5.16)

Successive applications of the lowering operator L_ to this expression should yield all
other eigenfunctions. A rule worth remembering that when this occurs, the powers of
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the 0 dependant cosine functions always remains equal to €. It can be shown that the
eigenfunctions of L? are given by the spherical harmonics

(6,610, m) = Y;"(0, 6) o< P (cos(0)) €™ (5.17)

where P;"(cos ) are the associated Legendre polynomials. By the definition of m, we have
2¢ + 1 possible eigenfunctions for a given value of £, and so we have to specify both ¢ and
m when denoting a particular eigenfunction. Some of the results for lower values of ¢ are
worth remembering, and are as follows:

1 3 /3 ;
YOO = \/T? Ylo = \/;cose YljEl =F 8r sin fe*?

The normalisation constants come from integrating these eigenfunctions over both 6 and
¢; this is obvious, but not worth forgetting. However, we often find that normalisation is
irrelevant, as we are more interested in determining the values of £ and m based on the
form of the eigenfunctions.

A system’s wavefunction is proportional to sin?@. What are the possible measurements of
L. and L?? Give the probabilities of each outcome.

We need to write the angular dependence as the sum of the spherical harmonics, because
then it becomes very easy to to read off the possibilities. This can be done by observing
that

1 2
sin?f =1 — cos?§ = —3(300829— 1)+§

This means that

1 /16 2
(6, 6[0) o — 51/ =~ ¥3 + SVAT Y o —Y) + VB YY)

Thus, clearly a measurement of L, will always yield zero, though we could have read this
off immediately from the fact that the angular part of the wavefunction is independent of
¢. L? has possibilities 0 and 6 (¢ = 2) with probabilities % and % respectively.

We are now going to consider the parity of the spherical harmonics, as this can often
become very useful in order to simplify integrals, and in other such calculations. In polar
coordinates, an application of the parity operator P gives rise to the transformation [0, ¢| —
[m — 0, ¢ + 7. Recalling Equation (5.16):

P (0, ¢](,0) x Psin’0e™® = sin’ (7 — 0)e P+ = (—1) sin’ 0™ = (—1)° (0, ¢|¢, 0)

As the lowering and raising operators Ly are parity symmetric, applying them to the above
state will not change it’s parity. This means that the parity of a general state is given by

Pltm) = (—1)|t,m)| (5.18)

5.2.2 Angular Momentum and Orbits

In a similar way to our treatment of orbits in Classical Mechanics, we want to decom-
pose the momentum into a radial and angular part, such that we can reduce it to a
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one-dimensional problem. Our first instinct would be to define the radial momentum op-
erator as p - r; however, this clearly does not work as this would make p, manifestly not
Hermitian. We thus use the alternative definition

1 . o~ th(1 th (0 3 r 0
Pr—2(7“'p+p'7“)—2(TT'VJFV'(T/T))—2<8r+rﬂ+m>

Simplifying, we obtain the surprisingly simple expression of

0o 1

Squaring up this expression:

o 1\[/0 1 2 20 1 1 h? 9 o)

2 2 2 2

Pr <3r+r> <8r+r> <8T2+rar r2+r2> r2 or <T 8r>
We note how this is the radial part of the Laplacian in spherical polar coordinates. This
means that we can decompose the momentum as

2 2
p Py L
2m 2m + 2mr2 (5.20)
N =

Radial  Angular

This means that we re-obtain the classical result, but instead dealing with Hermitian
operators.
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5.3 Spin Angular Momentum

Spin is an intrinsic form of angular momentum carried by elementary particles who’s ex-
istence was inferred from experiments, such as the Stern-Gerlach experiment (discussed
below), in which particles are observed to possess angular momentum that cannot be ac-
counted for by orbital angular momentum alone. We could also anticipate this from our
arguments about generators; seeing as we know that J and L cause particular transforma-
tions, we can define S to simply be causing the difference between the two transformations.
As previously stated, S shares all the commutation and eigenvalue relations with J.

5.3.1 Spin Operators

In a similar way to with orbital angular momentum, we want to find an explicit expression
for the various components of our spin angular momentum S = (S, Sy, S>). One particu-
larly common way of doing this is by finding their matrix representation. We shall do this
in a basis that is diagonalised with respect to S,. Recall that for some state |s,m), m can
take values —s < m < s. This means that we can automatically write down the matrix for
S, as the diagonal matrix of it’s eigenvalues:

s 0 0 0

0 s—1 0 0
S,=r|0 0 s=2 0

0 0 0 s-3

This matrix will always have an odd number of diagonal entries (2s+1), where the 'middle’
entry will always be zero. For the other two components, we will use the definitions of the
raising and lowering operators:

Sy = 1(S4 +5-)

Sy =5, +£1iSy, —
Y {Syzgi(&—S)

This means that we can write in matrix representation that

(s,m/| Sy |s,m) = (s,m'| (S4 + S-)|s,m)

= g (\/3(3 +1) —m(m + D) mi1 + V/s(s + 1) —m(m — 1)(5m/7m_1>
(s,m/| S |s,m) = (s,m’| 2%.(5+ +S_)|s,m)
= o (VS D)l D et — /56 1)~ — D

We are not going to include the explicit matrix forms for these two operators here as they
become too complicated in the general case. However, we will quote the results for the
s = 1 matrices here for reference:

0

1 i (010
\/50

10 10
0 1 Sy = —= 0 -1 S.=h|0 0
10 0 0

ﬂOlO -1
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Pauli Spin Matrices

In this section, we will consider the case of the above results for s = %; as most of matter

is made up of spin—% particles, we will often be working in this regime. We can define a
vector of matrices o = (04, 0y,0) such that

The component matrices that make up o are known as the Pauli Spin Matrices and have

the form
(01 (0 =i (1 0
=\t 0) =i o 2= \0 -1

It is easy to show that these satisfy the commutation relations

[O'Z',O'j] = Qifijkak (521)
{O'i,O'j} == 26” (522)

The corresponding spin matrices have eigenvalues j:g, as is appropriate for spin-half par-

ticles. Suppose that the eigenstates of S, are |+) and |—), often referred to as spin-up and
spin-down states. This means that we can write the general state of a spin-half particles
as

) =al+) +b]-)

where a and b are complex constants such that |a|? + |b|?> = 1. This state vector is known
as a Spinor.

Now, let n be the unit vector in the direction denoted by the polar coordinates (6, ¢); that
is, n = (sin d cos ¢, sin 0 sin ¢, cos ). Then:

neo— cosf  sinfe @
= =7 \sinfe® —cosh

This has eigenvectors corresponding to eigenvalues +1 of

ot — cos /2 e0/2 nd - — —sinf/2 e~/?
=\ sinf/2€¢/? =\ cosf/2¢/?

Then, in the basis (|+),]|—)), we can write the states of a spin-half particle in which the
measurement of a component of spin along n is certain to yield :l:%h as

|+,n) =sinf/2 i¢/2 |—) + cos6/2 e—i/2 +)
= m) = cosf/2 ¢/ |=) — sinf/2 72 |4)

Let us look at some cases of these results. For § = 7/2, we find that both |[+,n) and |—, n)
have equal probabilities due to symmetry; it is equally likely for the particle to be in a
spin-up and a spin-down state. For 8 = 7, there is complete certainty to measure the spin
in the negative z direction, as n(mw) = —Z. Note the useful cases of:

1

) = () £1-) and |y) = () £i]) (5:23)

S

2
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5.3.2 Spin and Magnetic Fields

As we have seen in the A2 course, magnetic dipoles are influenced by magnetic fields. Spin
causes particles to have an intrinsic dipole moment of

p=78

where the constant of proportionality v = e/(2m) is known as the gyromagnetic ratio.
When this is placed in an external magnetic field B, it experiences a torque y x B. The
energy, and consequently the Hamiltonian, that is associated with this torque is

H=-p-B=-—58-B (5.24)

The Hamiltonian lacks any kinetic energy term, as if the particle is initially at rest (we
can move to a frame in which it is), there is no change in kinetic energy as the external
magnetic field does no work on the particle.

A spin-half particle is placed in a magnetic field of magnitude By, orientated along the
z-azxis. It is found that at t = 0, the particle is in an eigenstate of |+,x) of S,. At later
times, find (Syz), (Sy) and the probability to be in |—,x).

The first step is to evaluate our expression for the Hamiltonian.

vh vh _ 1

This means that the eigenstates of the Hamiltonian are eigenstates of S, with eigenvalues
+Fy. The initial state of the system in the basis (|+),|—)) is

1
\ﬁ

As H = 0, the time evolution of the system is given by (2.4):

4,0) = [+, 2) = —=(1+) + =)

1 % 1 —1 L
,8) = Z5e ) + e )

We can then go about calculating the desired quantities using this expression.

_h _h 0 1 _ Nl osimgtn | —2iEetm _ T
(Su) = 5 Wutlos o) = 5 (ot (] g ) vty = (250 4 e=280) = Beos(y )
th

L <622‘E0t/h B e—QiEot/h) _ _g sin(yBot)

h h —1
(5 =5 Wetlay o) = 5 el () 1ont) =

From the eigenvectors of Sy, it is clear that in the basis (|+),|—)) that

()~ 1)

’_7x> =

S

2

Thus, the probability of being along —x is

. 1
Ps = |-l = sin® (5ot

All of these results describe the procession of the spin of the particle in the magnetic field.
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5.3.3 Stern-Gerlach Experiment

The Stern-Gerlach Experiment was first conducted by the German physicists Otto Stern
and Walther Gerlach, in 1922. It involved the use of an inhomogeneous magnetic field (in
the z direction) that results in a force being exerted on anything with a magnetic dipole
moment, given by

0B,
0z

F=p,

If we had a continuous spectrum of values for the magnetic dipole moment, we would
expect to observe a continuous spread of beams coming out of the apparatus. However,
when performed with electrons (spin-half particles), only two beams were observed, as
we have come to expect through our treatment of spin. This was the first experimental
demonstration of the effect of spin.

