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1. An Introduction to Flat Spacetime

This chapter aims to introduce the fundamental concepts used in the treatment of Special
Relativity, including:

e Tensor Mathematics

e Minkowski Space

e Time, position, and kinematics
e Symmetries

Some of the material included in this chapter will already be familiar to readers who have
had some experience of Special Relativity. The first two chapters focus on setting up
the mathematical apparatus and basic transformations that underpin the study of Special
Relativity, so if readers are already familiar with this, it is recommended that they skip
immediately to the third section.
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1.1 Tensor Mathematics

The study of Special and General Relativity is achieved through an entirely different lan-
guage than, say, Quantum Mechanics. Instead of making use of Dirac notation and the
associated wavefunctions, we make use of tensor objects, which bring along with them-
selves associated mathematical apparatus. In this section, we shall introduce tensors and
tensor notation, which shall be used - where appropriate - throughout the remainder of
this text.

Tensors are geometric objects that describe linear relationships between vectors, scalars
and other tensors. More specifically, we can define a tensor A of valence (p,q) as an
assignment of a multidimensional array

A5 b (L1)
to each basis b = {ey,...,e,_1} of a fixed n-dimensional vector space such that, if we

apply the change of basis (corresponding to a change of coordinates)
b—b =b-A={eAl,...,e;A" |} (1.2)
then the multidimensional array obeys the transformation law

Vel o A —1\E —1\ip pd1yensd 1 J
A b = (A0 - (A7) AR DA A (1.3)
As mathematical definitions usually are, this may seen quite abstract upon first reading.
However, at this stage, we can already tease out some informative points from this defini-
tion.

The upper and lower indices 1,...,%, and ji,...,j, are index notation used to refer to
the components of the tensor (as we saw in first year with linear algebra). These are
often referred to as the contravariant and covariant indices respectively; a tensor of only
contravariant or covariant indices is said to be itself contravariant or covariant, but if it
includes both, it is said to be mixed. The wvalence (p, q) specifies the number of contravari-
ant and covariant indices, and the rank-r of a tensor is simply the total number of indices
required to label a component in the array: » = p + q.

The expression on the right-hand side of (1.3) informs us of the way that tensors transform
under a change of basis. For a tensor of rank-r, we require r applications of the transfor-
mation matrix A and it’s inverse A~!. Note that at this stage, we have not made explicit
exactly what A is, apart from the fact that it is some general transformation matrix of
rank-2.

1.1.1 A Basis and the Metric

Consider the basis b = {eg,...,e,—1}. Then, we can expand a rank-1 tensor A in this
basis as

A = Ale, (1.4)
AF are the components of the tensor, and the sum is over repeated u, except in this case
p indexes the particular basis vector e, in b. Note that is is not a contraction as outlined

in section 1.1.2. Now, we introduce the dual basis b= {e",...,e""1}. The same tensor
can also be expanded in this dual basis as

A=A (1.5)
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where once again A, are the components of the rank-1 tensor, and e” in b. The basis and
the dual basis are related by orthogonality relationship

e e’ =4, (1.6)
The differential line element within this space is then given by
ds® = (eudxt)(e,dx”) = e e, datda” (1.7)

We define the metric tensor g, as

18)

This is a rank-2 tensor of coefficients that relate the differential spatial elements dx to the
distance within the space. Noting that dz#dx” is a symmetric quantity, it is clear that the
metric must also be symmetric in order for ds® to be non-zero:

19)
Equivalently, we can also write the metric tensor in terms of the dual basis as
g’ = et'e” (1.10)

Equations (1.8) and (1.10) tell us that g, is the coeflicient of €” in the expansion of the
vector e, in the usual basis
e, = gue’, (1.11)

and that g"” is the coeflicient of e, in the expansion of the vector e” in the dual basis:
e’ =g"e, (1.12)
Lastly, it also follows from these equations that

gm/gup = 65 (1.13)

1.1.2 Tensor Algebra Rules

In this section, we introduce the commonly used legal operations in tensor algebra. These
shall be very similar to the manipulations that readers will be used to when dealing with
quantities in linear algebra, except that more care needs to be taken when it comes to the
contravariant and covariant nature of indices.

From a notational perspective, tensors of rank-0 shall generally be written as A, rank-1
shall be denoted by characters characters of the form A, and rank-2 tensors and above
shall be denoted using the more calligraphic characters A. For indices, the Greek alphabet
shall usually be adopted, though some Roman Letters shall also be used under certain
circumstances.

Linear Sum

The sum of two tensors is a linear operation. Let A, B and C be tenors of the same valence.
Then, we have the well-defined operations

Cho = Ape + By (1.14)
(aC)p = a Cpp (1.15)
for some scalar constant . That is, the sum of two tensors of the same valence produces
another tensor of the same valence, with the components added entry by entry, and that

a scalar can simply be pulled out the front of a tensor if it appears in every entry of said
tensor.
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Outer Product

Consider two tensors A and B. Then, their outer product - often denoted by A ® B - is
defined by
AWYBE = (AB)LVP = CEVP (1.16)

The tensor C is a tensor whose rank is the sum of the tensors that make up the outer
product. As an example, let us consider the outer product of two rank-1 tensor objects
given by

AP = (AY A A% A3%) and B” = (BY,B', B? B3) (1.17)

Then, their outer product can be written explicitly as

ABY A°B! A'B? AB3
A'BY A'BY A'B? A'B3
A?BY A?B! A?B? A’B3
ASBY A3BY A3B? A3B3

CH = AFBY = (1.18)

It is clear that the outer product is equivalent to a matrix multiplication of AT and B
(if A and B are row vectors, as above). The outer product allows us to form higher-rank
tensors out of lower rank ones.

Contraction

Suppose that a particular index appears in a tensor object as both a contravariant and
covariant index. Then, a contraction or summation is implied over said index:

AMPB, 2 N AW, = AWPR, = C (1.19)
p

The second equality follows from what is known as the Einstein summation convention;
any repeated index contains an implied sum, and we do not have to write out the summa-
tion notation at the start of our expression. It is clear that contraction decreases the rank
of the original tensor by two; the left hand side was a rank-4 tensor, while the right-hand
side is a tensor of rank-2.

From (1.11) and (1.12), it is clear that g,, can be used to lower indices tensors under
contraction, while g can be used to raise the indices of tensors under contraction:

AP =AD" AL, = A7 (1.20)

This is a very useful algebraic manipulation, as it allows us to do away with, or generate,
metric tensors in our expressions when required.

Differentiation

We notate the partial derivatives on this space by

0 0
- Y
O = Oxh’ 0" = oz,

= ¢"d, (1.21)

Such derivatives follow the normal rules of differentiation (commutativity, product rule).
In particular, we shall note here the following identities:

o’ = 5Z (1.22)
Ouy = Guv (1.23)
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1.1.3 Tensors in R*

We now adopt the basis b = {eg, e1, ez, e3}, such that we are working in R*. In Special
Relativity, we are generally concerned with rank-2 tensors and below, and so we shall now
examine the form and transformations of these different ranks of tensor.

Rank-2 Tensors

For the purposes of this text, we shall usually only consider tensors that are either fully
contravariant or covariant, so either A*” or A . Explicitly, the tensor takes the form

Ago | Ao1 Aoz Aops

Ao | Ain A Ais
A, = 1.24
W= A | An Am A (1.24)

Azp | Az1 Azx Ass

The entry in the upper left-hand corner is the time-time component, and the entries Ag;
and A;o for i = 1,2, 3 are the time-space and spacetime components. The remainder of the
tensor is known as the space-space part. As we shall see later, these areas of the matrix
have particular physical significance.

As anticipated by (1.1), rank-2 tensors transform with two applications of our transforma-
tion matrix A
A"=ATAN  «— A7 = AP N7 AP (1.25)

where the prime is the conventional notation used to refer to the new frame/set of coordi-
nates.

Rank-1 Tensors

Rank-1 tensors in R* are most commonly referred to as four-vectors, as they feature four
components, and can often be represented as a row/column vector:

AL = (Ao, A1, Az, A3) (1.26)

The entry Ag is known as the time component, while those corresponding to A; for
1 = 1,2,3 are the spatial components. The reason behind this nomenclature shall soon
become evident. Generally, the indices ¢ and j shall be reserved to refer only to spatial
components of tensors.

Four-vectors transform differently depending on whether they are in contravariant or co-
variant form. Explicitly, we have that

Contravariant : A" = A A (1.27)
Covariant : A, = (A1) 1A, (1.28)

Rank-0 Tensors

Rank-0 tensors are simply scalar quantities, meaning that they have no free index. In other
words, all indices are summed over. We can create such scalar quantities by contracting
over indices:

A*A, or AMA,, (1.29)

Having no free index, it is clear from (1.1) that scalars of this form are invariant under the
change of basis. We shall show this explicitly when we deal with the Lorentz group in the
next section.
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1.2 Minkowski Space

Special Relativity is the consideration of motion in flat spacetime, corresponding to a
constant geometry throughout the space. As such, we adopt the Minkowski metric given
by

-1 0 0 0
0 1 00

Guv = Ny = 0 01 0 (130)
0 0 0 1

This metric shall be assumed throughout the remainder of this text. The sign convention
N = diag(+, —, —, —) can also be used; all this does is change the sign of components in
certain calculations but, thankfully, leaves the physics unchanged. This alternative sign
convention is most often used in Subatomic Physics, but is less useful for Special Relativity,
General Relativity, and Cosmology.

1.2.1 The Lorentz Group

Our differential line element within Minkowski space is then given by
ds® = nydatds” = —c*dt* + dx* (1.31)

This is often referred to as the interval. Now, suppose that we want to find some non-
singular transformation dz — dz’ such that the interval remains invariant. What form do
said transformations take? Consider the transformed interval:

o2’ 0r'
oxt Oxv

ds'? = 1,,dz'Pdz'"" = 1,y dxtdx” (1.32)

For it to be the case that ds’? = ds? for arbitrary da*, then the condition

ox'P 0x'°
Nuv = Mpo Ok 81‘7'/ (133)
must be satisfied. Differentiation with respect to an arbitrary coordinate z* gives
ox'P 027 ox'P  0x'
0= 1.34
oo Dah LN Dz + 7o Ozt dzvdx) (1.34)

To solve for second derivatives, we add to this the same equation with u and A interchanged,
and subtract the same with A\ and v interchanged (this is a common trick with these sort
of manipulations):

ox'? 02’ 02'P 029 ox'? 027 (s e
= po o b e TS
dzrdx> dxv ' BTk Oxvdr> | Oxroxt Oz | Oz DxV It~
/p 8(13/0 ax/p ) /o

- Oxrdxv O~ -OTF Ox 0

Using the fact that the metric is symmetric, this can be written as

0

(1.35)

oz'? 0x'° oz'P
. N S 1.
0 =1 OzHox> Ozv 0 OxHox* (1.36)

where the second expression follows from the fact that both 7,, and 027 /0z” are non-
singular matrices. The solution to this is clearly some linear function

2P = A 27 + af (1.37)
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where af is constant. (1.33) makes it clear that our transformation A must satisfy

T o Ao o oz'P
AnA=n 0o A" =, A= o0 (1.38)

The set of all Lorentz transformations A of the above from is known as the inhomogeneous
Lorentz group, where the homogeneous Lorentz group are those that satisfy the above
with a” = 0. The inverse transformation can be obtained easily from this condition.
Using (1.20), we have that A, A%, = 7,,. Raising p on both sides of this equation gives
A,/"A°, = 8}, From this, it is clear that the inverse transformation is given by

(A7), = A (1.39)

This means that one simply has to change the sign of the components for which only one
of the indices is zero (namely, AOZ- and A’), and take the associated transpose.

The above condition (1.38) has an important consequence that is worth examining here.
Suppose that A” is any contravariant four-vector, and B, is any covariant four-vector.
Then, the scalar A?B, must be a frame invariant quantity - that is, independent of our
choice of coordinates - as:

APBl = APB1,, = AP AFA7, B e = AMB ), = AVB, (1.40)

This can easily be extended to show that any scalar quantity that is created through a
series of contraction operations (regardless of rank) must also be invariant. Invariants
are the saving graces in Relativity, as they allow us to compare the same system in two
different frames, which can be very useful for extracting information about the physics of
the problem.