TBT ﬁ]nrr /

o
L

single slit atomic beam \A\
N 1
8= —
2

Figure 5.2: A schematic diagram of the Stern-Gerlach apparatus

The Stern-Gerlach experiment can be best understood by realizing that it effectively counts
as a measurement, and so the wavefunction is collapsed into whatever eigenstate we mea-
sure it to be in. For initially unpolarised atoms/electrons, the equal-probabilities assump-
tion from Statistical Mechanics tells us that there will be equal probabilities to find the
atoms with their spin up or down along some axis when passed through a filter. We can
find the transmission amplitudes for subsequent filters with inner products - for example,
say we pass a beam of spin-up particles through a filter aligned along n that transmits
plus along the positive n direction. Using the results of Section (5.3.1), we know that the
probability of transmission is

P, = |(+, z|+,n)|* = cos? 0/2

A consequence of these collapses is that if we line up a filter along +z, then +z, then z,
we still get some transmission even though classically we’d expect all of the z to be filtered
out - the only relevant thing is the most recent filter, as that determines the eigenstate
that the particles are collapsed into, rather than what has come before.

A beam of spin-one particles emerges from an oven and enters a Stern-Gerlach filter that
passes only particles with J, = h. On exiting this filter, the beam enters a second that
passes only J, = h and finally a third that passes only J, = —h. What is the probability
that a particle makes it through all three filters?

Before the filter, all three spins are equally likely, and so the probability of transmission for
a given particle through the first filter is P, = % We now need to calculate the eigenvector
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corresponding to |+, x).

1
1
Sy |+, z) = h|+,2) — H—,x>:§ V2
1

Then, the probability of transmission through the second filter is

2
1 1 1 1
Py = |(+,2]+)* = B V2| (o =1
1 0
Similarly, for the third filter
1 1 0 i 1
Py = |(+,2|-)]* = B V2| (o =1
1 1

Thus, the probability that any one particle passes through the whole system is given by

1
P, =P PP = 8
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5.4 Composite Systems

Suppose that we have two systems A and B that we can describe by the kets
[A) = ailai) and |B)=)b;lb;)
i J
Then, quite generally, we can write the state of the composite system as
) = Zcij |ai, bj)
tj
We will consider two different cases for composite systems in the following sections.
5.4.1 Product States

In some cases, we can write the state of the composite system as a product of the two
separate systems

1¥) =14 ®|B)] (5.25)

This is called a product state as the the probabilities for the state of the composite system
are the product of the probabilities for the respective states of the systems.

Poy; = [aibs|0)* = [{ailA) P| (0;|B) |* = Pu, P,

In such states, each system behaves independently of the other. For example, consider a
composite system of two independent electrons. We can write their separate states as

[A) = a1[+) 4 +az]=)4
[B) =bi|+)p +b2[-)p

The product state is then given by
1Y) = aiby |+, +) + aibz [+, =) + a2y |—, +) + azba |-, —)
Suppose that we wanted to find the probability that A is in |+) given that B is in |—).

. . _ P+ |a1b2]? 2
P(Ain |+)|Bin |-)) = PGB )]~ labal 1+ lagbafE — |ai]

This means that the condition on B makes zero difference to the state of A. This is why
product states are said to be uncorrelated or separable states.

Suppose that our states A and B are now described by Hamiltonians Hy and Hp. Let
la,b) = |a) |b) describe the state of the combined system. Substitute this into the TDSE:

z’ﬁa\;w —ih (aa? |b) + |a) 8{9@) = Hyla) |b) + Hp |a) |b) = (H, + Hy) |a, b)

Hap

Thus, the composite system satisfies the TDSE with Hqp = Ha+Hp. For two independent
systems, we must have that [H4, Hg] = 0 as they cannot modify one another’s equations
of motion, and thus their energy.
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5.4.2 Correlated States

If you cannot write the state of the composite system as a product state, then it is known
as a correlated or entangled state. In this case, the systems must be interacting. This
means that for a state of the system

a.b) = capla) I8
a,b

we write that the Hamiltonian is
Hjip=Hs+ Hp + Hint.

where the last term is the interaction Hamiltonian that describes how the two sub-systems
influence one-another. We shall once again substitute our state vector into the TDSE:

_dlak) D Ocap d
ih ot = Zha Zb:cab ’a> ’b = th < + Cab (‘ > ‘b>)>

Cancelling terms with the RHS of the TDSE, we find that

hzac‘“’ a,b) = Hin. |a, b) (5.26)

The time evolution of the expansion coefficients is thus governed by the interaction cou-
pling Hint., and so governs how the motion of each particle is modified in time. Evidently,
this means that [Hiyg., Ha] # 0; neither are constants of motion, as energy is continuously
transferred between systems A and B.

Let us now consider the important example of two interacting spin-half particles. Their
interaction Hamiltonian is given by

A A
Hing, = 422 S 52 4 0109
We need to use the basis |+, +) , |+, =), |—,+), |—, —) to describe the state of the combined
system. Calculating the matrix elements with respect to this basis, we find that
1 0 0 0
RPlo -1 2 0
S5H= g 2 1o
0 O 0 1

This allows us to find the eigenvalues and eigenvectors of the interaction Hamiltonian as

H State ‘ Energy Eigenvalue ‘ Total z component of spin H
[+, +) A/4 h
S+ —) +1=+) | A/4 0
- =) A/4 —h
L) 1) | 34/ 0

Thus, the energy eigenstates consist of a triplet of levels at £ = A/4 and a singlet level at
E =-3A/4.
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5.4.3 Combining Angular Momentum

As we are now working with composite systems, we want to examine how to combine
angular momenta. Suppose that we have two angular momenta denoted by quantum
numbers j; and jo that lead to a combined angular momenta denoted by the quantum
number J with z-component M. J12 and J22 will commute with all components of J, but
components of J; and J, do not individually commute with J2. This means that we can
know

® j1,m1,Jj2,me and M but not J OR
e ji,j2, M and J but not m; or ma

We know that M = m1 4+ mo < j1 4+ jo. When M = j; + jo, we have one state of the
system, M = j; + jo — 1, we have two states....the number of states will increase until we
reach M = |j; — j2|. This means that J can take values

T =it = gl ln = Gl + 1,1 + (5.27)

We have already seen that the multiplicity of the individual angular momenta are

g(j1) =251 +1
g(j2) =2j2 +1

Using (5.27), we multiplicity of the combined angular momentum is then given by

J1+j2 J Jj1+j2 272
g = > Y M= > 27+1=) 21—jr+n)+1

J=|j1—j2| M=—J J=l|j1—J2| n=0

272
= 2+ )21 — 22+ 1) +2> n= (21 +1)(2+1)
n=0
We hence find that
19(J) = g(ir + 52) = (1)) (5.28)

This is equal to the number of states of the two angular momenta as the system is a product
state of the two original states, giving rise to this degeneracy.

Clebsh-Gordan Coefficients
We can write the total state of the system as
J1 J2
LMY= > > Cyuljr,ma, ja, ma)
mi1=—ji ma=—j2

where Cjyyr = (j1,ma, jo, ma|J, M) are known as the Clebsch-Gordan coefficients. The
evaluation of these is quite a lengthy, and annoying process, so they are generally looked
up in a set of reference tables, such as those overleaf.

A box containing two spin-1 objects A and B is found to have angular momentum quantum

numbers J = 2 and M = 1. Determine the the probabilities for the various eigenvalues
when J, is measured for A.
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J=1 J=1 J=0 J=1
M=1 M=0 M=0 M=-1
mp me M
-1, .1 i z 1 1
J1=35and j2 = 3 2 2
1 _1 0 1 1
2 73 V2 V2
_1 1 g €1 _ L
2 2 V2 V2
-5 —3 1 1
_ 3 _ 3 _ _ 3 _ _ 3
J=3 Jf.: J,% J=3 Jf% J=3
M=% M=} M=! M=-1 M=-1 M=-3
my mo M
5 1 1
1 1 0 \/I \/E
.4, s 1 2 3 3
.71—1(111(1.;"2—2 1 0 \/g 7\/1
2 3 3
1 2 1
0 -5 -1 \/; 3
1L o Vi /3
-1 -3 -1 1

Figure 5.3: Tables of Clebsch-Gordan coefficients for two sets of j; and js
We know that the system must be in the state |J,J —1) as J = 2 and M = 1. We can
find this state by using
J_o=Ji_+ Jo_ = (Jp, —idy, ) (Jzy —idy,)
on the state |J, .J). We know that
J_ |, Ty =V2J|J,J - 1)
from (5.10). Then:

_ L J) = (Ji_ + J2) |d1. d2) g2, 92) = /241 1d1. 1 — 1) 2, J2) + /252 |71, 41) |2, 2 — 1)

Hence, we arrive at the general result of

|J,J —1) \/ L1, g1 — 1) |2, o) + \/ \]1,]1 |72, 2 — 1)

In this case, we have that J = 2, j; = jo = 1. Then:

L (11,0)[1,1) +1,1)[1,0))

V2

This means that the probabilities that we require are

’27 1> -

P(m=—h) =
P(m=nh)=1/2
P(m=0)=1/2

where we have simply read off the coefficients from the state vector above.
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5.5 The Hydrogen Atom

We have spent the vast majority of this chapter building up our mathematical and physical
apparatus concerning angular momentum in Quantum Mechanics; it is now to time to put
this into practise by looking at the hydrogen atom. In fact, we will look at hydrogenic
atoms; those with any nucleus (of nucleic charge Ze) but only a single orbiting electron.
We are going to ignore the effects of relativity, spin and magnetism.

5.5.1 The Bohr Model

Many students will already be familiar with the Bohr model, but it has been included
here to give comparison to the quantum mechanical treatment that will come later. This
classical model is of course wrong, but gives a lot of correct answer to some simple questions.

Let m,, be the mass of the nucleus, m, the mass of the orbiting electron, and u be the
reduced mass of the system.