Proper and Improper Lorentz subgroups
Taking the determinant of the first expression in (1.38) gives

(detA)2 =1 (1.41)
and letting © = v = 0 in the second expression gives

(M%) =1+ (NP >1 (1.42)

where as usual the sum runs over the spatial components ¢ = 1,2, 3. This gives rise to two
subgroups:

e Proper Lorentz transforms - These are the transforms that take the solution A%,
and det A = +1 of the above two equations. It follows that any A", that can be
converted into the identity 6", by a continuous variation of its parameters must be
a proper Lorentz transformation, because it is impossible by a continuous change of
parameters to jump from AOO < —-1to AO0 > +1, or from det A = —1 to det A = +1,
and the identity has A% = +1 and det A = +1

e Improper Lorentz transforms - These involve either a spatial inversion (det A = —1,
A% > 1) or time reversal (det A = —1, A% < —1), or a product of the two, all of
which are known to be non-exact symmetries of nature

It what follows, we will be dealing exclusively with proper, homogeneous Lorentz transfor-
mations, as these behave properly in the infinitesimal transformation limit, reducing to the
identity. This is required physically, as two frames should be equivalent if an identity-like
transformation is made.
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1.2.2 The Lorentz Transformations

Suppose that one observer S sees a particle at rest in its own frame, while another observer
S’ sees it moving a arbitrary velocity v. Then from (1.37), we have

da'™ = A", dz¥ (1.43)
As dx vanishes, this can alternatively be written as
dx' = Ngedt and dt' = A% dt (1.44)
Dividing dx’ by dt’ gives the relative velocity v, such that
cA'y = v; A%, (1.45)

We can obtain another relationship between A%, and A%, by rearranging (1.42)

S 1= 3 () - (A%)? (1.46)

The solution to (1.45) and (1.46) is
AOO = 7, Ai[) = —f, Aoj = —’7,8]‘ (147)

where we have defined the Lorentz factor v as

Y=1-8)7" B== (L48)

The third expression in (1.47) follows by performing the same calculation as above, but for
covariant forms of the differential elements. The other components of A*, are not uniquely
determined, as space-space part may be formed from any arbitrary set of rotations. One
convenient choice that satisfies (1.38) is

i i v—1
Ay =65 +5zﬂj7 (1.49)

It is also easy to see that the components in (1.47) and (1.49) reduce to the identity in the
limit that v — 0, corresponding to the two frames S and S’ being equivalent.

General Form

Putting these components together, it follows that we can write the general Lorentz trans-
formations for some relative velocity v between the two frames as

Y _'Yéx _Zﬁy _Zﬁz
1428 14 o8, 1+ 286,
2 o 2
1+ Jrivﬁy 1+ 11776952

2
L+ 762

(1.50)

where we have made use of the identity (1.88). Let us now introduce the four-displacement
X given by

X = (ct,x) = (ct,zt, 2%, 2°) (1.51)

where ¢ and x are the time and space coordinates of an event in some frame S. It becomes
clear that we can also write the general Lorentz transforms component-wise as

ct' = ~(ct — B - x) (1.52)

x =x+ <—’yct + 75—21ﬂ : X) 8 (1.53)

10
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One-dimensional

Evidently, the one-dimensional form of the transformations is a simple case of the trans-
formations outlined in the previous section. However, we shall be making such extensive
use of this particular case that is worth treating it separately here. Two frames S and S’
are said to be in standard configuration when their relative velocity v is aligned along the
positive e; direction (more commonly known as the x-axis), such that the origin of both
coordinate systems coincide at t = 0. Then, they are related by the Lorentz transformation

Y =By 00

_|=#r v 00
A= 0 0 1 0 (1.54)

0 0 01

or in component form

ct' =7 (ct —vz/c) (1.55)
' =~(z — vt) (1.56)
Y =y (1.57)
2=z (1.58)

Using (1.39), we shall also make an explicit note of the inverse transformation

v By 00

_ B 0 0
A= J g Lo (1.59)

0 0 01

Of course, the forms of (1.54) and (1.59) are reversed in the case that the relative velocity
is aligned along the negative e; direction.

Classical Limit

Let us round off our consideration of the Lorentz transformation by considering its classical
or Newtonian limit. In Special Relativity, taking the classical limit corresponds to letting
¢ — 00. In this limit, we have that v ~ 1, such that the transformations become

t =t (1.60)
¥ =z — ot (1.61)
y' =y (1.62)
2=z (1.63)

which are simply the familiar Galilean transformations. Thus, A is well behaved in both
the unitry and classical limits.

11
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1.3 Time, position and kinematics

Almost all of Special Relativity in encapsulated in the Lorentz transformations (1.52) and
(1.53), as they allow us to relate any frame in Minkowski space (flat spacetime) to any
other. Let us now examine some of the basic consequences of these transformations.

1.3.1 Proper Time

In section 1.2.2, we introduced the displacement four-vector X* that describes the position
of a particle or event in spacetime. The wordline of a particle is the path of said particle in
our four-dimensional space, tracing the history of it’s coordinates at each ingtant in time.
This means that if X* does indeed describe a particle, that we can think of X* as actually
being a function of some parameter 7 that parametrises the motion of the particle along
it’s worldline.

As such, we define the proper time 7 as the time measured by a clock following a worldline.
In other words, it is the time measured by a clock that is in the instantaneous rest frame
of the observer that we are interested in. We then define the proper time by

dr? = —ds* = —n,drtdz” (1.64)

with proper time interval moving along some worldline ¢ being given by

1
T:/dT:/W (1.65)
¢ CJy

The Lorentz transformations were derived in the previous section on the basis that they
leave the interval invariant; as the proper time is related to the interval by a multiplicative
constant, this means that the Lorentz transformations also preserve the proper time.

Time-Dilation

Consider two frames S and S’ in standard configuration with velocity v. Suppose that we
observe a clock at rest in frame S’ from frame S. By proper time invariance, we have that

2
) (1.66)

as above. Re-arranging this expression allows us to obtain the traditional time-dilation
result that

dx

dt

1
— Adr? = —2dr? = —Adt? (1 -
c

dt
g 1.67
=7 (1.67)

where the v factor is the one that is associated with the velocity of the particle in the
reference frame in which the frame time ¢ is calculated.

Now, consider the propagation of a wavefront of light. Then, |dx/dt| in frame S is equal
to the speed of light, such that

2

) =0 (1.68)

This means that the propagation of light is described by the statement that dr = 0.
Performing a Lorentz transformation to frame S’ does not change dr by definition, meaning
that d7'? = 0, and therefore that |dx’/dt| = c. That is, the speed of light is constant across
all frames of reference. We have thus obtained one of Einstein’s postulates of Special
Relativity from our considerations of interval invariance.

dx

— Adr? = —2dt? (1 — i
dt

c2

12
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Timelike and Spacelike Vectors

From (1.40), it is clear that quantities of the form A - B = n,, A*BY = A*B,, are Lorentz
invariant. For a specific vector of the form

A= (A% Al A% A3) (1.69)

we have that
AFA, = —(A%)? + (A1) + (A%)? + (A°)? (1.70)

Depending on this sign of this invariant, we can classify a four-vector into three different
types:

1. Timelike (A*A, < 0) - A timelike vector connects two events that are causally con-
nected. The timelike vector can be considered to define a four-velocity direction of
an observer, and thus a time axis of said observer

2. Spacelike (A*A, > 0) - A spacelike vector connects two events that are causally
disconnected, meaning that it can be thought of as defining a spatial direction of an
observer

3. Null (A*A, = 0) - Null vectors can be seen as a vector type that separates the
timelike and spacelike vectors. More specifically, null vectors represent quantities
that are associated with the propagation of light (dr = 0)

These definitions may seem a little abstract to begin with, but shall become more clear
when we cover spacetime diagrams in the next section. From these definitions, we can
deduce some properties of these different types of vectors:

o For any timelike vector, there exists a frame in which its spatial part is zero - Without
loss of generality, we can choose our coordinate system such that

A= (A% AL 0,0) (1.71)

We want to show that
A" = A A* = (A”0,0,0) (1.72)

is possible for a timelike vector under a Lorentz transformation oriented along e;.
We must then have that

Al
AY = pyA’ 4 4A =0 — pB= - (1.73)
Thus, a Lorentz transformation with the above velocity will cause the spatial part
to be zero. This is only possible for A'/A? < 0, meaning that we require the vector

to be timelike

o Any vector orthogonal to a timelike vector must be spacelike - Consider the two four-
vectors

A= (A% A 0,0), B=(B° B 0,0 (1.74)

If these two vectors are to be orthogonal (or in other words, their product is null), it

must be the case that
A*B, = -A'B°+ A'B' =0 (1.75)

If A" is timelike, it must be the case that A° > A'. From the above, this implies
that BY < B!, meaning that B* must be spacelike

13



Toby Adkins B2

o Any vector orthogonal to a null vector is null, or spacelike - Consider the two four-
vectors

A= (A° A°0,0), B= (B’ B 0,0 (1.76)
where A* is clearly null. Then
AFB, = —A'B° + A°B' = -A°(-B° + BY) =0 (1.77)

meaning that B# is also null. This will not be the case if B¥* has components in e
and es, meaning that it will then be spacelike

1.3.2 Spacetime Diagrams

A useful analytical tool in Special Relativity is that of a spacetime diagram. In essence,
they are a graph of spacetime, in which we can represent events, and the worldlines of
particles. In two dimensions, the time part is typically represented on the vertical axis,
with the spatial part represented on the horizontal axis, as in figure 1.1 (a). From the axes,
it is clear that the propagation of light should be represented with a straight line with a
gradient of unity.

A ct

ct ot 4

Worldline

" Light cone

[
. 4
Py

(a) (b)

Figure 1.1: (a) An example spacetime diagram showing an event, with associated worldline
and light cone (b) A spacetime diagram showing an event as viewed from two frames S
and S’

We can consider any event to correspond to a particular point on a worldline. With each
event, we associate a light cone, which essentially represents the propagation of light out-
wards from this event. Events can only effect other events that occur within their light
cone, as the information about this event can only propagate outwards at the speed of light.
This is the reason for the causality associated with the definitions of timelike, null, and
spacelike vectors; it is clear that these lie inside, on, and outside the lightcone respectively.

We can also represent multiple frames on the single diagram. For example, figure 1.1 (b)
shows an event in S, and another frames S’ that is moving with a positive velocity with
respect to S. We have included lines describing the locus of events that occur at the same
time (simultaneous) or same position (coincident) in both frames.

14
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1.3.3 Position and Velocity

We have already introduced the four displacement X that we use to represent the spacetime
coordinates of a particular event, or describe an particle’s worldline. This clearly has
invariant

U,LVX“XV = _0272 (178)

We then define the four-velocity of a particle as the time rate of change X*, such that
the ratio of dX to some small time interval is Lorentz invariant. The natural definition to
adopt is

X
Cdr

where we have used the chain rule and (1.67). Note that v = ~, is the Lorentz factor
corresponding to the velocity of the particle in the frame in which it is measured. How can
we simply write down the invariant as —c?? As invariant quantities are, well, invariant, we
can evaluate the invariant in any frame that we choose. Thus, we can evaluate it in the
frame where u = 0, such that v =1 and U = (¢, 0), which clearly gives the desired result.