 Memy
H Me + My,
In most circumstances, we can write that u « me as m, > m, even for just a single
proton. We are going to consider our equivalent particle (which is effectively the electron)
to be in a fixed orbit of radius r around the centre of mass of the system (essentially the
centre of mass of the nucleus in most scenarios). Classically, we can write the energy of
this system as

L2 Zé?
C2ur? Amegr

If we minimise this energy curve, with the assumption that L = nh, we find that the most

probable radius is

n2

—a, — 5.29
r=au (5.29)
Note that a, = TZE ag, where ag is defined as
dregh?
ap= —%" 5%x10 M m (5.30)
mee

This is known as the Bohr radius, and is the standard unit for length in atomic physics.
At this stage, it is also useful to define the fine structure constant
e? 1
o = A —
dmweghe 137

(5.31)

Putting these results together, we find that that the energy levels of the system are given
by

1 o 72
E, = —iu(ac) ) (5.32)

For the hydrogen atom, the coefficient of the fraction is known as a Rydberg of energy that
has value R = 13.6 €V. The bound states in the system will thus all have energy E, < 0.
Interestingly, as we shall see, this turns out to be the correct answer when you treat the
same problem quantum mechanically.
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5.5.2 With Quantum Mechanics

Let M and P be the mass and momenta of the centre of mass of the system respectively,
and r =r, —r,. Then, we can write the Hamiltonian of the system as

2 2 2 2

Pe Pr, P p
omg *am, TV (e =) oM o5tV
—~— —_————

centre of mass motion  elative mass motion

We can arbitrarily move to a coordinate system in which there is no motion of the centre
of mass. As we saw in Section (5.2.2), we can decompose the momentum into a radial and
angular components:

B p? L? Ze? L?

T ou  2ur? Ameor + 2pur?2

It follows that L? commutes with H as L? is spherically symmetric, and the remainder of
the terms in H depend only on radius. Therefore, there exists a complete set of mutual
eigenkets of H, L? and L., which we use to denote the states of hydrogenic atoms. We
write this as |n, £, m), which can be thought of as a product state of |n, ) and |¢, m). This
means that we can automatically write that

(r,0,¢n,t,m) = (rin,£) (0, ¢|¢,m) = Ry(r) Y, (0, @)
S—— ———
radial angular

Substituting this trial solution into the TISE:
H (r,0,v) = E(r,0,¢[¢)

LQ
<H,, n ) RY = ERY
2ur?

1 1
—L’Y —o2ur’ |E— —H
; o (£ gin)

function of 6, ¢ only

function of r only

Evidently, as we know that the angular eigenfunctions are the spherical harmonics, we
have an easy choice of separation constant. This means that the radial equation becomes

o (TQZf) + [€<€+ DR _ Zze ] R(r) = ER(r)

2u Or 2ur2  dreor

Let our trial solution be of the form R(r) = p‘e ™ L(2)\p) for p = Zr/a,, some constant
A, and an arbitrary function L. Letting y = 2\p, we arrive at

1

W)+ D) 2+ 1) o] - |41 5] ) =0

This differential equation can be solved by the methods covered in the Mathematical
Methods course, but the solutions turn out to be associated Laguerre polynomials
1
k+0+1
where k sums over integers. This means that we have the restrictions that £k > 0 and

£ <n—1. We call n the principle quantum number. If we look at the multiplicity of each
of the states denoted by the n, we find that

Li”l(y) for A=

n—1

gin) = 2 > (204 1) =20

spin states £=0
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Putting all of these results together, we finally find that the eigenfunctions for the states
of a hydrogenic atom are given by

(1,6, 6ln, £,mY oc rle” o L24L | (i?") Y™ (6, )
n
These eigenfunctions give the same value for energy as predicted by the Bohr model if we
calculate the expectation values of the kinetic and potential energy. When normalising
these functions, remember to integrate over r,0 and ¢. It is often easier to separately
normalise the radial and the angular parts separately.

Let us quickly consider an interesting property of the spherical harmonics in the context of
an ’orbiting’ electron. What is the probability of finding an electron at (7,6, ¢) given that
it is in a state of well defined angular momentum? Suppose that we do not know anything
else about the angular dependence of the wave-functions. This means that the only fair
assumption we can make is that the electron as an equal probability of being in any of the
states for a given £, 60 and ¢. It in fact turns out that

14
1 , 1
P 1 = —— m = —
(electron at 6, @) T m_g . |Y;"| pp

Note how the last term is essentially the inverse of the solid angle for a sphere, essentially
telling us that there is equal probability at being at each (0, ¢) in the absence of further
information.

Radial Wavefunctions

Evidently, one does not have to be able to recall all of the radial wave-functions, but the
one worth remembering is that of the ground-state, given by

1 (Z\?
<T|1, 0, 0> = ﬁ <a> e_Z/’/a“ (533)
m

where again a, = "Zf ap. Note that this had been normalised over all space. A notable

point about the groundstate (as well as all other £ = 0 states) is that it has a non-vanishing
probability of being near r = 0, as the Coulomb potential is unbounded near the origin,
only held in check by the Strong Force. Some graphs of the lower order radial wavefunctions
are shown in the figure overleaf.

The plots in the left-hand column simply show the wavefunction, while those in the right-
hand column show the probability of finding the electron in the range [r,r +dr]. There are
n — 1 nodes for each value of n, and so as you increase n, you will obtain more frequent,
and sharper peaks. This means that for higher n, the electrons tend to be found in more
and more discrete bands further away from the origin.

Size of Orbit

Let us finish by calculating the expectation value of (r) to give us an idea of the typical
size of a ’circular’ orbit. To get this, we take £ = ¢hax = n— 1. This means that Lg”l =1,
and we have a much simpler radial wavefunction of the form

R(T) x Tn—le—Zr/(naH)
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Figure 5.4: Graphs of some wavefunctions (left) and probability densities (right) for low

values of n

Then, the expectation value is calculated as

<T> _ fooo dr T‘2 W}|2T _ fOOO dr 7,‘271-1-18—2Z7’/(71(1M) _ nay, (2n+ 1)'
Jo~ dr r2[]? Iy~ dr r2ne=22r/(nay) 2 (2n)!

This means that our expression for our orbital size is

(ry=mn (n - ;) a, (5.34)

Similarly, it can be shown that
2\ _ 2 1 L\ o
(r*) =n*(n+1) n+g )4

This means that for large n, (r) o« n? while o, o< n®/2. This means that the variance
around the average does not scale with the average, allowing the latter to tend towards a
very sharp peak. In this limit, we recover the Bohr model.
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A summary of the important results in this section is shown in the box below.

1<n
|n,¢,m) for 0<l{<n-1
—<m<Y/

A3

(5.35)

(5.36)
(5.37)

(5.38)

It is, to varying degrees of accuracy, often a good approximation to use hydrogenic formulae
for different atoms - however relativistic effects start to become important for helium and
anything more complex. What sort of fractional error would we expect when neglecting

relativistic effects for hydrogen? We have that

1 Z?

Eclas. = = 2=

clas. 2#(040) n2
E o = 7mc2

where 7 is defined as normal in Special Relativity. The fractional error is given by

0FE _ E el — E clas. - 1 (U
E rel. E rel. 2

2
7) ~a? 1074
C

So the fractional error isn’t particularly large when neglecting relativistic effects in the

hydrogen atom.
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6. Perturbation Theory

This chapter aims to extend the knowledge gained in the preceding chapters by introducing
the various aspects of Perturbation Theory, including:

e Time-Independent Perturbation Theory
e The Variational Principle

e Time-Dependent Perturbation Theory
e Selection Rules and Transitions

e Atoms in a Weak Magnetic Field

Perturbation Theory is used to calculate the changes that a system experiences when the
Hamiltonian is modified in some way. The perturbation is generally applied to a system
for which we have well-understood solutions, such as the Quantum Harmonic Oscillator, or
the particle in the infinite square well. These systems are relatively 'boring’; perturbation
theory is where the interesting Quantum Mechanics actually lies.

Some useful integrals:

/oo dx e—(b2ac2+a3:) _ \{)7?6“2/4132

oo
dr z"e % = n!
0 an+1

o0 |
a2 1 nl

do x*" e = — i

0 2ant
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6.1 Time-Independent Perturbation Theory

Let us begin by considering time-independent changes to our Hamiltonian, for which we will
have to consider solutions to Equation (2.1). Suppose that we can write our Hamiltonian
in the form

H= H, + SH

original Hamiltonian ~ small perturbation

This will give rise to some changes in energy that we will denote by

E = E, + oF, +...
~~ —~—

original eigenvalue first order correction

and some change in the original wave-function that we will denote by

) = | En) + |0E)) +...
—

original eigenfunction  perturbed eigenfunction

In order for these approximations to be valid, they must be a solution to the TISE. Thus,
substituting the above terms:

(Ho + 6H)(|En) + |6En) +...) = (By + 0En + 6°En + ... )(|Ep) + [6E,) +...)

We now equate the various orders of terms that appear in this equation, as we know that
each order must satisfy separate equalities as we can arbitrarily get rid of certain orders
by scaling the size of the perturbation term.

Ho |E,) = Ey, |E,) (6.1)
Ho |6E,,) + 0H |E,) = By |6Ey) + 0E, | E)

Evidently, the first of these equations simply tells us that the original system satisfies the
TISE, as we would expect. Let us find the first order correction in the energy. Bra through
by (Ey| in Equation (6.2):

Hy(E,|0E,) + (E,| 6H |E,) = E, (E,|0E,) + 0E, (Ey|Ey)

This gives the first order change in the energy as the matrix element

(0B, = (Ea|0H |E,) | (6.3)

In the case of the change in the wave-function, we bra through by (E,,| for m # n:

(Em| Ho |Ep) + (Bl 6H |Ep) = Ey (Em|Ey) + 0En (Em|Ey)
(Em| 6H |E,) = Ep (En|0Ey) — Ep (Em|dE,)
(Em|6H |En)

Thus, the first order change in the wave-function is given by

o5, = 3 B ) (6.4

n#m
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The second order change in the energy is then given by the expectation value of the
perturbation given the first order change in energy:

0°Ey = (Eyn| 6H |6E,) =

E,|6H |Ey,) (En| 6H | E,
Z< [0H |Em) (Em|0H |Ey)

n#m En - Em
This gives the simple expression of
En|6H |Ey) |?
ntm n m

Note that the above expressions are all power-order approximations to the changes that
occur upon the application of the perturbation dH. In some cases, one can actually find
the exact change in the energy or the eigenfunctions; these can then be Taylor expanded
to show agreement with the predictions of Perturbation Theory.

6.1.1 Some Examples

We are now going to consider a couple of illustrative examples of perturbations that will
allow us to apply the results above.

o When treating the hydrogen atom, we have so far assumed that the nucleus is point-
like, when it fact it has finite size. Treating the nucleus as a uniformly charged sphere
of radius a, -~ 10~ m, find the first order change in the ground-state energy of hy-
drogen.

We need to find our perturbing Hamiltonian in order to calculate these energy
changes. For the normal hydrogen atom, the potential due to the nucleus outside it’s
radius must be given by

Ze?

dmegr

V(r>a,) =—

The potential inside the sphere is found using techniques from classical electromag-
netism:

ap e@ 1 " eQ r Ze? 2
Vir< = — dr d — = 3——
(r < ap) /oo dreq 12 /% " 47eq ag 8mepay a%

This means that the perturbation acts only for 0 < r < a,, and is given by

Ze? 2 2
0H = V(T‘ < ap) — V(T > ap) = 87reza <7‘ — 34+ ;Lp>
P

Using Equation (6.3) with n =1 for the ground-state:

Z 2 Z 3 ap 2 2
OE = (E1|6H |Ey) = 5 <> dr 12 <7“2 3. ap> o271 /a0
7T60ap ag ap r

We know that a,/ag « 10* < 1. This means that over the range of our integral , we
can approximate that e 247/a0 1.

2 2 73 2
o () [T (o) - 5 ()
27reoap ag r 2mepay 5 ag
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The ground-state energy for hydrogen is given by

7262

8megag

B | =

This means that we can write our value for the first order change in the energy as
4 Zay\
SE = —|F] (”)
5 ag

Evidently, as ap/ag - 10~%, this correction in the energy is vanishingly small. Note
that the charge of the nucleus has a quadratic effect on the change in the energy.

o Suppose that a Quantum Harmonic Oscillator is subject to a perturbing potential
SH = \x3. Find the correction in the energies of the eigenstates.

We can consider 3 to be a vector operator. As the states |E,) are states of well-
defined parity (the normal oscillator has a symmetric, quadratic potential), we can
immediately say that

SE, = {(n|0H |n) =0

This can also be seen by writing = = £(AT + A) as in Section (4.2); the terms in the
expansion of 2% all have un-even powers of A" and A, meaning that the resultant
states are orthogonal to |E,). This means that we have to find the second order
correction to the energy. As A|0) = 0, the only terms that remain in the expansion

of 23 are those with Af” or higher.
(n| Az® [n) = M3 (n] (AT + A)3|0) = 3 (n| AT + ATAAT + AATAT |0)
= A3 (n| (V63) +3[1)) = M3(V6 8,3 +30n1)
Using Equation (6.5), we find the second order correction to the energy as

6 N 9 _ Hwﬁ
(Eo — E3)? * (Eg—E1)?)

2F = AP
o D4 o

As expected, the correction to the energy scales with both the constant A, as well as
the typical scale of the system /.

6.1.2 Degenerate Perturbation Theory

The formalism above fails in the degenerate case where more than one state has the same
energy. We can see that the sums in Equation (6.4) and (6.5) have a denominator that will
clearly diverge for m = n. A way to understand this is that - if there is an eigenspace where
the system has equal energy - the small perturbation can move us anywhere in this large,
degenerate space. This means that small perturbations can give large changes in the state,
and we have to abandon the assumption that the change in the wave-function is small in
comparison to the original wave-function; that is, our Taylor expansion is no longer valid.
The key to perturbation theory is that we can only talk about different states as those that
have different energies, and the perturbation Hamiltonian § H is what determines states
with different energies.

In order to be able to use the techniques of perturbation theory on degenerate states, we

need to move to a basis in which the perturbed state is diagonal, as this means that we
will not have to worry about degeneracy. We use the following steps:
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1. Express the perturbation Hamiltonian § H in the basis of all new degenerate vectors.
2. Evaluate all the matrix elements to give a Hermitian matrix.
3. Diagonalise this matrix to find the eigenvalues and eigenvectors.

The eigenvalues will give the first order changes in the energy, and the eigenvectors are the
new energy levels created as a result of the splitting of the degenerate levels.

The Quadratic Stark Effect

This is a very common example of a problem involving degenerate perturbation theory.
Imagine that we place a hydrogen atom in the first excited state in a uniform electric field
aligned along the z-axis. The perturbation to the system will then be

’5H =efz=¢elr COSQ‘ (6.6)

Evidently, the n = 2 state is degenerate in both £ and m, as0 < <n—1and —¢ < m < /.
The perturbing matrix is thus

(2,0,0[6H |2,0,0)  (2,0,0/6H |2,1,0)  (2,0,0|6H |2,1,1)  (2,0,0|6H |2,1,—1)
(2,1,0/6H[2,0,0)  (2,1,0|6H [2,1,0)  (2,1,0[6H |2,1,1)  (2,1,0/6H|2,1,—1)
(2,1,1|6H |2,0,0)  (2,1,1|6H |2,1,0) (2, 1,1|6H |2,1,1)  (2,1,1|6H |2,1,—1)
(2,1,—1|6H [2,0,0) (2,1,—1|6H [2,1,0) (2,1,—1|6H [2,1,1) (2,1,—1|6H [2,1,—1)

(5Hz‘j =

This looks like a horrible matrix to evaluate, but in fact we have some tricks up our sleeve.
We know that for any state of even parity, the matrix element will be zero. Recalling
Equation (5.18), we know that only terms where ¢ is odd will have odd parity and can
contribute to the matrix. Also, remarking that [L,, z] = 0:

L.z|n,¢,m) = zL, |n,l,m) = mhz|n,{,m)

This means that z |n, ¢, m) is an eigenket of L,, meaning that only terms where m = 0 are
able to contribute. This means that we obtain a massively simplified matrix of

0 v 0O
v 0 0 0
Hi=1o 0 0 0
0000
where v = e€ (2,0,0]22,1,0) = —3efap. 1t is easy to show that the new eigenvalues are

F3efag, 0, 0, with corresponding eigenstates
1
V2

Note how two of the eigenstates have remained the same; these are unaffected by the
perturbing Hamiltonian, and so we only observe the 'mixing’ of the two states effected.

(12,0,0) £ [2,1,0)), [2,1,1), [2,1,—1)
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6.2 The Variational Principle

This is alternative method to perturbation theory that allows us to obtain some upper
bound estimate for the ground-state energy given that we do not have explicit solutions
for the form of the wave-functions for the new system.
Consider some general wave-function in the energy representation
) = an |Ey)
n

Let us calculate the expectation value of the Hamiltonian in this state:
n,m
=2 _lanEn
n
= lanl’Eo+ Y _ |an|*(En — Eo)
n n

=Eo+ Y |an|*(En — Eo)
n

>0

This means that we obtain the useful expression

EEETD (6.7)

We can use this in conjunction with Rayleigh’s Theorem:

The stationary points of the expectation value of an Hermitian operator
occur at the eigenstates of the operator. Moreover, oll eigenstates provide
stationary points of the operator

Given that all eigenstate are stationary points, it is clear that the ground-state will be a
minimum. Thus, if we take [¢)) to be a reasonable guess of the wave-function with some
adjustable parameter, we can then minimise (¢| H |¢) (assuming that |¢)) is normalised)
in order to obtain an upper bound on the ground-state energy of the system.

Show that for the un-normalised spherically symmetric wave-function 1(r) the expectation
value of the gross structure Hamiltonian of hydrogen is

G 2 ? e? 2 20,112
(H) = <2m/d7"r —47r€0/d7“r\w| )//d?“r K%

Using the trial wave-function ¢ = e™ ", use the Variational Principle to find the definitions
of ag and R.

oY

or

b

As this is a spherically symmetric wave-function, the angular components will cancel in
the normalisation. The second term in (H) is clearly the expectation value with the scalar
potential energy. We now need to consider the kinetic energy term. Using Equation (5.19):

o 1\ P, 2 oY
(87"+r>w —h/drr e
72
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where the last equality follows from evaluating the second term in the integrand, assuming
that the wave-function is well defined in space. This means that, with normalisation, we
obtain the required result.

Now for ¢ = e7". As an exercise for the reader, it is trivial integration to show that (H)
becomes:

R2b: €%
()=~

2m  4weg

This is a function of the free parameter b. By Rayleigh’s Theorem, we want to minimise
this expression:

We thus re-obtain the un-normalised form of the ground-state wave-function with the Bohr
radius. Substituting this value for b back into (H), we obtain:

4

H = —— = __
(H) 32m2e3h? 2

m(ac)? = —R

We thus also obtain the expression for the Rydberg constant, assuming that we know that
the energy takes the form given in Equation (5.32).

Equation (6.7) can also be used to prove the useful result that any potential well has at
least one bound state. Suppose that a potential well is described by V,,, and consequently
the Hamiltonian H,,. Let Vi, > V,, be the potential describing a square well that fits’
inside the potential V,,. For some state [¢):

0> (Y Hsq |¢) = ([ Hw = (V' = Vag) [90) = (W[ H [¢)) = (| V = Viq [¢)

<0

It follows that

(W[ H ) < (Y[ Hsq[p) <O

As we know that the square well as at least one bound state, this means that our potential
V. must also have a bound state by the variational principle.
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6.3 Time-Dependent Perturbation Theory

The result for time evolution in Equation (2.4) only holds for the case where the Hamilto-
nian in time-independent, meaning that we need another method to find the time evolution
of states if H = H(t). In essence, we need to solve

91y)
ot

The method we use depends on how ’quickly’ the Hamiltonian changes, measured with
respect to the time-scale

ih = H(t) |[4)

h

TH
where F,, and E,, are the energy eigenvalues of two energy levels n and m respectively. 7
corresponds to the evolution of a state under a time-independent Hamiltonian. We shall
detail the main methods used in the following sections.

6.3.1 The Sudden Approximation

In this case, we assume that the change occurs over a time t < 7z such that the system does
not have enough time to modify it’s wave-function to ’adjust’ to the change. Suppose that
the system is initially in a state that satisfies some time-independent Hamiltonian H;, which
is suddenly (almost instantaneously) changed to another time-independent Hamiltonian
Hy. In this case, we write the Hamiltonian as

H, t<0
H(t) = <
Hf t>0

We know that the state for ¢ > 0 must satisfy the TDSE. Suppose that the eigenstates
of Hy are labelled by |E,) with corresponding eigenvalues E,. Then, it is clear that for
t>0:

,t) = ane” Ent/h )

The only question that remains is what are the coefficients a,,? Are the TDSE is first order
in time, it is pretty evident that these should be given by

an = (n|Y(t=07)) (6.9)

This means that calculations using the sudden approximation are typically very easy, as
they simply involve calculating matrix elements.