U =7(c,u), nUUY = —c? (1.79)

Transformation of Velocities

Consider two frames S and S’ in standard configuration. From equations (1.55) and (1.56),
we have that

t' =yt —vx/c?) = (1 — ugv/c?) (1.80)
7' =y (x — vt) = Yt (uy — v) (1.81)
y =y (1.82)

where we have used the fact that = u,t in frame S. Then, we clearly have that

dx’ Uy — 0 dy’ u

dt' 1 —wuzv/ec dt’ (1 —uyv/c?)
We can perform a similar calculation for v orientated along ez and es, meaning that these
transformations can be generalised to give

ll”—V

T l-u-v/e

uy
(1l —u-v/e?)

where the parallel and perpendicular directions are defined with respect to the transfor-
mation velocity v between the two frames.

uh u, = (1.84)

Now, consider the case where we have two particles that have velocities u and v in frame
S. Their four-velocities and associated invariant are

U=r(c,u, V=9(cv), n,UV = Vu%(—c2 +u-v) (1.85)

Now, move to a frame where the first particle has zero velocity, and meaning that the
second moves at the relative velocity w = v — u. In this frame, their four-velocities and
associated invariant are

U=(c0), V=ny(c,w), nﬂyU/“V/” = —’7w62 (1.86)

Equating invariants gives us a relationship between the Lorentz factors of the individual
particles, and that corresponding to their relative velocity:

Yw :r)/u’)/v(l —11-V/C2) (187)

this expression holds true for any three velocities u, v and w.
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Identities Involving ~

The Lorentz factor v crops up repeatedly in our consideration of Special Relativity, and
so it is worth noting some identities involving this quantity, as follows.

y-1_ 7
dy v
d 3
v =7 (1.90)

In these identities, v = (1 — v?/c?)~1/2. These are all easily derived by either simple
algebraic manipulation. Note also
dt dt’
E:’y’ E:%)(l_u'v/CQ)v ’Yw:7u7v(1_u'v/c2)
from previous sections. These have been included here such that the main identities in-
volving « are all in one place for reference.

1.3.4 Wave Motion

To finish off our consideration of kinematics in Special Relativity, let us now consider
waves. A general wave motion can be described by an expression of the form

a = age!(kx—w1) (1.91)

where ag is some constant amplitude, k is the wave-vector, and w the associated fre-
quency. We now need to ask ourselves what is invariant about this sort of motion? The
amplitude of the oscillation is clearly not Lorentz invariant, as this is defined in terms of
a length, which may change under Lorentz transformation. However, all observers must
agree on events where the displacement is maximal. From this, it follows that the ’wave-
crest’ locations of the oscillation are Lorentz invariant, and so more generally the phase
¢ = k-x—wt, as all frames will agree on how far through the oscillation cycle the motion is.

We can thus define the wave four-vector K by

11
K= (w/c,k), nuK'K =w? (U2 - C2> (1.92)
p

where we have introduced the phase velocity v, = w/k. When v, < ¢, the wave four-vector
is spacelike, and when v, > ¢, the wave four-vector is timelike. It is null for v, = ¢, and this
further shows that a wave of any kind whose phase velocity is ¢ in some reference frame
will have that same velocity in all reference frames. The speed of light is again constant!

We can also relate K to our scalar phase ¢:

b= KXY =k -x—wt, K=l (1.93)

The last identity follows from applying a contravariant partial derivative to both sides of
this equation:
oMo = OHK"X, = K¥(9"X,) = KY§#, = KH (1.94)
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Four-gradient

As an aside, we can now ask the interesting question as to the form that the operator 9,
has to be in order for the last two identities in (1.92) to be consistent. We know that

oMp=n"0,(k-x —wt) = K= (w/c, k) (1.95)
Writing this in explicit component form, we must have that

709 (k - x — wt) = "9 (k - x —wt) =K® =w/c (1.96)
"9 (k - x — wt) = n'0;(k - x — wt) = K = & (1.97)

where we are again using ¢ = 1,2,3 to refer to the spatial components of a four-vector,
and have used the fact that 7, is zero for non-diagonal components. A sensible solution

to these equations is
0, = L V (1.98)
a cot’ '

This is in fact the definition of the four-gradient, which satisfies all the normal tensor
rules of differentiation. It is clear that this is simply the normal gradient operator for the
spatial components, and a normalised time derivative for the timelike component. It you
are getting confused with minus signs in (1.95), remember that the action of the metric
on d, is to raise the index, which is equivalent to introducing a minus sign in the timelike
component.

The Doppler Effect

Let us now return to wave motion. Suppose that a wave source in frame S’ emits a plane
wave with angular velocity wg. Let w be the observed frequency in frame S. Then:

In S K = (wo/c,ko), U =(c,0) (1.99)
InS: K= (w/e,k), U=~(c,v) (1.100)

Equating invariants, we have that
NuwK*U" =0, KFUY = —wp = y(—w + k- v) (1.101)

Taking the observed phase velocity to be that of light v, = w/k = ¢, we arrive at the
formula for the relativistic Doppler effect

“ - ! (1.102)
w0~ A1 = (o)) c030) '

Let us consider some special cases of this formula:

e O = 0,7 - This corresponds to the source moving directly towards or away from the

observer respectively
1+
w_ 1 (1.103)
wo 155

It is clear that this equation will reduce to the normal Doppler effect formula in the
non-relativistic limit where § <« 1
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e § = w/2 - This corresponds to the source moving across the line of sight of the
observer. In this case, the formula reduces to a very simple form

w_1 (1.104)

This can be interpreted as an example of time dilation; the process of oscillation in
the source is slowed down by a factor v

A rapidly rotating star is modelled approzimately as a sphere of radius R rotating at an
angular frequency Q0 about the z axis in some inertial frame S. An observer is far away
in the y direction, at rest relative to the centre of the star. Consider the material on the
surface of the star in frame S that emits radiation at an angular frequency wg. Find an
expression for the observed angular frequency w in terms of R, ), and spatial coordinates.

We want to consider material moving with velocity

d
vV=x= a(Rsinecos@Rsin@sinqﬁ,RcosQ) (1.105)

where 0 and ¢ are defined as normal for polar coordinates. Let us assume that the material
of the star remains planar (disk like), such that § = 7/2 = constant during the rotation.
Observing that ¢ = Qt, it follows that

v = (—yQ,2Q,0) (1.106)

As the observer is a long way away from the source along e,, we can approximate that
the light is propagating purely along e, when it reaches the observer, such that k = ke,.
Now, considering (1.101), we have that k-v = Q. The velocity of the moving surface area
element is pQ2, where p = R? — 2?2 is the cylindrical radius. This means that the Lorentz
factor becomes

y=(1=0?/E)T = (1= (p)? /)T = (1= (9 (R? = %))~/ (1.107)
This means that we obtain the final expression of

w I (PR )

wo 1-Q

(1.108)

It is clear that the star will not emit a uniform frequency across its entire surface; for
material moving towards the observer w > wg, that moving away from the observer w < wy,
and w v wyg for that along = = 0.

Aberration

The change in direction of travel of waves when the same wave is viewed in two different
inertial frames is known as aberration. In Special Relativity, this just corresponds to the
change in direction of a four-vector under a Lorentz transformation.

Suppose that the source emits radiation at an angle of 6y with respect to e, in frame S,
such that ko = ko(cos 6, siny,0). Writing k = k(cos,sin6,0) in frame S, we can find a
relationship between the angles using the fact that K = A=K/, yielding:

@ _ (@
o= ( . + Bko 00890> (1.109)
k:cosézv<ﬁw0+k0coseo> (1.110)
c
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Taking the ratio of these two expressions, and using the dispersion relation for light w = ck,
it follows that

B + cos by

_ 1.111
1+ Bcosby ( )

cosf =

This leads to what is often known as the headlight effect; we see that as f — oo, § — 0.
This means that the emitted radiation becomes concentrated into a small angular spread
around the direction of motion of the emitter. For example, suppose that 6y = 7/2. Then
0 = cos™! 3, which clearly describes a cone of apex half-angle 6.

F

Axis of motion D-@():W/2 Axis of motion
_______________ N e

Source Source

(a) (b)

Figure 1.2: The headlight effect (a) The emission of radiation in the rest frame of the
source (b) The emission of radiation in the frame of the observer

How does the associated power or intensity transform? For this, we need to consider how
the solid angle transforms between both frames.

0 : 2
ag §1n9d9 _ d(cosf) _(w (1.112)
dQy  sinfpdfy  d(cosby) wo
where we have made use of the fact that
cosf — (8
0= — 1.11
costo 1— Bcosb ( 3)
Then, if we assume that the area of the wave-front is Lorentz invariant, then the intensity
is given by
I w)’ dP w )’
I _(w o _ (v 1.114
Ig <w(] > — dPg <<,U0> ( )
Using (1.112), we arrive at the final result that
dP [ w\"'dP
— = —] == 1.115
df) <w0> on ( )

There is thus a very strong dependence of the power per unit solid angle on the intensity.
In cases where the particle is highly relativistic, this means that the brightness along the
direction of motion can be massively magnified, such as in relativistic galactic jets.
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1.4 Symmetry

A symmetry of a system is a physical or mathematical feature of the system that is pre-
served or remains changed under some transformation. This transformation may be con-
tinuous (such a rotation) or discrete (such a reflection). Symmetries are very important in
all branches of physics, as many symmetries gives rise to a cyclic coordinate, and a cor-
responding conserved quantity. Unfortunately, there is not enough time to properly cover
the concept of symmetry, and so we will instead choose to concentrate on a particular
symmetry transformation, that of parity inversion.

A parity inversion P is a transformation involving the reversing of the sign of one spatial
coordinate. In three dimensions, it describes a simultaneous switch of all the coordinates
(a point inversion):

P:x— —Xx (1.116)

We can classify vectors based on the way that they transform under a parity inversion:

e Polar - These reverse their sign under parity inversion. Examples include position x,
velocity v, electric field E, electric current density j and the Del operator V

e Axial - These do not reverse their sign under parity inversion, and are often associated
with cross-product type quantities. Examples include the magnetic field B, angular
momentum J, and magnetic dipole moment m

In most situations, we expect physical theories to be unchanged under parity inversions
as, after all, a parity transformation simply corresponds to a change in coordinates. A
particularly important example of this that of classical electromagnetismi, as encapsulated
in Maxwell’s equations, and the Lorentz force equation.

vE="
€0
V-B=0
0B
VxE=-"2= 1.117
X 5 ( )
) OE
V x B = poj + poco—-

ot
f=¢(E+vxB)

For this system of equations, a parity transformation corresponds to E — —E, V — —V,
j——-j,v— —v,f— —f and B — B. It is clear that the above equations are the same
when this transformation is applied. We thus conclude that classical electromagnetism
is invariant under parity transformation. This constrains any electromagnetic formalism
developed in Special Relativity to obey the same parity invariance, as it must reduce to
(1.117). This should be kept in mind when examining the material of chapter 3.
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2. Dynamics

In this chapter, we continue our consideration of relativity in Minkowski Space to include
motion under the action of forces, including:

e Energy and Momentum
e Acceleration and Forces
e Angular Momentum

It’s a common misconception that Special Relativity cannot handle accelerating objects, or
non-inertial reference frames, as it is often understood to only apply to inertial reference
frames. This is not true; Special Relativity treats accelerating frames differently from
inertial frames, and accelerating objects can actually be dealt with without the use of
non-interial frames. We shall thus consider situations in which forces, and the exchange of
momentum, is involved.
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2.1 Energy and Momentum

Let us begin our consideration of dynamics with a treatment of momentum and energy in
Special Relativity, as from there we can move to understanding how this changes under
the action of forces. Students may already be familiar with much of the material from the
following two sections, as this is generally the material that is covered in an introductory
course on Special Relativity.

2.1.1 Four-momentum

By analogy to classical physics, the four-momentum should be related to the velocity of a
particle through an expression of the form

P =mU = (yyme, yymu) (2.1)

As this multiplicative constant must be Lorentz invariant, we choose m to represent the
rest mass of the particle concerned. Using the familiar expressions for relativistic energy
and momentum of

E =~mc*, p=~mu (2.2)

it is clear that our expression for four-momentum is

P=mU=(E/c,p), nuP'P"= —m2c? (2.3)

We have derived the invariant quantity - as usual - by considering the four-momentum in
the rest frame of the particle.

2.1.2 The zero-component lemma

Consider some general four-vector A = (A° A', A%, A3). Suppose that A' = 0 in all frames.
Then, if there are frames in which A% or A® are non-zero, then we can perform a rotation
of our coordinate system to make A! non-zero, contrary to the original claim. This means
that we are forced to conclude that A' = A2 = A3 = 0. If there is a frame in which A° is
non-zero, then we can apply a Lorentz transformation A to A in order to force A! to be
non-zero, which is again contrary to the original claim.

This argument can be repeated for each component of the four-vector, meaning that we
have proved the zero-component lemma, which states that:

If a four-vector has a component which is zero in all frames, then the
entire four-vector is zero.

For four-momentum, we can define the quantity
AP = Pfinal — Pinitial (2.4)

where ’final’ and ’initial’ are defined with respect to some spacetime event, and the four-
momentum are of the total system. Suppose that we have an isolated system. Then,
by definition, energy must be conserved in all frames, meaning that (AP)? = 0. By the
zero-component lemma, this implies that (AP)? = 0 for 4 = 1,2, 3; that is, the momentum
is also conserved. This means that energy conservation implies momentum conservation
(and vice-versa), and we can conclude that the total four-momentum of an isolated system
is independent of time (conserved). In particular, it is not changed by internal interactions
among parts of the system.
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2.1.3 Centre of Momentum Frame

A particularly useful frame when dealing with processes involving the exchange of energy
and momentum is the centre of momentum frame (CM), which many readers will have
already encountered in Classical Mechanics, if not in Special Relativity.

By definition, the CM frame is the frame in which P! = 0 for ¢ = 1,2,3. This means that
in the CM frame, the total energy of the system is simply the sum of the rest mass energies
of the constituents. The CM frame has a few useful properties, which we shall now state
and prove.

e The velocity of the CM frame relative to the laboratory frame is

2
PtotC
Etot

vem = (2.5)

where piot and Fiot are the total momentum and energy in the laboratory frame.
Without loss of generality, align pyo, along e, in the laboratory frame. Applying a
Lorentz transformation to the four-momentum in the lab frame, we have that

Prote = V(= Eiotv/ + Proty)s  Dhoty = Protz = 0 (2.6)

If the new frame is to be the CM frame, then it is clear that the transformation
velocity v is that given by (2.5)

e If an incoming particle of momentum p strikes a stationary particle of mass M, then
the momentum of either particle in the CM frame is given by

Mc?
Ecwm

p'| = p| (2.7)

As the particle of mass M is stationary in the lab frame, it has a speed |vcum| in the
CM frame. This means that
M|p|c? Mec?

/
Pyl = YM|veum| = = p
P | | B pPe ECM| |

which completes the proof

(2.8)

Note that individual massless particles do not have a CM frame, given that no frame exists
in which their momentum is zero. This can actually be used as a powerful tool to argue
as to why certain atomic processes are forbidden. For example, an isolated photon cannot
transform into an electron-positron pair in free space, as the final state has a well-defined
CM frame, while the initial state does not. Similarly, an isolated photon cannot decay into
a pair of photos with differing directions of propagation by the same argument.

2.1.4 Particle Processes

Armed with the conservation of four-momentum, we can tackle problems with systems
involving multiple particles, such as creation, annihilation and scattering processes. For
massless particles, we can make use of (1.111) in order to find the way that angles transform
when moving between frames.
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Particle Formation

Let us consider the case where a single particle of mass m, and momentum p collides with
a stationary particle of mass M. The four-momentum in the lab frame is

P= (f + M, p> (2.9)

while the four-momentum in the CM frame is given by
E
Pon = (CM,O) (2.10)
c

FEcw is the energy that is available in the centre of momentum for particle creation, such
that Eom = ), m;ic® for a series of particles m;. Now, equate the invariants of both
frames:

P-P=Pou-Pon — E?+ M2+ 2MEE — p*c® = B2y, (2.11)

Recognising that B2 — p?c? = m2c?, this equation can be re-arranged to give

(Zim)® —m? = M2

Ey =
th M

(2.12)

FEip is the threshold energy that the incoming particle must have in order to produce a set
of particles ), m;.

In-flight Decay

Suppose that we have a massive particle with associated four-momentum P = (E/c, p)
that decays into two products of four-momenta

E E
P = (;7P1> , Po= (627132) (2.13)

where all quantities are associated with the lab frame. By the conservation and invariance
of four-momentum, we have that

2
P.P=(P +Py)? — M2:m%—|—m%—c—2P1-P2 (2.14)

Evaluating P; - P2, we arrive at the expression

2
M? =m?}+m3 + cj(ElEg — |p1||p2|c? cos 6) (2.15)

where 6 is the angle between the decay products in the lab frame. Given information about
p1 and p2, one can use invariants to find E; and E9, and thus the mass M of the original
particle.

However, suppose that we know the energy E and mass M of the original particle. Then,
we can actually find the energies E1 and FEs of the decay products. The CM frame is
simply the instantaneous rest frame of the original particle, meaning that the relevant
four-momenta are

E; E!
P = (Me0), = (Fhpt ), Ph=(2ipy) .10
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Let p be the momentum of either decay product in the CM frame, such that p = |p| =
|p1| = |p2|. By the conservation of energy in the CM, we have that

M =E| +E)= \/m§c4 + p2c2 + \/m§c4 + p2c? (2.17)
Moving one of the square roots to one side of the equation, squaring both sides, and using
the definition of either Ej or E) allows us to obtain
El — M2+m%_m302
! 2M ’
Plugging the first of these back into E1° = \/m?c* + p2c? and re-arranging allows us to
obtain the momentum in the CM frame of the decay products as

2 2 2
M My T M 2

E, =
2 oM

(2.18)

1/2
p ((m2 +m2 — M2)? — am2m3)"/ (2.19)

_ ¢
oM

The velocity of the CM is simply the velocity of the original particle, such that v = E/Mc?.
Given this, we can perform an inverse Lorentz transform to find the energies Fy and E5 in
the lab frame.

A neutral kaon K° moving at velocity Byo in the lab frame decays into two pions m+ and
7~ with proper decay times t. and t_ respectively. If the ©" is emitted at an angle 0 to
the direction of motion of the K in the lab frame, find the angle at which the pions decay
simultaneously. Find the lab distance between the decays for this value of 0.

As the decay products have equal mass, the conservation of momentum requires that they
have equal velocities in the instantaneous rest frame of the KY meaning that they have
the same Lorentz factor 7, in this frame. In the K% frame, the decay times are thus vt
and v,t_ (time dilated). Consider the decay events in the K frame:

CYrly cynt_
i | YaBrty cosO ;| —Brt_cosb
X1 B 7W6Wt+ sin ’ X2 - —”yﬂ—ﬁﬂt_ sin 0 (220)
0 0

Transforming back to the lab frame yields

t1 = Yo (Yrt+ + YaBrBrot+ cosh) (2.21)
ta = Yo (Yrt— — YrBrBrot— cosb) (2.22)

such that
t1 —to = Ygovx [(t4 —t—) + Brofr(t4 +t_) cosb)] (2.23)

The decays are observed simultaneously in the lab frame for ¢; = ¢, meaning that the
angle we are looking for is given by

cosf = —(t =) (2.24)
BrolBr(ts +t-)
The distance d between the two decays in the lab frame can be found using invariants. In
the lab frame, the time component of X = X; — Xy is zero, meaning that its associated
invariant is simply the required distance. Defining X' = X| — X}, and equating invariants
gives
=X X=X X =72 [ty —t_)*+ B2(ty +t_)?] (2.25)

where we have made use of the expression for cos as above.
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Compton Scattering

Compton scattering is the inelastic scattering of a photon by a charged particle, usually an
electron (which is the case we shall now treat). This results in an angle dependent decrease
in the energy of the photon. Let the photon have initial energy F, and final energy E’ when
scattering off a stationary electron of mass m. at an angle 8. The relevant four-momenta

are
!

E E
P, = ;(1, 1,0), Pe=mec(1,0,0), P, = 7(1,cos9,sin9), P, (2.26)

We have neglected to specify the form of P/ as we are not interested in this quantity. The
conservation of four-momentum gives us that

Py+P.=P +P. — P,-P,=(P,+P,—P) (2.27)

We have chosen to isolate P, as this allows us to simply get rid of is using the invariant
P, . P, = —m2c?. Evaluating the right-hand side of this expression using the fact that
photon four-momenta are null gives the final energy of the photon as

, Emec?

B = 2.2
mec® + E(1 — cos6) (2:28)

This is usually expressed in terms of wavelengths A and X of the initial and final states of
the photon:

N =X+ Aco(l —cosh), A= h (2.29)

MeC

The quantity A¢ is known as the Compton wavelength. Note that if the photon is of low,
but sufficient, energy, it can eject an electron from the atom on which it is incident, instead
of undergoing Compton scattering. This is why the intensity spectrum (in A) will feature
two peaks; one around ), and another at the wavelength corresponding to nearly free
electrons in the atom.

Inverse Compton scattering is the process whereby a photon scatters off a moving particle,
allowing it to actually gain energy. Of course, this is simply normal Compton scattering,
but viewed from a different frame. From (2.27), we have that

P, P, =P (P, —P) (2.30)

for some new P., where we have once again used the null condition for the photons. This
result is quite general, but for the sake of an example, consider the case of a head-on
collision. Then

E £
Py=—(1,1,0), Pe=qme(c?, —u/c,0), P, =-"(1,-1,0), P (2.31)
such that )
ec(1
B - ymec*(1 4+ u/c) (2.32)

2 4+ ymec?(1 —u/c)/Er

For ultra-relativistic electrons, we have that u/c ~ 1, meaning that we can write (1+u/c) ~
2, and (1 —u/c) ~ 1/272, so
E| ~ e
14+ mec?/4vEy
Inverse Compton scattering of this kind is dominant in astrophysical processes, as it is
very rare to find stationary electrons. An example of such a process is the interaction of
photons with electrons in the ultra-relativistic jets of active galactic nuclei.

(2.33)
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2.2 Acceleration and Forces

In previous sections, we have introduced both the four-velocity U and the four-momentum
P. The natural continuation is to consider the rate of change of these quantities, namely
the four-acceleration U and four-force F respectively.

2.2.1 Acceleration

The four-acceleration is defined as one would expect, except that the relationship to the
three-vector acceleration a is somewhat more complicated:

L dU AU (dy dy
U_dT_’ydt_/y(dtC’dtu—'_rya) (2:34)

We now use the identity (1.89) with the chain rule, such that

dy dy du_ su-a

— = — = 2.35
dt  du dt 2 (2.35)
We can then write the four-acceleration as
U=+-2 <u—'an, u—;l'y2u + a) , UWU“U” = a? (2.36)
c c

where ag = |ag| is the proper acceleration, which is the acceleration as measured in the
instantaneous rest frame of the particle. Taking the scalar product with the four-velocity
U, it is clear that U - U= 0; that is, the four-acceleration is orthogonal to the four-velocity.
This also follows from the fact that U is spacelike, while U is timelike, as per the results of
section 1.3.1.

We can also find a relationship between the acceleration a observed in any reference frame
to the proper acceleration ag by equating invariants:

g (u-an? gy u-a o 2l a2 6y oN2/,2 _ 2
7[ <C>7+<627u+a>]—7a +7°(u-a)’/c* = aj (2.37)

Noting the vector identity
(u-a)? = u?a® — (uxa)? (2.38)

it follows that we can write

c2

ag =~° <a2 - (“xa)2> (2.39)

We have chosen to write this expression in this form, as the relationships for the spe-
cial cases of the velocity and acceleration being parallel or perpendicular are immediately
obvious.