A tritium atom, 3H is in its ground state when the nucleus undergoes a beta decay and
becomes >He. Assuming that the decay occurs over a short time interval, calculate the
probability that this helium ion is in the 1s state.

The only difference between the initial and final states in the nucleic charge:

Initial State : [1,0,0,7 = 1)
Final State : |1,0,0, 2 = 2)
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In both cases, a, -~ ag as my > m.. Let a; be the amplitude for the transition.
a; = (1,0,0,Z =2|1,0,0,7Z = 1)

o0
2
:/ dr r°Ry0,z=2 R10,7=1
0

_ 4(23/2) /oo dr r2673r/a0
0

3
Qg

8(2)3/2
33
Thus, the probability that the atom is left in the ground-state is given by

P; = |ag)* ~ 0.702

As we will see later, the probability of the atom remaining in the same state is much greater
than the probability that it undergoes a transition to any other state over a short time
interval.

6.3.2 The Adiabatic Approximation

The adiabatic principle states that if a system is already in an eigenstate of the Hamilto-
nian, if will remain in said eigenstate under slow time evolution of the Hamiltonian. In
this case, the change in the system occurs on a time-scale t > 7.

To prove this, consider the instantaneous eigenstates |n,t) of the system that satisfy the
H(t)[n,t) = En(t) |n,t)
Then we can write

Wty =Y an(t)e i S EEO o 1) = 3" ()e 7O |n, )

n

Substitute this into the TDSE:

_i . Oa . Oln,t) _i
1(t) n = ()
E e th o —I-g,n/Eq> In, t) + ihay, o ]— E e Way H(L)
n " En(t)

n

Multiply both sides by (m,t| and %ei/ﬁf(t):

dam _ L[ dt (Em—En) d|n, 1)
BT ot =5

Now let us bring some time-independent perturbation theory to bear on this problem.
Consider an interval [t, ¢ + dt] for small ot.
OH

H ~H —
(t + ot) () + ot

dn,t)
ot

The term 0 |n,t) /Ot is simply our first order correction to the wave-function. By analogy
to Equation (6.4)

In,t+ 6t) « |n,t) + ot

a|g£t> -y E<m| ot n) Im (1))
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Now suppose that H(t) changes on a time-scale 7 > 7. Make the substitution that
s =t/7 so that s = 0 initially, and s = 1 finally. Putting all of this together, we arrive at
the expression of

8am Za o= [ ds (E,,L—En)w
En(s) - Em(S)

As 7 is very large in comparison to the other terms, there will be rapid oscillations in the
integral that will average to zero upon integration to find a,,, meaning that the integral is
zero for large times. This means that a,, is constant, and hence that the system remains
in the eigenstate that it was in initially.

Consider a harmonic oscillator whose frequency is wg for t <0, and which is in an energy
eigenstate £ = 3hwy/2. Fort > 0, the frequency slowly increases until a time t; where it
has reached a value 2wq. Find the energy of the oscillator at t =t;.

Recalling Equation (4.6), it is clear that the oscillator is in the n = 1 state at ¢ = 0.
According to the adiabatic principle, the oscillator is still in the n = 1 state, except the
frequency is now 2wp. This means that the new energy is E' = 3hwy.

6.3.3 A Time-Dependent Perturbation

In this case, we assume that the original time-independent Hamiltonian Hy is modified by
some small time-dependent variation H (¢). In this case, let us suppose that the solutions
to the TDSE are of the form:

[ 8) = Y an(t)e " |n)

n

We are assuming that the energy eigenvalues and eigenfunctions are fixed by Hy, and only
the coefficients that determine the superposition of states changes with time. Substitute
this into the TDSE:

ZeﬂEnt/h ihay, + Exay) |n) = Ze*ZE”t/h (Hefrry + 0 H |n))
ihz aneEnt/h|p) = Z e Ent/hg, 6H |n)

n

Bra through by (m| and - 1 et Emt/h.

i = —% N G En =B (1] 6 H [n) a

Suppose that the system is initially in the state n. Then, a,, = §py,. This means that the
amplitude of the transition to some state m is given by

i —%e“Em*En)t/h (m| 6H |n) (6.10)

For short times, we would expect that a,, «~ 1, meaning a,, is very small, and can of-
ten be neglected. At long times, however, all bets are off. Under this approximation, we
are working to first order in d H as we have neglected all but the first order terms in the sum.

With an explicit expression for d H, one can then find expressions for the probability of a
transition n — m, which we shall denote by P,,,. However, in some cases, it is actually
possible to solve for the evolution of the system exactly, assuming that the perturbation is
introduced 'suddenly’ to the system. In this case, we use the following steps.
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1. Find the matrix corresponding to the perturbed Hamiltonian.

2. Diagonalise this matrix to find the eigenvectors and eigenvalues. The eigenvalues are
the new energies, while the eigenvectors correspond to the new energy levels of the
system.

3. Express the eigenvectors in terms of the original basis.
4. Express the initial state of the system in terms of the new eigenvectors.
5. Bra through appropriately to find amplitudes.

A spin-half particle of magnetic moment p is travelling at a speed v under the influence of
a magnetic field of magnitude B that is orientated along z. Over small distance £, another
magnetic field of magnitude b < B is applied along x. Given that the Hamiltonian satisfies

—u(Bo, ) | t
H(t):{ w(Bo, +boy) for 0 <t</l/v

—uB otherwise

and that the initial spin-state of the particle was |+), find the probability that it transitions
to |—).

Let us begin by solving this system exactly, and confirm our result using the results of this
section. Consider the perturbed Hamiltonian:

1 0 0 1 B b
H__”B<o —1)_“b<1 0)__“<b —B)

As above, let us diagonalise this to find the eigenvalues and eigenstates:

‘B_A b ‘io — A =4u/B 1 B2

b —B—-A
By the definition of some eigenvector («, §):

(B_\/ZhriBQ —B—\/bb2+B2> <a> =0

This means that

_e_B | (B\ 2B
"TBT b b

where we have used the fact that b << B. We can thus form our new eigenstates of the
system as

They have been labelled as such as the first is an ’approximately up’ state, while the other
is an 'approximately down’ state, both of which reduce to the original basis assuming that
the perturbation tends to zero.

[+ =ca|+) +el-) = <c1 — ?Cg) +) + <02 + 2bBcl> I—)
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This means that

9.0 = ) = 5 17

A3

Note that this state is already properly normalised as we can neglect the contribution from

the second term. Let E = puvb? + B2, and 7 = {/v.

L0 = O (i gimeny _ b o (VBT b
(~1,0) = 5 (e PN = Zsin | B 5 Sin

Thus, the required probability for the transition is
b\? uB
P=|(—=) sin®( (57
Let us now turn to perturbation theory. We can model the perturbation as

A o
5H(t):{ or O0<t<T

0 otherwise

such that the matrix elements of 6 H are denoted by Ayy,. For wpm = (En — Ey)/h, we

can write Equation (6.10) as

2iNm . (wnm7->
Sin

A, = —;_L/dt e“rmt (m| 6 H |n) = o 5

giving associated probability

‘2 sin? (WnmT/2)

Pmn =4 Anm
| (oum)?

(6.11)

In this case, it is clear that A,,, = wpB, and that Aw,, = 2uB. Plugging these into
the expression above re-obtains the exact result. Notice how using perturbation theory is

significantly faster; approximation is (nearly) always faster than not!
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6.4 Transitions and Selection Rules

We are now going to consider the case of a sinusoidal perturbation on the system, as we
know from Fourier analysis that we can represent a large number of functions to a high
degree of accuracy as a sum of sinusoidal components. Let

SH (t) = Vye ™t
Let wpm = (Em — Ep)/h, meaning that our amplitude for the transition can be written as

i ei(wnmfw)t -1

) 1
am =~ /dt e“nmt (m| §H |n) = ~% (m| Vo |n)

nm — W

with associated probability

[(m| Vo n) | sin® (“r5==t)
h2 (W'mn_w ) 2
2

an:

transition cross section o (t)

For a given t, o(t) is dominated by a bump around the origin that is of height ¢?> and width
27 /t. Hence, the area under the bump is proportional to ¢, and in the limit of large ¢ we
can write

o(t) o<t §(wnm — w)

The constant of proportionality turns out to be 27, which can be found by integrating the
area under o(t). Thus, the rate at which the transition n — m occurs is given by

2
Vinn, = ﬁ’ (m| Vp In) ]2 S (wnm — w) (6.12)

This expression gives rise to what is known as Fermi’s Golden rule of perturbation theory:
A perturbation Voe™™t causes a system to transition to a new state higher
wmn energy by hw at o rate proportional to the mod-square of the matriz

element of Vi between the initial and final states.

It is very easy to see that for 6H = Vpe™?!, there will be a transition to a new state that
is lower in energy by Aw. To find the ’total’ transition rate, we must integrate over all
possible rates of transitioning from a given state n to all other possible states m. There
are two possible cases:

1. We can have discrete F, and FE,, that are being considered, meaning that wym,
remains fixed. However, there may be a range of w in the incoming energy, with
associated density of states g(w).

S v = [ do g@vm = 25 m] o ) P (o)

2. The energies may vary continuously (meaning a continuous range in F,,), but w of the
incoming energy remains constant. Let the number of final states in [E,,, Ey, + dE,]
be g(Enm)dE,.

2
Z Vnm = /dEm Q(Em)ynm = f| <m’ Vo ’TL> lzg(Em + hw)

Note that in this last expression, a factor of h has disappeared when integrating over
energy.
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6.4.1 Radiative Transitions

Radiative transitions occur between atomic energy levels in atoms, and are usually induced
by some incoming electromagnetic wave. As A < ag for most incident radiation, we can
consider the strength of the electric and magnetic fields to be roughly constant over the
transition cross-section. Furthermore, as the force due to the magnetic field is significantly
less than that due to the electric field, we can neglect it’s contribution. This is known as
the electric dipole approrimation.