2.2.2 Forces

By analogy to Classical physics, one would be tempted to adopt F = mU as the definition
of four-force. However, this includes the implicit assumption that the rest mass of the
system is constant, which is not necessarily the case. We thus adopt the definition

dP 1dE
ar ) <c dat’ ) (2.40)

where F is the total energy and f = dp/dt is the three-force exerted on the system.
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Transformations of Forces

Consider two frames S and S’ in standard configuration, with relative velocity v. The
four-momenta of these two frames are related by

P’ = AP (2.41)

Now, differentiate both sides of this equation with respect to ¢/, the frame time in S’
Noting that F = dP/dr and F = dP’/dr,

AP’ dP 1 1 _dt
A F=A—F 2.42
dt' dt' Yur Yo dl’ (242)

We can obtain an expression for dt/dt’ by letting x = ut in (1.52):

/
ct' = yy(ct —B-x) —> (fl—tt:%(l—u-v/c2) (2.43)

Substituting (2.43) into (2.42), we can write explicitly that

1dE' A 1dE
(c dt’ ’f> Tl —u-v/e) (cdt’f> (244)

Decomposing the force into parallel and perpendicular components £ = f + f; with re-
spect to the relative velocity v between the frames, we arrive at the final transformation
equations:

fi— (v/*)dE/dt B f,
l—u-v/e2 =+ Ay (1-u-v/2)

(2.45)

!/
£ =

Pure Forces

Let us now examine the conditions under which the rest mass energy of the system is
conserved. Consider the invariant U - F:

dE dEy
F=—~2 (2= _f. = -F = 24
U o ( 7 11> Uo - Fo 7 (2.46)
Rest frame quantites
However, Ej is simply the rest mass energy in the rest frame:
A = - 2.4
7 = g me) = — (2.47)

We have been able to ignore the time derivative of v given that we are in the rest frame
of the system, meaning that the Lorentz factor will not change regardless of whether the
frame is accelerating or not. This means that the condition for the rest mass of the system
to be conserved is

Cil—f:f-u «— U-F=0 (2.48)

Forces f that satisfy the above condition are known as pure forces, such as the Lorentz
force. Forces that are not pure forces include the weak and strong forces.

How is the force related to the acceleration, given that it satisfies (2.48)7 Using the
relationship between f and p:

_dp d B dry
f = i a(’ymu) = yma+mu_ (2.49)
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Then, we note that
dE 2 dy 2
o= it Z —f. 2.50
a " w T w " (2:50)
As we are considering a pure force. Note that dvy/dt # 0 in this case, as we are no longer

in the rest frame of the system. Combining (2.49) and (2.50), it follows that

f.
f =~yma+ 721111 (2.51)
c

This can be split into components parallel and perpendicular to the velocity u (rather than
the transformation velocity v as before)

fi=7*may, fL=vmas (2.52)

An important consequence of these equations is that there is a greater inertial resistance to
velocity changes (whether an increase or deacrese) along the direction of motion, compared
to the inertial resistance to picking up a velocity component transverse to the current
motion.

2.2.3 Hyperbolic Motion

Hyperbolic motion is the motion of a particle in Special Relativity when it is subject to
constant proper acceleration. It is so called because the wordline of such a particle traces
a hyperbola in a spacetime diagram, as we shall see. For reference, let us state some
hyperbolic trigonometric identities here:

cosh? p —sinh? p = 1 %(sinh p) = cosh p
tanh? p +sech?p =1 L (tanhp) = sech? p

dp
coth? p —csch?p =1 d%(coth p) = —csch? p
Constant Acceleration

Suppose that the (constant) acceleration is directed in the same direction as the motion of
the particle, such that by (2.39) the proper acceleration is given by

ap = va (2.53)

where a is the acceleration in the inertial frame of the observer. As the other frame being
considered is the instantaneous rest frame of the particle, we have that u = v, such that
a = dv/dt. We can thus write that

.= 4 v) = a v:—aot
/dv7 —/dvdv(’y )—/dt 0o — Vet (2.54)

We now make the substitution that

p = sinh™! <a2t> (2.55)

where t is the time as measured in the inertial frame of the observer. The parameter p is
known as the rapidity. From this definition, it immediately follows that

B =tanhp, -~ =coshp (2.56)
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The former of these is usually taken as the definition of rapidity. We can use this to find
an explicit form for p.

dg dp d 1 dp
P2 tanhp) = ——— 2 2.57
dr  dr dp( anhp) cosh? p dr (257)
However, we also have that
ds _ dB _~ya _ ag
Bl b S b 2.58
dr  dt c 7 (2:58)
Equating (2.57) and (2.58), it is clear that
do_d0 -9 (2.59)
dr ¢ P=" '

Rapidity can thus be thought of as the proper time (in units of ¢/ag) measured from the
event where v = 0.

We can now time the time and position in the observer frame as a function of 7, and hence
the position along the worldline. From the metric 7,,, we have that

aopT Cc aogT

dt =~vydr — t= /dT cosh (T) = sinh (T) (2.60)

where we have used the definition of v as per (2.56). Similarly, we have that

x = /dtv = /dT YU = C/dT sinh (GOTT) = 22 [cosh (aOTT> - 1} (2.61)

From these two equations, it is very clear that the motion of the particle satisfies

(o) = () - =

which is clearly the equation of a hyperbola. This can also conveniently be written as

2
c
X = —(sinh p, cosh p) (2.63)
ao
where the other two coordinates have been suppressed, as they are assumed zero on this
problem. From this expression, it becomes very simple to show that the acceleration is
constant. Differentiating the invariant in (2.36), we have that

d o d o Codus .

— = =20, — = 2.64
dT(CLO) dT(U”U ) Uy dr o UpU 0 (2.64)
Rapidity

Let us take a further look at the concept of rapidity. We begin with a re-statement of all
of the relations involving rapidity that were derived in the previous section.

p =tanh™ g = (ao7)/c

v = coshp

t = (¢/ap) sinh(agT/c)

x = (c?/ap) [cosh(agT/c) — 1]
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Comparison of these equations with the form of (1.54), it is clear that we can also write
the Lorentz transformation as

coshp —sinhp 0 0

| —=sinhp coshp 0 0
A= 0 0 1o (2.69)

0 0 0 1

Seen in this form, the Lorentz transform can be though of as a rotation by an imaginary
angle ip, analogous to rotations in three-dimensional space. This is the special case of a
more general result associated with the group of proper Lorentz transformations, but more
on this in chapter 4.

Consider velocities v, u and w all orientated along the same axis, with associated rapidities
Pv, Pu and py,. Using the definition (2.65), it follows from (1.84) that

tanh p, + tanh p,

= tanh(py + pu 2.
1 + tanh p, tanh p, anh(po + pu) (2:70)

tanh p,, =

This leads us to conclude that rapidities are additive. This corresponds to ip representing
a rotation; performing successive rotations (and thus boosting into other frames) will have
a cumulative effect. This can also be a useful tool to determine the passage of proper time
in different frames.

The Twin Paradoz problem: A travelling twin leaves Earth on board a spaceship undergo-
ing motion at constant proper acceleration ag. After o years of proper time for the twin
in the spaceship, the direction of the rockets are (instantly) reversed so that the spaceship
accelerates towards the Earth for 21y proper years. The rockets are then again reversed to
allow the spaceship to slow and come to rest on Earth after a further 1o years of spaceship
proper time. How much do the two twins ages?

The answer to the question is trivial in the case of the travelling twin; he simply ages
according to the passage of time in the rocket frame, meaning he ages by 47y years. The
inertial observer time ¢t on Earth accumulated during each acceleration phase of the rocket
is given by (2.67):

t =" sinh (“OTO> (2.71)
ag c
As there are four phases of acceleration, the total time measured by the twin on Earth is
4c . agTo
At = — sinh ( ) (2.72)
ag c

Suppose that ag = 9.8 ms~! = 1.03 lightyears (years) 2 and 79 = 5 years. We find that the
travelling twin ages 20 years, while the twin that remains on Earth ages ~ 370 years. Such
is Minkowski spacetime.

Non-constant acceleration

Even in cases where the acceleration is not constant (for which the resultant worldline is
not hyperbolic), rephrasing the relevant problem in terms of rapidity can be a useful route
to a solution. To illustrate this, let us consider an example.

A spaceship emits fuel at a relativistic speed u relative to its instantaneous rest frame. Cal-
culate the speed of the spaceship as measured in an inertial frame that is stationary with
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respect to the initial position of the rocket when a fraction a of its mass remains.

In the instantaneous rest frame, consider momentum and energy conservation when the
spaceship loses a small amount of mass dm. Let the energy of the ejected fuel be E,
with corresponding momentum p,. Writing the new mass of the rocket as (m — dm),
conservation of energy gives

me? = By + yao(m — dm)c? (2.73)

where 74, is the Lorentz factor associated with the small velocity change dv. Similarly,
momentum conservation gives

0 = —py + Yav(m — dm)dv (2.74)
We can solve these two equations by remarking that p, = (u/c?)E,, such that
0 = —mu + ygou(m — dm) + ygymdv (2.75)

where we have ignored the quadratic term dvdm. Now, to first order, v4, ~ 1 for small
velocity changes dv, such that we can write that

(—dm)u = mdv (2.76)

It is now convenient to introduce rapidity into the calculation. We need to calculate the
change of variables in the local inertial frame (for which v was initially zero), namely

s

=sech?g|, =1 2.77

Using this relationship in (2.76), we find that

d
—g—m:dp — p:—gloga (2.78)
cm c
upon integration. Then, using the definition (2.65), we can express the inverse hyperbolic

tangent as
ct+v

C—7

1
p =tanh 1 (v/c) = 3 log (2.79)

which can be equated with (2.78) to give

c—w c/2u
a= < ) (2.80)
c+v

This can then easily be re-arranged to obtain the speed v as a function of a.
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2.3 Angular Momentum

The last dynamical quantity that we will consider is that of angular momentum. This will
also be an opportunity for readers to be introduced to their first explicit tensor quantity
in these notes, ahead of tackling the tensor quantities that are contained in the study of
covariant electromagnetism.

2.3.1 Orbital Angular Momentum

Recall the definition of orbital angular momentum L = x x p, where x and p are the (three)
position and momentum respectively. By analogy, we would expect angular momentum in
Special Relativity to be made out of a cross-product like quantity. As such, we define the
orbital angular momentum tensor as

’]L;w — XHPY _ XVPH ‘ (281)

where X and P are the four position and four momenta of the particle in question. In terms
of components, this is given by

LY =0, LY=-L?=—w'/e=—2'E/c+p'ct, LY =e;Ly (2.82)

We can write (2.81) explicitly as

0 ‘ —-w/c
0 L —L
p z y
L wiel 1. 0 L. (2.83)
L, —Ly 0

In both Special and General Relativity, tensors representing will often take this form, with
the time-time, space-time, and space-space parts of the tensor (separated by the horizontal
and vertical lines) representing different physical quantities. In this case, the space-space
part clearly represents the three-angular momentum, while the space-time/time-space parts
include some ’work-like’ quantity w.

Conservation of Orbital Angular Momentum

Let us consider the rate of change of orbital angular momentum. Differentiating (2.81)
with respect to proper time:
dL
dr

= UFPY — UYPH 4 XHFY — XVFH = XFFY — XVFH (2.84)

where we have made us of the definition of U#* and recalled that P* = mU#. It is thus clear
that the angular momentum tensor is conserved in the absence of any external torques
(F = 0). This is encouraging; we are able to recover classical results from this seemingly
unfamiliar tensor. This sort of exercise is often a useful way of checking whether quantities
that we encounter in Relativity are indeed well behaved.

Motion about a Pivot

(2.81) defines the angular momentum of a single particle. For composite bodies, we define
the total orbital angular momentum by

vo_ v L __ K
L* = ZL(Z.), PH = %:P(i) (2.85)
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where the subscript (i) is a summation index, rather than a spatial component index. By
linearity, the same argument as in (2.84) holds for the total orbital angular momentum,

meaning that
w = Z X(L)E(L) - 0275 Z p(z) (286)
(4) (@)

is constant in time. Defining the position of the centroid (sometimes known as the 'centre
of energy’) as
Xo = 72(’) QhalO (2.87)
2.0 B

it follows quickly from (2.5) that

dxc _ Ptot c?

= VM (288)

This shows that our treatment of composite objects as single entities will well-defined
properties is indeed valid. Now, suppose that we have a pivot located at R. Then:

L(R) =Y [(xf(;) - R“) Py, — (x(”i) - R”) P*(;)} — L"(0) — R'P” + RVPH (2.89)
(i

In the CM frame, the spatial part of P is zero, meaning that the spatial part of L*"(R)
is equal to that of L*(0). That is, the three-angular momentum in the CM frame is
independent of the position of the pivot.

2.3.2 Spin Angular Momentum

In the case of a point particle at R, we can recognise the second term on the right-hand
side of (2.89) as the angular momentum about the origin. Letting R = X, we then define

SH = LM (Xe), LA = XBPY — XUPH - JH = SM 4 LAY (2.90)

where J*¥ is the total angular momentum about the origin, and S*¥ is the spin angular
momentum about the centroid. From this definition, it is clear that S*” is antisymmetric,
and has zero space-time part. Its spatial part contains the components of the spin angular
momentum s.

Pauli-Lubanski Spin four-vector

The Pauli-Lukbanski spin four-vector is defined as

1 1
W, = §€ap/wPUJW - §€apuuPUSW (2.91)
The second expression follows from the fact that €, P7L{Y = 0. Component-wise, this

is written as

E
W = <s ‘P, Cs) . NuwWHFWY = m?c?s3 (2.92)

where sop = |sg| is the three-spin of the particle in its instantaneous rest frame. It is easy
to show that W - P = 0. Using an appropriate Lorentz transformation, it is also possible
to show that So.
S” = SOHa S| = — (293)
Y
where the parallel and perpendicular directions are defined with respect to the particle

velocity. It is clear that as v — ¢, the spin becomes aligned with the particle velocity, such
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that W oc P. However, we still retain the relationship that 7, WHP" = 0, as for v = c,
the four-momentum of the particle must be null. For massive particles, we define the spin
four-vector

S=W/mc= (15 -V, 75) (2.94)
c
In the absence of external torques, this evolves according to

ast_s,0r

- (2.95)

dr c

where the dot indicates differentiation with respect to the proper time 7. Making use of
(2.35), it follows that

. ’73 ’)/3 .
0= (Tvvvs Tv) = S0 =y (296)

such that our evolution equation becomes

st 4%,

We can now find the time evolution of the three-spin s. Letting S* = vs' and U? = v’

ds ~? . .

=3 [(s-V)v—(v-V)s] (2.98)
Now, suppose that the velocity of the particle in question is described by the expression
V(1) = V[l — exp(—2I'7)]*/? for some constant I, such that v — ¢ as 7 — oco. Letting

s =s| + s, and remarking that ~v2e72I'T =1, it is simple to show that
ds)| ds|
— =0, ——=- 2.99
dr dr 1L ( )

meaning that the three-spin evolves with the proper time as
s(T) = 8)(0) +s.(0)e " (2.100)

Thus, we recover explicitly the prediction that as v — ¢, the three-spin becomes aligned
with the velocity of the particle.

Thomas Precession

In the previous section, we stated that the spin four-vector S evolves according to (2.95) in
the absence of external torques. What does this condition actually mean for the three-spin
in the instantaneous rest frame of the particle sg? Dotting (2.95) with S, it follows that

~§:%%(S- ):%%(sg):o (2.101)
where we have made use of the fact that W-P o« W - U = 0. This means that the proper
three-spin is of fixed magnitude sg during its motion. If the direction of motion of a par-
ticle with such a spin is changing with respect to some inertial frame, the sequence of
Lorentz transformations that are required to transform the spin vector into the inertial
frame causes said spin to precess in the inertial frame. The apparent precession of an
accelerated particle that has spin is known as Thomas Precession.

Let 6y be the angle in the instantaneous rest frame of the particle between sy and the
particle’s velocity v. As this is the relative velocity between the particle’s frame, and the
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inertial lab frame, the angle 6 is well-defined in both frames, and they agree on its angle
relative to their respective coordinate axes (as the Lorentz transformation relating them is
along v). Given the relationships in (2.93), we can write the four-spin S in the lab frame
as

S = (’y(v/c)so cos b, yso cos Bpe + sp sin Ooej_) (2.102)

where once again e and e are defined with respect to the velocity direction v. To find
the evolution of 6y, it is convenient to express S in terms of the four-vectors M and N:

M= (yv/c,ve), N=(0,er) (2.103)

such that
S = 50 [Mcos g + N sin 6] (2.104)

Noticing that M is a Lorentz boosted version of (O,e”), and evaluating in an appropriate
frame, it is easy to demonstrate that

M-M=N-N=1, M-M=N-N=0, M-U=N-U=M-N=0 (2.105)

where again the dots indicate differentiation with respect to the proper time. Then, the
time derivative of S is given by

S = sp [Mcosfy + Nsinby + 6 (—Msin 6y + N cos 90)] (2.106)
Substituting this into (2.95), and dotting both sides with N gives
N - M cos g + 6y cos y = 0 (2.107)

Thus, we have that

deo_ dM_ d . ej_'\"
P i A

” (2.108)
Using (1.67), we can write the observed precession in terms of the time measured in the
inertial frame of the lab
dfy e -a
a - T
Now consider the case of circular motion in the lab frame. The velocity in this case changes
direction at a range w. = a/v in the lab frame. This is the rotation of the axis relative to

which 6y was defined, and so the overall rotation observed will be given by

(2.109)

6 dby

a
=0 =—(y-1Y 2.11
= g Tee=—0r=1) (2.110)

Making use of (1.88), we can write this in vector notation as

axv 72

— 2.111
2 1++ ( )

wr = —

This is the typical expression quoted for Thomas Precession. The dependence of the
precession on the acceleration, and the non-collinearity of the acceleration and velocity, is
clear from the above form. Note that despite this dependence on acceleration, no forces
were used or specified in this derivation; the acceleration is already apparent, and the
precession is a purely kinematic effect that arises due to the geometrical considerations of
the Lorentz transformation.
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3. BElectromagnetism

This chapter aims to facilitate a relatively comprehensive study of electromagnetism in the
context of Special Relativity, including

e An Introduction to the Covariant Formulation
e General Solutions to Maxwell’s Equations

e Oscillations and Radiation

e Lagrangian Mechanics

The study of electromagnetism in the context of Special Relativity is probably one of the
most general ways to tackle the subject. The results that we derive in this chapter will
be applicable to all electromagnetic systems that occur in flat, Minkowski spacetime. It
shall be assumed that readers are already familiar with the classical form of Maxwell’s
equations.
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3.1 An Introduction to the Covariant Formulation

The entirety of classical electromagnetism is encapsulated by Maxwell’s equations, which
we shall state here for reference:

vE=" (MI)
€0
V-B=0 (MII)
0B
E=— MIII
V x 5 ( )
V x B = uoj + poco 5 (MIV)

where p and j = pu are the charge and current densities respectively. The immediate
question to ask is as to whether this system of equations holds for all choices of reference
frames? It turns out that Maxwell’s equations are manifestly covariant, meaning that they
self-consistently hold regardless of the choice of reference frame. It shall be our aim to
demonstrate this fact.

3.1.1 Charge Conservation

A good starting point for this consideration is with charge conservation. Consider a volume
V bounded by a closed surface S = dV. In the absence of sources or sinks, the rate of
change of the charge contained inside the volume is opposite and equal to the rate at which
the charge leaves the volume through the bounding surface. Mathematically, this is stated
in the familiar form

8/de:—/ dS-j:—/dVV-j (3.1)
ot Jy v v

where the last expression follows from using the Divergence Theorem. As this equality
must hold true for all possible choices of volumes, the integrands must be equal, allowing
us to write the charge continuity equation

ap

L= 2
8t+v'] 0 (3.2)

Noting the form of (1.98), we introduce the four-current density

J=poU = (pc.j), mud* = _chz (3.3)

where pg is the charge density observed in some local rest frame. Then, it is clear that we

can write (3.2) simply as
"

In other words, that the four-divergence of the four-current is zero. From this, it is imme-
diately obvious that charge conservation will continue to hold regardless of our choice of
reference frame.

A current carrying wire is electrically neutral in its rest frame S. The wire has some cross-
sectional area, A through which a uniform current I follows. Show that in the rest frame

of the current carries, there is a non-zero charge density in the wire. Find the electric field
in S’
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Assuming that all the charge carries have the same charge and drift velocity v, the wire
will remain electrostatically neutral, while it will have a four-current of

J=(0,1/4,0,0) (3.5)

where we have chosen (without loss of generality) to orient the wire along e,. Transforming
to a frame moving at relative velocity v to .S along the axis of the wire, the new four-current

is

V= A= <—$C, Zf,o,o) (3.6)
It is clear that in this frame, there is a non-zero charge density in the wire. This does not
imply that charge is not Lorentz invariant; instead, it means that charge density is not
Lorentz invariant. There are two charge carries in the wire, one positive and the other
negative. The non-zero current means that these charge carries have different velocities,
and so their behaviour under a Lorentz transformation will be different. This will mod-
ify the charge densities of the two carriers differently, leading to the appearance of a charge.

The charge per unit length in frame S’ is

yul

The resultant magnitude of the electric field is then

B N _  povyl _
2meqr 2mr

—uvyB (3.8)

where B = pol/(2nr) is the magnetic field in frame S. An examination of why the
electric field and magnetic field are related in this way shall be undertaken after a better
understanding of the theory has been developed.

3.1.2 Potentials and Gauge

Equation (MII) tells us that the magnetic field B can always be written as the curl of some
vector potential A, namely that we may always define

B=VxA (3.9)
Substituting this into (MIII), we have that

0B 0A 0A

This means that the quantity in brackets can be written as the gradient of some scalar

potential ¢.

A
E = —qu—aa—t (3.11)

Two of Maxwell’s equations (MII) and (MIII) are thus automatically satisfied if we choose
to write our E and B fields in terms of the scalar potential ¢ and the vector potential A:

A
E:—ng—%—t, B=VxA (3.12)
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Gauge Transformations

However, the choice of A is not unique. We can add the gradient of any scalar function
X = X(x,t) to A without changing the magnetic field B, since V x (VX) = 0. Thus, we
are at liberty to make the transformation

A~ A+ VX (3.13)

The electric field E will remain unchanged under the transformation (3.13) if ¢ simultane-
ously transforms as

5%
- = 3.14
b - (314
The combination of the transformations
X

is known as a gauge transformation, and has no effect on the observed dynamics of the
system as the E and B fields will remain unchanged. We are thus free to choose our gauge
in order to make our equations as simple as possible.

Electromagnetic Four-Potential

We can encode both of these potentials into a single four-vector called the electromagnetic
four-potential, defined by

A=(¢/c,A), nuArA” =—¢%/c" + A® (3.16)

It is clear that the gauge transformation (3.15) can be written as
AF = AP+ OFX (3.17)

The fact that we are able to write down this four-potential is particularly significant, as
it guarantees that (MII) and (MIII) are satisfied independently of our choice of frame.
This follows from the fact that we can relate the A in different frames by a simple Lorentz
transformation, meaning that ¢ and A - and consequently E and B - follow suit. What
about the other two of Maxwell’s equations? To investigate this, substitute (3.12) into
(MI) and (MIV), yielding

9 p

— 2 _ . — —
V<o 8tv A « (3.18)

19 10*  _, :
V(V-A)+ 52V — (—626t2+v >A—qu (3.19)

We can write these in the more transparent form of
1 02 9 19 (10
<_025%2+v ) (@/c) + — 5 <cat(<zﬁ/6)+V-A> = —po(pc) (3.20)
1 92 9 10 .

These may not initially seem more transparent than the previous two equations; in fact,
they appear even more complicated! However, looking at the form of (1.98), and recalling
that raising or lowering an index under the Minkowski metric simply changes the sign of
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the zeroth component of a four-vector, it is clear after a bit of staring that (3.20) and
(3.21) can be written as the single equation

DuOPAY — 0" (D,AM) = —ppl” (3.22)

In order to simplify this further, we make the choice of gauge condition that J,A* = 0,
which is known as the Lorenz gauge. A sensible question to ask is to whether we are always
able to make this gauge choice. Suppose that we instead have that J,A* = (, for some
scalar function ¢ = ((x,t). We can then introduce the gauge transformation

O A" = 9,A" + 8,0"X = ¢ + 9,0"X (3.23)

However, we are always able to choose a X satisfying 9,0"X = ( such that §,A* = 0. Thus,
the choice of the Lorenz gauge is always available. This means that (3.22) becomes

DAY = —pigl” (3.24)

This is quite a neat result. As (MII) and (MIII) are automatically satisfied in the definition
of A, and (3.24) explicitly encodes (MI) and (MIV), we have been able to include all of
Maxwell’s equations in a single expression. Further to this, it is now also clear that all of
Maxwell’s equations are Lorentz covariant. Both A and J transform in the same way under
the Lorentz transformation

Al = AP AV, = AR (3.25)

while 9,0" is invariant, meaning that (3.24) must hold true for all choices of inertial frame.