In principle, we should describe the light wave using scalar and vector potentials V and A,
but a uniform oscillating electric field can be represented with a simple scalar potential.
Suppose that the system is orientated such that the direction of the electric field is along
the z-axis. Then we can describe the interaction by the perturbation

SH(t) = e£z e™t

By (6.12), the corresponding transition rates are given by:

21w
Z Vnm = EEQEQ‘ <m| < |TL> |2g<wnm)

The relative magnitude of these expressions essentially translates to how strong an absorp-
tion or emission line is in a particular spectrum. The question now arises as to whether or
not a transition actually occurs, which brings us to the topic of the next section.

6.4.2 Selection Rules

As we had already seen in the case of the transitions considered in Section (6.1.2), not all
transitions are possible due to parity and symmetry arguments. Let us go about finding
some selection rules that allow us to quickly determine whether a transition is possible or
not, for which we will consider matrix elements of the form (n’, ¢/, m/| v |n, ¢, m) for a vector
operator v. Note that we will be working in the regime of the electric dipole approximation.

Recall from Equation (5.18) that the eigenstates of hydrogen are of well-defined parity
satisfying

Plt,m) = (=1)" ¢, m)

We also know that the expectation value of any vector operator is zero in a state of well-
defined parity. This means that if both ¢ and ¢ are odd or even, then both states are
of the same parity, and the matrix element must vanish. This automatically forces us to
conclude that

-0 =1

in order for the state to be one of mixed parity. We shall now consider the case where
v = z. In a similar argument used before, as [L., z] = 0, we can write

L.(z|n,,m)) = zL, |n,£,m) = mh(z|n, ¢, m))

This means that z|n,¢,m) is an eigenket of L., and is therefore orthogonal to all other
eigenkets of L,. This leads us to conclude that

lm—m/| =0 forz
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Now, define the operators x4 = = + iy. It follows quickly from the commutation relations
of angular momentum with vector operators that [L,,z+] = £hxy. Then:

L.(xg|n,l,m)) =24 (L, £1)|n,,m) = (m+ 1)(zx |n, £, m))

So x4 |n,€,m) is an eigenket of L, with eigenvalue m 1. Given that x and y can both be
written in terms of z1, we conclude that the matrix elements for x and y are zero unless

lm —m/| =1

for orthogonality reasons. Note that x4 do not commute with L?; this means that we
cannot use them in the place of Ly to derive the eigenvalue relations as in Section (5.1.4).
In any case, as summary of the important results is shown in the box below. We are
assuming that the electric field is orientated along z.

Al = +1 (6.13)
Am =0 for z (6.14)
Am ==+1 for z,y (6.15)

How can we interpret these selection rules physically? This can be thought about in terms
of the polarisation of the photon that is emitted as a result of these radiative transitions.
Suppose that the photon is emitted in the same direction as the imposed electric field. If
we observe the system along z, then the electric field vector of the radiation will be in the
x-y plane, giving rise to circular polarisation. In fact, Am = 1 corresponds to left-hand
circularly polarised light, while Am = —1 corresponds to right-hand circular. When the
direction of observation is perpendicular to the imposed field, the electric vector of the
radiation can be either perpendicular to the field, in which case Am = +1, or parallel to
the field, and then Am = 0. This means that linear polarisation can only be observed in
the z-y plane, as linear polarisation requires no angular momentum.

On these grounds, one may argue that the emitted radiation may be circularly polarised
even in the absence of the electric field. This argument is bogus. The introduction of the
electric field splits the energy levels, meaning that the frequencies of the radiation observed
along z depends on the polarisation state (eg. left-handed has higher energy). Without
the field, the circular polarisations will have the same energy, meaning that one cannot
distinguish between them; the superposition thus creates linearly polarised light.
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6.5 Atoms in a Weak Magnetic Field

The entirety of the last section was done under the electric dipole approximation; that is,
without any consideration of the effects of magnetic fields on particles. We will now bring
this back into consideration.

Our knowledge of magnetic fields from Electromagnetism gives us the fact that the mag-
netic component of the Lorentz force does not do any work on the particle. This leads
to a problem, as it means that we cannot simply write it as a potential that we can then
include in our Hamiltonian. A way of solving this is taking the classical Hamiltonian that
comes from Lagrangian mechanics, and then making operator substitutions.

H= " (p—qA) + g0 (6.16)

2m

where B=V xAand E = —Vd)—A. Note that as we have change the momentum term in
the Hamiltonian, our expression for probability current must be modified. However, this
is simple to do, as we can remark that J can be written in the form

1 * *
lz%(w pY — ™)

and then make the transformation p — p — gA, being careful of the order of the operators.
Using the same simplification as in Section (2.3), we find that

J =[] (hve— qA) (6.17)
m m

A particle moves in the x-y plane with a uniform magnetic field in the z-direction, repre-
sented by

B
A = 5(_y7 xz, 0)

Show that the function
¢(a,y) = exp(—[a? + y?]/40})
18 an eigenfunction for a suitably chosen value for £p, which you should find. FEvaluate J

for this state, and discuss the physical significance of this result.

This problem has to be treated component-wise. Let v = ¢B/2. Then:

Evidently, ¢(z,y) is an eigenfunction of p, with eigenvalue zero. This means that we can
now only deal with the z and y components.

1 1
H =5 —(p = qA)* = 5 (0% +py + 72" +4%) = 102y = Yypo + YPy® +72py)

Then, consider derivatives of our wave-function ¢(zx,y).

1910 2x T
=0

ox 40% 20%
0%¢ ( 1 z? )
QY (. I
Ox? 203 Ay
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We require that this is a solution to the TISE:

H¢:—h2< 1 x2>¢_h?< 1 +y2>¢+'y2(x2+y2)¢+1<2’y55 (ZS_Q’VIE

2 \ 23, T a0t ) T 2m \ T2, T adh om 3 3

ol () o () <2
=o |\ g | T\ m ) T ¢
2m 404, a0y )

For ¢ to be an eigenfunction of the Hamiltonian, we require that

K2 h
2

= — E — _—
LT M P

We can now evaluate the probability current using Equation (6.17). Observing that ¢ =0
as the function is real, we find that

J = _gée—ﬁ/%B
m

2 = 22 4+ 92, This has a maximum around r = /g, and goes to zero for r — oco.

Physically, this describes how the particle is localised around a classical orbit of radius
r=1{pg.

where r

6.5.1 Gauge Transformations

We have a choice of the potentials ¢ and A that we can use to represent £ and B but
introducing some scalar gauge f(t). This means that we make the transformation

A A=A+Vf

0
g =0

However, what happens to both the Hamiltonian H and the state |¢)) when a gauge is
applied? We need these two quantities to satisfy the TISE independently of the choice of
gauge, or else they do not contain complete information about the system. Consider the
gauge transformation:

1
Hi H = o—(p- gA')* + q¢/
) = [0 = eV o)

We can now substitute these into the TDSE. The left-hand side gives

o/ A . 9
i (9" 1)) = e (—qf ) +ih g‘ﬁ)

The right-hand side gives

1 1 A .
5o (2= gV [0) + ¢ o) = o (p — aA = gV )?e TN [g) — g fell M [y)
1

= 5 p—gA— gV + V) ) - afe " )

= 1 (—qf )+ H )

This means that the TDSE is gauge invariant, and so we will not run into any problems
when choosing a particular gauge in our work with vector and scalar potentials.
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6.5.2 The Classical Limit

Let us examine whether our form of the Hamiltonian given by Equation (6.16) is a sensible
one by looking at the classical limit; that is, by taking expectation values. By Ehrenfest’s
Theorem, for some operator Q:

Q) _ 1

a2 (ih)?

([H,[H,Ql)

If we take (Q = zj, where xy is a particular component of the position of the particle, we
can find some sort of analogue of Newton’s Second Law. Calculating the first commutator:

(1) = 50— aAP ] = 5 (0~ a8~ a), 2] + (0~ 44), 23)(p — 04)
th
= _E(pk: — qAy)

where we have used the fact that p;zp = d;;. Now for the second commutator:

th (1
[H, [H, x]] = - <2m [(pj — aA;)% b — qAk] + [ad, pi — qu])
_ (—in)? q, (04 0A\ 09
om m(p] a4;) Oz  Oxj q@l‘k
Putting this all together:
O (x) ¢ -~
m—am = ije(v; < (V x Do) — a5 - = (g(v x B) —¢E) - k

We have thus re-produced the familiar Lorentz Force result for the £ component of position,
meaning that we should have at least a little confidence that our Hamiltonian is along the
right lines.

6.5.3 The Zeeman Effect

Consider an electron with orbital angular momentum L and spin angular momentum S.
We define the Bohr magneton as

eh
BB = — (6.18)

 2m

Consider an atom in a magnetic field. This will have Hamiltonian

He looadP+vi) = Zyve)  —(gpA-gA-A)

2m 2m 2m > =

Original Hamiltonian Hg

Now assume that the magnetic field is weak. This means that ¢%|A|?/2m < Hy, and so
we can neglect terms of O(A2) and above.

HoHo—2p. A
P

We shall consider the magnetic field to be uniform, as it is very difficult to create a field that
has significant variation in space over the size of an atom. This means that a convenient
choice of A is

A=_-Bxr

N | =
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This means that the extra term in the Hamiltonian becomes

q q up
——0p- (B =——2B8B- =——L-B
2m}2 (B x1) 2m— (rxp) h— —

This means that the electron has an orbital angular momentum magnetic moment of

_ _HB
Ky = _fL

Similarly, the intrinsic electron spin also gives rise to a magnetic dipole moment:

_ _HB KB
fg=—7"gs8 =255

as gg v 2 for an electron. This means that the total dipole moment for an electron in an
external magnetic field is given by

#= —%B(L+2§) (6.19)

The perturbing Hamiltonian of the system is thus

6Hp = —p-B="2(L+25)- B

Suppose that the magnetic field is orientated along the z-axis. We will also assume that
the effect of this magnetic field is small in comparison to the spin-orbit interaction (see
Section (6.5.4)). Then, it is clear that J2, J,, L?, and S? all commute with the pertur-
bation, meaning that we can characterise the states as [j,m;, £, s). Consequently, when
we use perturbation theory to calculate the smaller effect of an imposed magnetic field,
the degenerate eigenspace in which we have to work is that spanned by the states that
have given values of j, £ and s but differ in their eigenvalues m; of J,. Fortunately, dHp
is already diagonal within this space because [J;, S.] = 0. The first order change in the
energy is thus given by

OF = M?BB <j,mj,€,s| (Lz + 252) |jamj7£’ S> = %B (mjh+ <jvmja‘€as| SZ ‘j,mj,é, 5>)

where we have used the fact that J, = L,+5,. Let us express S in terms of other quantities
that we know:

Ix(SxJ)=J*S—(S-J)J — J*S=(S-J)J+Jx(SxL)

It can be shown, though the proof is not detailed here, that the expectation value of the
second term with these states is zero. This means that be obtain:

. . (J - S)m;
j,m; b, 8|S, |5, mi b, s) = ————=
We can then write that
1, 2 2
== - L7+ 2
J-S 5 (J L S ) (6.20)

so we find that the total energy shift due to the application of this weak magnetic field is

JG+1) =Ll +1)+s(s+1)

OF =m;iupB |1+ v
’ 2j(j +1)

(6.21)

It is clear from this equation that the Zeeman effect splits the degenerate energy levels
corresponding to a given j into 2j + 1 levels, proportionally to the applied magnetic field.
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Figure 6.1: Zeeman splitting for £ =1 and s = 1/2.

This allows us to actually determine j for an atom, and subsequently other quantum
numbers. This also gives rise to pairs of lines in emission spectra; they are split by the
weak magnetic field of the Earth.

In the ground-state of hydrogen, we have that £ = 0 and s = 1/2, meaning that j = 1/2
and m; = £1/2. Thus, we obtain the familiar energy shift of 0F = +upB.

All of these calculations have been on the assumption that the effect of the magnetic field
is small in comparison to the spin-orbit interaction. However, suppose that we neglect the
spin-orbit interaction; this means that we can no longer treat it as being small, and so
cannot ignore the torque that it applies to the system. Suppose again that the magnetic
field is oriented along the z-axis. This means that J? is no longer a constant of the motion,
and so we characterise our states by L%, L., S? and S,. The energy splitting is given by

0F = M?BB (n,€,my, s, ms| (L, + 2S,) |n, €,mg, s,ms) = ppB(my + 2my)

Hence, each energy level of the Hamiltonian is split by the magnetic field into as many
sub-levels as my + 2mg can take. In general, this will be the case that we are dealing with,
as the spin-orbit interaction is not on syllabus.

6.5.4 The Spin-Orbit Interaction

The spin-orbit interaction a relativistic correction to the fact that the electron is moving
through an attractive Coulomb potential provided by the nucleus. Suppose that the po-
tential is of the form ¢(r). Then we know from relativistic electrodynamics that for an
electron moving at some speed v:

1 1
B=-—(ux E)=—(ux (-V)
The spin of the electron will then interact with this magnetic field to produce another

perturbation term in the Hamiltonian (note that we are ignoring the factor of gs).

1B e < ?&b)_ e g Ll@

X
r or

SHern — —1-B = 2B g. - __ " g. - _ -
S0 B2 h02§ (L x Vo) 2m2c2 = 2m2c2= Tr or
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where we have observed that L = r x p. In hydrogenic atoms, we can assume that the
potential is the Coulomb potential, namely

o) = 2

N 4megr

This means that we arrive at the final expression for the perturbation Hamiltonian of

2
Ze S.L

S8megm2c2

r
Evidently, both J? and .J, are constants of the motion, meaning that they must commute
both with the unperturbed Hamiltonian, and §Hgo, as are J2 and S2. This means that
we can use the basis labelled by the kets |j,m;,¢,s). We need to consider the expectation
values of 1/r3 and S- L. For a hydrogenic atom with nucleic charge Z, the first of these is:

1\ 2 A
<r3> T UL+ 1)(2041) (nag)3

The second can be calculated by recognising that

1
S-L= 5“2 —L* - 8% (6.22)

Then

1
<§L> — §<jamj7€78|<]27[’2752 ‘j,mj,f,5> = [](]+1) 7€(€+1) 78(S+1)] hQ

N |

Putting all of this together, and re-writing the numerical pre-factor in § Hgp, the first order
changes in the energy are given by

(6.23)

n30(0+1/2)(( + 1)

In a similar way to the Zeeman effects, the spin orbit interaction splits the energy levels
labelled by j into the 2j+1 energy levels. This leads to the splitting of energy levels shown
to the left of Figure (6.1). For a general level in hydrogen, we have that j. = ¢+£1/2. The
‘spin-up’ states are shifted by an amount

3 1 3 3
0E; o< j(j +1) = €f+1) = - <5+2> <€+2>€(£+1)4o<£

Likewise, the ’spin-down’ states are shifted by an amount

SE- o j (1) (L +1) =5 ox (wé) (H;) 1) = (04 1)

For each value of j, the spin-orbit interaction creates another 25 + 1 energy levels (due to
degeneracy), and so the mean energy shift for the system is proportional to

0F o< (2j4+ +1)0E4+ + (2j— +1)6E_ < 0

Thus, the mean energy shift for a system under the spin-orbit interaction is zero. This
makes sense in the context of energy conservation; as the spin-orbit interaction is created
by motion within the system, it cannot raise the mean energy of the system.
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7. Multiple Particle Systems

This chapter aims to put all of the apparatus that we have learnt up until this point into
practise, particular with reference to:

e Exchange Symmetry
e The Helium Atom
e The Periodic Table

We have already touched on multiple particle systems in Section (5.4), but here will extend
this fully to systems involving multiple particles, where we take account of all aspects of the
wave-function. In doing so, we will discover some fundamental principles that under-pin the
behaviour of multiple particle systems, as well as gain some insight into the organisational
form of the Periodic Table of Elements.
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7.1 Exchange Symmetry

Let |a,b) be the ket representing the state of two particles; the first particle on the left
(in state 1) and the second particle on the right (in state 2). Let us now ’swap’ the two
particles. Assuming that they are indistinguishable, this should not change the modulus
of the state vector; this is analogous to not changing the value of any physical observables.

a,b)|* = | |b,a) |
|b,a) = € |a,b)

If we now swap the particles in the second ket, we obtain

b,a) = & |b,a)
eid=+41

This means that there are two possible exchange symmetries:
1. |a,b) = |b,a) for bosons that have integer spin
2. |a,b) = —|b,a) for fermions that have half odd-integer spin

Suppose now that that the states "a" and "b" are in fact the same state. This means that
for fermions |a,a) = — |a,a) = 0; that is, no two fermions can occupy the same quantum
state. This is known, quite famously, as the Pauli Exclusion Principle.

7.1.1 Wave-Functions and Exchange Symmetry

These exchange symmetries restrict the behaviour of particles in a multiple particle system,
and thus restrict the way that we form our wave-functions as we have to preserve said
symmetries. In general, for a system of N identical particles, the Hamiltonian will be of
the form

N
H = g Hz + Hint.
- SN~~~
? interaction Hamiltonian

individual particle Hamiltonians

If Hipe, = 0 (the particles are non-interacting), then the TISE can simply be solved via
separation of variables, as the states are uncorrelated. However, this does not apply in
the general case. When solving a partial differential equation like the above, the general
solution is usually a superposition of factored solutions. Let us consider a system of two
identical bosons or fermions, with wave-functions ¢;. Then we can write the spatial wave-
function as

1
Y(ry,19) = —= [$1(r1)d2(ra) £ ¢1(r2)Pa(ry)] (7.1)
V2
where the positive sign corresponds to bosons, and the negative sign to fermions. Notice
how the wave-function disappears in the case where ¢; = ¢9; this is the Pauli Exclusion
Principle in action.

Suppose that we have p indistinguishable particles, and n single-particle states available to
the system. How many distinct states of the system are possible? The best way to answer
this equation is combinatorially. Following the lead of Statistical Mechanics, let €2, denote
the number of distinct states that the system may occupy. Then for fermions, we have to
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find the number of ways of putting p particles into n states, where as for bosons we instead
need to find a way to divide up p particles into n states using n — 1 ’divisions’. This yields

n!
(n—p)!p!

p+n—-1)11
(n—1! p!

Let us now extend these symmetry arguments to a system of N particles. In the case of
bosons, we need to create a wave-function that is completely symmetric under the exchange
of particles. This means that we essentially have to incorporate every single permutation
of ¢; and r; into our wave-function, which can become quite a pain for large N. For
fermions, however, there is a much more systematic way of computing the wave-function,
given orbitals ¢1,...,¢N:

b
Q}J; = and Q) =

o1(ry)  d2(ry) ... on(ry)

Pl = A8 72)

birn) o e bnlry)

This is known as the Slater Determinant. We know from linear algebra that a determinant
is antisymmetric under row swapping, and this is analogous to the swapping of particle
coordinates, so the correct symmetry is preserved. It is trivial to check that this gives the
fermionic result from Equation (7.1) for the N = 2 case.

Fermionic Systems

Thus far, we have just considered the spatial wave-function of our multi-particle systems.
Let us now bring our attention to the issue of spin. Suppose that we can write our wave-
function in the form

|¢) = |spatial) ® |spin)

For bosons, both of these have to be either symmetric or antisymmetric under particle
exchange, while for fermions, we can make either symmetric, with the other being anti-
symmetric.

Consider two spin-half particles of angular momentum quantum numbers j; and jo. The
single particle basis states are the eigenstates of S, given by |+) and |—). Let us denote
the total angular momentum by J with z-component M, and the total spin by S. Let us
denote the states of the system by |mq,mg).

|+, +) M=1,8=1
Symmetric: |¢¥) = < |—, =) M=-1,85=1
L+ +l- ) M=05-1
1
Antisymmetric:  [¢) = — (|+,—) — |-, +)) M=0,S=0

V2

These are known as the triplet and singlet states respectively, which we have already
encountered in Section (5.4.2). From the addition of angular momenta

1 —jo| ST <j1+jo — 0<JT<1
Then

_J<M<J —0<S<1
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This means that S = 0, 1. Looking at the values of S for each of the states listed above, we
can conclude that S = 1 implies a symmetric spin wave-function, and an anti-symmetric
spatial wave-function, while S = 0 implies an antisymmetric spin wave-function, and a
symmetric spatial wave-function.