Field of Uniformly Moving Charge

Before developing our theory further, we shall pause to take a look at a an illustrative
system, that of a uniformly moving charge. The four-potential in the rest frame of the
charge is given by

1
7 - (3.26)

4meg 1!

A =(¢'/c,0), ¢ =

where ¢’ is the Coulomb potential of a point charge at the origin of our coordinate system
in S’. Then, the observed four-potential in the lab frame is given by

A=ATA = (v¢'Je, (vv/c*)¢',0,0) (3.27)

Recognising that the radial coordinate in the rest frame of the charge r’ can be related to
the Cartesian coordinates in the lab frame by (1.55) and (1.56):

r = (:13'2 +y? + 2'2)1/2 = (’}/Q(CL‘ —ut)? + 9% + 22)1/2 (3.28)
It follows that the resultant electric field in the lab frame can be written as
— vt
E= 1 (r=vt) - (3.29)
Ameo [y2(z — vt)2? + 32 + 22| /

What does the field look like in the lab frame? For large +, it is clear that the expression
the denominator is dominated by the dependence on z. From this, we can infer that the
field lines becomes stretched along the direction of motion (e;), and bunched along the
directions perpendicular to the motion. This is shown in figure 3.1. The field is thus
no-longer spherically symmetric, and points radially outwards from the projected position
of the charge at r = vt. Information about changes in these field lines can only propagate
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A
Y
A

(a) (b)
Figure 3.1: The field of a point charge (a) At rest (b) In uniform (non-accelerated) motion

outwards from the charge at c¢. Interestingly, we also observe a magnetic field in the lab
frame, despite there being no magnetic field in the rest frame of the charge. This often
why magnetism is often seen simply as a relativistic correction to electric fields. Explicitly,
the magnetic field is given by (3.12)

X
Ameoc® [y2(x — vt)? 4 y2 + 22| /
Let us now make the simplifying assumption that the charge passes through the origin of

the lab frame S at time ¢, such that (ct/,r’) = (c¢t,r) = 0, meaning that we can simply
replace x — vt — x. Then, we can manipulate the denominator:

()2 + 92+ 22 = ()2 + 22+ + 22— 2? =12 + (4% — 1)a? = #* (1 +024%/P) (3.31)

where we have used (1.88) and defined v, = r-v/r as the radial component of the velocity.
Then, the magnetic field can be written as

vq (v xr)
B = .32
dmegc? 13 1+ 0372/02]3/2 (3.32)

In the non-relativistic limit, we can neglect terms in v, /c and let v — 1, such that

vq vXr pole,xr

B - (3.33)

Aregc? 13 4w 13

for I = q|v|, and e, is the unit vector along v. This is the familiar expression for the
magnetic field that we would obtain by using the Biot-Savart law on a point charge.

3.1.3 The Electromagnetic Field Tensor

A consideration of electromagnetic forces - as governed by the Lorentz force equation - has
thus far been absent in this chapter. Let us rectify this by looking at the way that we
incorporate the considerations of forces into our theory.

The Lorentz force equation for a charge moving at velocity u

f=qg(E+uxB) (3.34)
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in this form appears as a pure force. Motivated by this, we shall look for an expression
for the force F that satisfies U - F = 0. If the force were independent of U, then this dot
product can only vanish for all U if F itself was zero. This means that F must depend on

U in some way. Consider
555

where ¢ is the associated charge, and F is a rank-2 tensor called the electromagnetic field
tensor. What are the conditions on F in order for it to satisfy the pure force condition?
Dot through by U on both sides of this equation:

UuF" = gF"U,U, = gF* (UU),, =0 (3.36)

Recognising that (UU),, is a symmetric quantity, the only way for the last equality to hold
for all choices of U is if F*” is antisymmetric in its indices. As this must be in some way
related to the four-potential A, we propose that the electromagnetic field tensor takes the
form

FP = 9'AY — 9" A (3.37)

In terms of components, this is given by
FP =0, F%=-F%=F'/c, FY =¢;;.By (3.38)

where E and B are the electric and magnetic fields. (3.37) can also be written explicitly
as

0 | E/c
0 B —-B
2 z y
¥ “E/c|-B, 0 B, (3.39)
B, -B, 0

It is thus clear that all the information about our fields is encoded in this single tensor.
Comparison of the form of (3.37) with (3.22) leads us to write that

05 = o

(3.40)

By construction, this equation satisfies all the conditions that we previously placed on A.
For example, we can obtain charge conservation immediately from this expression:

0,0, F" = —0,0,F"" = 9,0,F* =0 — 9,J =0 (3.41)

Together, (3.37) and (3.71) are the field equations that encapsulate all of Maxwell’s equa-
tions in a manifestly covariant form. In most cases, this will have been the first field theory
formulation that readers will have encountered.

Show that the Lorentz force equation is the spatial components of (3.35). IfF contains only
constant electric and magnetic fields, then show that the motion is hyperbolic, and find the
magnitude of the proper acceleration in the case that E = (Ey,0,0) and B = 0.

Evaluating the left and right-hand sides of (3.35) explicitly yields:

1dE u-E
-—,f) = —E B 42
7<Cdt,> vq( o Etux > (3.42)
The spatial part of this equation is clearly (3.34). In four-vector form, the above equation
can also be written as

ur = Ly, (3.43)
m
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The rate of change of the proper acceleration is then given by

d d /- - oo
— (aB) = = (0,0") = 20,0¢ (3.44)
However, for constant E and B fields:
. d q q .
u# = — (=F*U, ) = —F*U, 3.45
dr (m ) m ( )
Combining these two equations, it follows that
d 2 e
7 (@) = 215 0,0, =0 (346

as we have a symmetric quantity multiplied by an antisymmetric quantity. Thus, the mag-
nitude of the proper acceleration is constant, meaning that the motion is indeed hyperbolic.
We can find the magnitude of ag by solving the equation of motion (3.43).

Ut = Lpww / dr U, = LFex, (3.47)
m m
Using the forms of the E and B fields in F*”, we can write this as
dX qF (0 1
— == X 3.48
dr  mc <1 0) (3.48)

where we have suppressed all irrelevant zero components. By making a substitution of the
form X = Xpel' ™ - with X, being a constant four-vector - it can be shown that the possible
solutions are

qF

I'=—, Xg=(1,1 3.49
2 Xo=@1) (3.49)
qF

I'=s—"— Xy=(1,-1 .
2 Xo=(1,-1) (3.50)

such that the full solution can be written as
X = L(sinhI'r, coshI'T) (3.51)

Evaluating the invariant, it is clear that the motion satisfies the equation of a hyperbola,
namely that
— (ct)?* + 2% = —L*(sinh® 't — cosh®I'r) = —L? (3.52)

From this solution, we can find U, and thus show that ag = L(¢E /mc)?.

Invariants of F

Before we can calculate the invariant quantities that are associated with our field tensor
F, we first need to introduce the dual electromagnetic field tensor, given by

~ 1
F,u,u = §€/wpUIFpU (353)

This definition might seem quite complicated, but all that it amounts to is that we obtain
an expression similar to the field tensor, except that E and B are reversed in the layout of
the tensor (see (3.39) for clarification). We are thus able to form two invariant quantities
from our field tensor:

1

D = SF“Fy, = —E?/c* 4 B? (3.54)
1 ~
a=_F"F, =E B/c (3.55)

The second of these contains the interesting statement that if the E and B are orthogonal
in one frame, they must be orthogonal in all frames definition.
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Field Transformations
Being a rank-2 tensor, the field tensor transforms according to
F' = AFAT  «— F™ = A" A7 F” (3.56)

By either writing out the matrix product explicitly, or evaluating this in component form,
we can derive transformations that relating the E and B fields in different inertial frames.
For example, consider

]F/01 _ A00A11F01 + A01A10F10 —_ 72(1 _ 62)F01 — IFOl (357)

This means that E; remains unchanged in the transformation. Carrying this out for each
of the components, we obtain the transformation equations

E| - E, (3.58)

B| = B, (3.59)

E, = v(E, +v x B) (3.60)
1

,J_:7<BL_CQVXE> (3.61)

where v is the relative velocity between the frames. The last of these equations is particu-
larly interesting. Consider an interial frame in which there is initially no magnetic field, so
B = 0. Then, in some other frame moving at a relative velocity v, there will be a magnetic
field that is related to the electric field by

B, = cl—Qv x E (3.62)
This gives further evidence for thinking about magnetic fields as relativistic corrections to
electric fields. For example, form of (3.8) follows from (3.60), while we could have found
the magnetic field in section 3.1.2 immediately through the use of the above equation (as
there is initially no magnetic field in the rest frame of the charge). In the latter case, the
magnetic field lines form loops around the direction of motion of the charge.

3.1.4 The Stress-Energy Tensor

Thus far, we have only associated momentum with particles, or more macroscopic objects.
However, the aim of this section is to show that the electromagnetic field itself has some
associated momentum, and that particles are able to exchange energy and momentum with
the electromagnetic field.

Let us initially revisit a familiar argument when it comes to energy conservation in elec-
tromagnetism, in order to inform our development of a more general formalism. Consider
the work done by the electromagnetic on a single charge moving at a velocity u:

dW =f.-dl=q(E+uxB)-vdt=qu-Edt (3.63)

Assuming that this single charge is part of a larger ensemble of n charges per unit volume
that are only weakly interacting, meaning that we can write that

aw
:/anqE'u:/de'E (3.64)
dt 1% 1%

45



Toby Adkins B2

Thus, the rate of work done on charges per unit volume is given by j- E (Ohmic heating).
Consider (MIV):

(1 OE OB\ B
=0 by (MIV)

OE 1 oB 1
—¢E-—+—B-—+ —(B- E-E. B
€0 at+ug 8t+u0( V X V x )
9 (1 1 1
= — [ 2¢E?* + — B? ~—V-(ExB
ot <260 + 2#0 > + ,uov ( X )

We now define the electromagnetic field energy density u and Poynting vector N by

1 1 1
u=-¢E>+ —B* N=_—ExB (3.66)
2 20 Ho

The Poynting vector gives the energy flux that is associated with the fields E and B. We
can thus write our familiar statement of energy conservation as

%—i—V-N—i-j-E:O (3.67)

ot
It is not immediately obvious (to this author, at least) that this equation will be covariant,
which should be a cause for alarm. We cannot have a change in the way that electromag-
netic systems conserve energy simply based on our choice of inertial frame for observation.
As such, we aim to look for a statement of combined energy-momentum conservation that
is indeed covariant. We need to take into account both the rate of transfer of energy from
the field to the particles, as well as the rate of transfer of momentum from the field to the
particles. We thus want to equate the rate of transfer of energy-momentum to the particles
to a quantity that must represent the rate of transfer of energy-momentum out of the field.

By analogy to (3.64), we define the rate of transfer of energy-momentum per unit volume
from the field to the particles by a moment of the field tensor

\WH =F"J,, W=(j-E/c,pE +j x B)| (3.68)

This is known as the Lorentz force density, as it clearly has dimensions of force per unit
volume. We expect to see a force in this expression, as a rate of transfer of momentum is
simply a force. Particles thus feel a force as a result of the field that is governed by the
Lorentz force equation. This is then related to the change in the field quantities by the
expression

WH = —9,TH (3.69)

that encompasses all energy-momentum conservation in a covariant treatment of electro-
magnetism. T is known as the stress-energy tensor, for reasons which will eventually be
made obvious. It has physical dimensions of energy per unit volume, which can be thought
of as the energy per unit volume associated with the field.