7.1.2 Exchange Interaction

The forces experienced between the two particles will depend on their coordinates, which
is effected by the symmetry of the spatial wave-function. This itself is determined by the
symmetry of the spin wave-function. This means that there is an energy difference between
the S = 0 and S = 1 cases. We can calculate this using first order perturbation theory.
Suppose that the interaction term is a function of the separation of the two particles.

6H =V (Ir; — o)
Equation (6.3) tells us that

SE = (WISH ) = [ drid'ny [6(r1,2:)* Ve, 3]
The wave-function will be of the form given by Equation (7.1). This means that the energy
shift becomes
OF = 5Edirect + 5Eexchange

where

5 Eotirect — / BridPry |61(r1) b2 (o) V(izy — 1) (73)

8 Bexchange = / dPrid®ry ¢5(r)3(ra)da(ry)dr1(ry) V(Iry — ral) (7.4)

There is thus an energy difference 20 Eexchange between the S = 1 and S = 0 states.
Assuming that V (|r; — ro|) is large and positive for a small separation (such as a Coulomb
potential), then ¢ Eexchange is positive. This means that the S = 1 state is lower in energy
than the S = 0 states.

7.1.3 Systems of Fermions and Bosons

Suppose that we have two identical macroscopic particles that are each made up of Np
fermions and Np bosons. Are they fermions or bosons? If we exchange the positions of the
constituents, we will obtain an overall phase of (—1)"*, meaning that bosons correspond
to N being even, and fermions to Nr being odd.

Let the spins of the particles be labelled by quantum numbers s; and se, while the total
spin of the system be S. Then
‘81—82’§S§81+82

in integer steps. This means that depending on whether s; and sy are integers or half-
integers, the spin of the composite system with either be an integer or half integer, as
shown in the table below.

H 51 59 ‘ S Particle Type H
Half integer Half integer Integer Boson
Half integer Integer Half Integer Fermion
Integer Half Integer Half Integer Fermion
Integer Integer Integer Boson
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7.2 The Helium Atom

The Helium atom is the simplest multi-particle system, consisting of two electrons and a
nucleus that provides a fixed Coulomb potential. For the purposes of this section, we shall
assume that the nucleus is fixed, which is a pretty good assumption given it’s size.

h? Zer (1 1 e? 1

H=- —(V* 2y — 4= S — .
Qm(vl +V3) 4meg (rl + 7"2) + dmeqy |ry — 19 (7.5)
—_— —_—

kinetic energy term  coylomb interaction with nucleus — repulsive electron interaction

We cannot solve the TDSE exactly using this Hamiltonian, and so we need to make some
approximations. This is usually to ignore the interaction term between the two electrons,
as the equation then simply becomes separable in r; and re. This means that we can
characterise our states via the normal quantum numbers used for hydrogen. In this case,
Equation (5.32) with Z = 2 gives the energy levels.

1 11
Efe — _— ()22 (2 + 2) (7.6)
2 ny nj

Consider the ground-state. In this case, we have that:

The spatial wave-function is thus symmetric, as all of the quantum numbers are the same
apart from the spin part. This means that both S and L are zero, meaning that J =
0. Conventionally, this state is notated as 1s>1Sy. This sort of notation is known as
spectroscopic notation that are used to label the various states of elements. The significance
of each of the terms used is detailed in the figure below.

mumber of electrons in orbital

value of # \ / (25+1)
15218
d 0

principal quantum number n value of J

value of L
Figure 7.1: An explanation of spectroscopic notation

For L = 0, we use S, and then P, D and F for the successive values of L. We will make
extensive use of this notation in following sections, so it is important that readers take the
time to become familiar with it before progressing.
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7.2.1 The Electron Interaction

We will now estimate the effect of the electron-electron interaction term in Equation (7.5).
We shall assume that the atom is in the ground state, meaning that each electron has a
wave-function given by Equation (5.33). From first order perturbation theory:

2 2 76 e—2Z(r1+r2)/ao
SE, = | dr d? 2 ¢ = ¢ / Broddr,
| / r1d°ry [Y(ry, 1) Tmeolry — 15 dmdegal ndry ——

We can evaluate this integral using the result that
—(ri+r2)
/d3r1d3r2 S 2072
Then:

VA ag 3 3 e—(mtr2) 5
0B = m 3225/d rid°ry 77 Zﬂ(ac)

This means that the energy shift (from perturbation theory) due to the Coulomb interaction
between the two electrons in the ground-state is

5 5
6E; = gZ,u(ac)Q -~ RZ (7.7)

Putting this together, this means that the energy of the ground state is given by

)
Eground =FE +0FE = —4M(QC) + 4/1(040) = -8R+ R v —T74.8eV

The actual value is «~ —79 eV, meaning that our first-order estimate is not too inaccurate.
Note that in this case, the singlet state is «~» 1.2V (from calculation) higher in energy than
the triplet state due to the exchange energy difference.

Let us now use the Variational Principle to calculate an upper bound for the ground-
state energy. Let the individual particle Hamiltonians be Hi(Z) and Hz(Z ), with the
variational parameter in our wave-function being Z. The Hamiltonian for the system can
then be written as

H=H\(Z)+ Hy(Z) + 6H(Z) + Ho(Z)

H(Z) = e? (2—2+Z—2>

47T60 71 T9

where

This term accounts for the fact that the actual charge of the nucleus is Z = 2, rather than
our new variational parameter Z. The expectation value of the first two terms is simply
given by Equation (5.32), and the third given by Equation (7.7) above. Then we need the
result that

Wl ) = 2

’ dBr, d>r r_le_QZ(r1+T2)/a° = z /OO dr xe ™™ /Ood 27V ) = é
Qag & o’y _2a0 . . vy = o

Putting all of these results together, including the electron-interaction term, we arrive at
the result of

Q

wia ) =2r (2 - 2)

Minimising this expression, one finds that me = 27/16, and that E~ v —T77.5 €V,
which is a more accurate result that that obtained previously. The physmal s1gn1ﬁcance of
Zumin < 2 reflects the fact that part of the nucleic charge seen by an electron is partially
screened by the presence of the other electron, reducing the charge that it sees.
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7.2.2 Higher Excited States

For a single particle in a Coulomb potential, the energy only depends on the principle
quantum number. However, as we have seen, for an atom with many electrons, the pres-
ence of electrons can partially screen the nucleic charge from others, which acts to reduce
the magnitude of the charge seen. Let us consider the potential seen by an electron for
different values of r. Close to the nucleus (r «~ ap), the potential is dominated by that
of the nucleus. At large radius (r « ag), the potential is dominated by the interaction
between electrons, as the other screen the nucleic charge and thus reduce the strength of
the potential. In general, electrons with a larger value for £ stay further away from the
nucleus (for a given n). This is due to the conversation of angular momentum; small radii
imply large momenta, which prevents the electron from getting close to the nucleus if £ is
large: L = r x p oc 7 v~ £. This means that the energy of the orbitals will depend on £ as
well as n in the helium atom, as well as for larger elements.

Consider the first excited state of helium. In this case, n; = 1 and ny = 2 (and other
degenerate combinations), with ¢; = f5 = 0. This means that the configuration state of
the system is 1s'2s'. There are then two possibilities for the symmetry; a symmetric,
triplet state with S = 1, or an antisymmetric singlet state with S = 0. This means that
we can write the two possible states as

symmetric :  1s'2s'39;

antisymmetric :  1s'2s'1S,

However, we can also consider cases of non-zero angular momentum. Suppose that £; =0
and f5 = 1. This state, notated as 1s'2p!, is higher in energy than 1s'2s'. We have that
L =1 and S =0 (singlet) or S =1 (triplet), meaning that

J=0,1,2 as |[S—LI<J<S+L
This means that we have the following possibilities:

1 3 3 3
Pl 3 POa Pla P2

~ —m——

singlet triplet

This sort of process can be repeated for higher excited states of Helium.
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7.3 The Periodic Table

We are now in a position to provide some reasoning as to the structure of the Periodic Table
of Elements. Initially, it will be assumed that the electrons only experience a Coulomb
interaction with the nucleus; we are neglecting the electron-electron interaction. We shall
use the quantum numbers n, £, m and ms (z-component of spin) to label the states. Let
us consider the number of states associated with each value of n.

en=1: {E:O, m = 0, ms::i:%
This gives rise to two total states, accounting for H and He.
o« n—9- {Ezo,m:(}, ms::t%
(=1, m=-1,0,1, m; = +3
This gives rise to 8 states, accounting for Li to Ne.
£=0,m=0, ms::I:%
en=3: ¢(=1m=-1,0,1, my =+
(=2 m=-2-1,012 ms =+
This gives rise to 18 states. We would thus expect 18 elements across the third row.

However, our Coulomb approximation begins to break down for n = 3 due to electron
screening; the single particle picture is not enough to describe the situation. For example,
it turned out that n = 4, £ = 0 is lower in energy than n = 3, £ = 1 because the electrons
are on average found closer to the nucleus, and are more effected by nucleic screening.

7.3.1 Electronic States of the First Two Rows

In this section, we will simply list the electronic structure of most of the first two rows of
the periodic table. In general, we want to take the highest spin state allowed by the Pauli
Exclusion Principle as this minimises the exchange energy, and then take the highest L
consistent with this.

o H: 151 251/2
e He: 12159,
o Li: 15%2s! 251/2

e Be: 15225218,

[\G][WV]

e B: 15%2522p' 2P for J = %7
o C: 15%25%2p?

o N: 15225%2p° 453/2

o O: 15225%2p*

o F: 1522522p° 2P for J = %,

[\l [9%)

e Ne: 1522522p0 15,

For example, with nitrogen, we have 3 electrons in the 2p state ie. £ =1, m = —1,0,1,
ms = £1/2. Suppose that all the spins for m = —1,0,1 are up. This means that we have
a symmetric spin state, and an antisymmetric spatial state, giving the lowest Coulomb
energy: M =0, L =0, J=3/2.
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