We shall now find an explicit expression for T, by considering the form of W. Again by
analogy to (3.65), we want to express J in terms of the field tensor. Using (3.71), we write

that

WH = —egc®TFH 0P, = —egc? = —eoc? [0° (FH'F ) — Ty (OPFH)] (3.70)
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The first of these expressions is recognisable as being in the form of the divergence of some
tensor quantity, and so we concentrate on the second expression. The form of the field
tensor (3.37) can be written in the form

apF,ul/ _|_ auFVp _|_ 0V}Fpﬂ — O (371)
Then,
pr (6”1&*’“”) _ *Fpua'u}FVp - praquu — pra#FPV _ pral/FpM = O*D — F/wal/FPH (372)

for D as defined in (3.54). The last term on the right-hand side appears to be in the
same form as the initial term on the left-hand side, except with different dummy indices.
However, as the only different indices are those that are contracted over, we can re-label

them as required, yielding

1
Fp (0°F") = 50D (3.73)

We thus have that
1 1
WH = —¢gc? (ap (FH'F,,) — 28@) —  WH = ¢, <IF“”IFp” + 2nWD> (3.74)

where the section expression is obtain from a relabelling of indices, appropriate raising and
lowering using the metric, as well as using the asymmetric property of F. Comparison of
this with (3.69), it is clear that

1 1
T = —6002 <FuprV + 277MVD> , D= §F>\0Fz\a (375)

This is the most general form of the stress-energy tensor in electromagnetic theory in
Minkowski space. The presence of F in this definition means that the rate of energy-
momentum transfer to the fields are governed by the fields themselves. Note that T+ -
unlike F*¥ - is completely symmetric in its indices.

Interpreting T

Using the form of (3.39), we find that the stress-energy tensor can be written as

TH = ( Nu/c NO_/C > , 04 = uéij — Go(EZ'E]‘ + CQBiBj) (376)
ij

where u and N are defined as per (3.66). The quantity o;; is the three-stress tensor. We
shall examine its consequences shortly.

First, how do we interpret this form of T? Suppose that E represents some normalised
four-vector direction. Then, TH”E, quantifies the flow of energy and momentum in that
direction. The first row of T is used to calculate the exchange of energy, while the elements
of the first column are used, together with o;;, to calculate the flow of momentum. The
fact that the first row is equal to the first column represents the equality of energy flux
and momentum density.

The three-stress tensor o;; has units of momentum per unit area, per unit time. This
means that each component represents the flux of momentum in the i*" direction, crossing
a surface with normal along the j™ direction. In other words, it gives the force per unit
area (pressure) in the i'! direction on a surface with normal along the ;' direction. For
diagonal o;;, it is very easy to read off the forces involved from the components of the
tensor. Note that negative pressure is often referred to as a tension.
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Figure 3.2: A summary of the physics encoded in the stress-energy tensor

Now that we have a physical interpretation of the stress-energy tensor, let us take another
look at energy-momentum conservation, as given by (3.69). From the time component of
W, we re-obtain the familiar energy conservation result:
0 ov 00 0j . Ou
W' = —9,T" = =0T — 9;T7 — ‘]-E:—E—V-N (3.77)
It is often useful to define the quantity g = N/c? as the momentum per unit volume carried
by the field. Given this, we can evaluate the components W*:

Wt=-9,T% — p(E+uxB); = 2 0j0ij (3.78)

Integrating this over some volume V bounded by a closed surface S = 9V, and using the
divergence theorem, it follows that

gE+uxB); = _E?t /VdV gi — /8V dS ejo;j (3.79)

where e; is the unit vector in the 4™ direction. This equation can be seen as a statement of
Newtons Third law for the interaction between the charge and the field. The left-hand side
is the rate of momentum transfer from the field to the particles, as encapsulated by the
Lorentz force. On the right-hand side, the first term is the rate of change of momentum
in the field inside the given volume, while the second is the flux of field momentum into
the volume from other regions due to o;;. Like with energy above, momentum is also
conserved; it is either stored in particles, in the field, or flows from one region to another!

Some Simple cases of T

Let us consider some simple cases of the stress energy tensor. These are easily calculated
from the form (3.76)

e (Capacitor plates orientated along ey:

1 0 00
1 0 -1 0 O
uy 2
™ =20 |0 0 1 o (3.80)
0 0 01
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A tension along e; means that the field is pulling inwards on the capacitor plates, an
effect that we would usually describe by the attraction between opposite charges on
each plate surface. The other components tell us that there is a pressure outwards
at right angles to the field direction. In general - in the absence of magnetic fields -
there is always a tension along field lines (attraction between charges) and a pressure
at right angles to the field lines, pushing them apart (repulsion between charges)

e A semi-infinite solenoid with axis oriented along ey:

1 0 00
1 0 -1 0 0
wv o~ g2
™ =5 B 01 o (3.81)
0 0 01

There is a tension along the axis of the solenoid, while there is an outwards pressure
on the walls of the solenoid

e A plane wave of angular frequency w propagating along ej:

1 100
TH = egE2 cos? (ka — wt) (1) (1) 8 8 (3.82)
00 00

We have taken the fields to be E = Ej cos(kz — wt)ez and B = (Ep/c) cos(kz — wt)es.
It is clear that plane electromagnetic waves have an associated pressure along the
direction of motion, but no components perpendicular to said direction

The case of the plane electromagnetic wave is worth investigating further. It is clear that
the wave four-vector is given by K = k(1,1,0,0). Recalling (1.93), and using the vacuum
dispersion relation w = ck, we can write the stress energy tensor as

B 2
TH = egc? <0> cos? (X,KP) KFK” (3.83)
w

which is actually the general relationship for a plane, monochromatic electromagnetic wave.
Now, both sides of this equation must transform in the same way, as they are both tensors.
As X,K? is already an invariant quantity, we must conclude that E2/w? is also an invariant
scalar. Recalling that u = ¢gEZ, g = N/c? oc u/c ex and p = (N) /c for a plane wave, it
follows that e p ) . ,
o X ___ZT_9_7 (3.84)
Ej w I U g P
for two inertial frames S and S’ with some relative velocity. The fact that the intensity
transforms in this way allows us to conclude that the width of the wavefront remains the
same in all frames.
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3.2 General Solutions to Maxwell’s Equations

Field Tensor Equations:
FHY = gFAY — OV A+ (3.85)
O F* = —pol” (3.86)
F¥ = qF*U, (3.87)

Conservation Equations:
WH = —9,TH (3.88)
WH =T+ ], (3.89)
TH = —¢c? (IFW’IE‘p” + ;n’“’D> ., D= %F’\"FM (3.90)

In the previous section, we derived the equations that govern our covariant field theory
formulation of electromagnetism, the principal equations of which have been included in
the box above. We shall now consider some general solutions to these equations that we
can be applied to a variety of systems.

3.2.1 Retarded Potentials

In order to characterise the electric and magnetic fields present in a system, we want to
develop a way to determine the potentials ¢ and A given an arbitrary distribution of
charges p and currents j. To begin, substitute (3.85) into (3.86), yielding

00" AY — 0, (0VAM) = —ppl” (3.91)
Introducing the Lorenz gauge, this becomes

1 02

Qud"A” = <_026t2

+ v2> AY = — ¥ (3.92)
This is clearly a wave-equation for the four-potential A for some arbitrary source term J.
Solving this equation will give us the relationship we need between the potentials and the
source terms.

The Green’s function for the d’Alembertian 0,,0* is defined by
1 82 2 / / 3 / !
—C———FV Gx—x,t—t)=0(x—x)o(t—1) (3.93)

Take the time and spatial Fourier transforms of both sides of this equation:

1

e

2 ~ . VR ~
<w2 — kz2> Gk —-K,w—uw)=e &' _ Gk uw)=
c

We have chosen to set k' = w’ = 0 without loss of generality. Transforming back to real

space:
d3k dw 1

600 = | G | o e (3.5)
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Align our choice of coordinates along x, such that we can write k-x = kr cosf for r = |x].
Consider the integral over k space:

d3k 1 1k-x 1 n T . o kQ ikr cos @
/ @rP @/? — K2~ () /0 d¢/0 @ 5”‘9/0 W e 12
L /OO dk L /1 d(cos §) eikreost (3.96)
(2m)2 Jo (w/e)2 =K% 4 '

_ 1/°° P
C2n)? ) i (w/e)? — k2

Then, our full integral expression becomes

_ 1 l [e'e) eik:'r [ee) y efiwt
600 = iy |k [ oy B9

We now have to invoke some maths from complex analysis. Namely, Cauchy’s Residue
Theorem states that for a complex valued function f(z) with poles at z = z,, the value its
integral around some closed contour I' is given by

édz f(z) =2mi ZRes(f(z = zn)) (3.98)

where Res(f(z = z,)) is a residue contained within the contour I'. (3.97) has poles at
w = *c|k|, along the real axis. Choosing a semicircular contour containing both poles
closed in the lower half plane, we can evaluate this integral as

21 62 00 . e—ikct eikct c

Re-introducing r = |x|, x" and t/, we can write the Greens function for the wave equation
as

c

Gi(x—xt—-t)= (Jx =x'| £c|t =) (3.100)

-0
47 |x — x|

The positive and negative solutions correspond to t < ¢’ and ¢ > t’ respectively. We can
now reconstruct our final solution:

V(! o
AV = /d3x’/dt’ G (—pol' (¥, t)) = Zoc/di‘x’J CLEFR =X/ g 401
T

[x — x|

Define the field event as the space-time event Xy = (ct,r) at which the fields are to be
measured. Then, the source event X5 = (cts,rs) is the event on the past light cone of the
field event where the source is located. Suppose that the source is located x’, and occurs at
ts =t — |x — X/| /e. Then, our solution to Maxwell’s equations in our covariant formalism
is given by

1 Jv t—
A1) = 47reoc/ a*r; (rs’rf B0 = e (3.102)
S

It is clear that the four-potential is simply given by an integral over four-current source
term. However, note that the source term - and hence the potentials/fields - depend on
the time t5 = t —rg/c. This is commonly known as the retarded time, which describes how
information about changes in the source are only able to propagate outwards at a finite
speed c. Thus, if we want to know the fields at some time ¢, we have to evaluate the source
at this earlier, retarded time to obtain the correct fields. Note that if we have kept the
positive solution in (3.101), this would have been a function of the advanced time, which
describes wave propagation towards the source.
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3.2.2 Potential of an Arbitrarily Moving Charge

Armed with this solution, let us now examine the particular case of a single point charge
in an arbitrary state of motion. In this case, the charge serves as the source event for the
fields. Consider the four-potential of the charge its instantaneous rest frame:

A0:< ¢ 1 0> (3.103)

dregc rge’

We can find the potential in any other frame by applying a Lorentz transformation with
some velocity v,. Now, in this frame, the only quantities that can realistically contribute
to the rgr in the denominator are the four-displacement from the source event to the field
event Xgr = (ctsf, rsf), and the four-velocity of the source Uy = ~(¢,vs). Their scalar
product is

X - Ug = 7(—75st2 +rgp- Vs) = Y(—rgC + rgp - V) (3.104)

as tsf = rg¢/c. This clearly evaluates to —rgc in the rest frame of the charge, meaning that
we can write

q 1
Ay = 1,0 1
0= Tres (—Xsf'Us)(’ ) (3.105)

By inspection, we can see that the general result is given by

_ g Us/c
 dmeg (—Xg - Ug)

(3.106)

where Xgr = X — X, is the null four-displacement from the source event to the field event,
and Uy is the four-velocity of the source event, as evaluated in the given frame. Remember
that X and Uy is are both functions of the retarded time t; =t — rg¢/c.

Consider a moving charge that is performing circular motion in the x-y plane, with world-
line given by
cty
{ cos wt
£ sin wt
0

Find the components of the four-potential A at X = (ct,0), and from this find the electric
E(t) and magnetic B(t) fields at the origin.

X, =

In this problem, we have the following four-vectors
Xs = (cts,rs), Us=n(c,vs), Xg=X¢—Xs= (¢, —ry) (3.107)

where we have remarked that the charge remains at a constant displacement ¢t = £ from
the source. Evaluating the denominator of (3.106), we have that

—Xst-Us = =0, —rs,) - y(c,vs) =vle, rs5-ve=0 (3.108)

It follows that the four-potential is given by

__a Lfc
A= oy (v) (3.109)
Now, we have that
dx —lwsin [w(t — £/c)]
vs(ts) = dts (ts) = | —lwcos[w(t — ¢/c)] (3.110)
5 0

52



Toby Adkins B2

such that our four-potential can be written explicitly as

c
_ g 1| —Awsinfw(t—£/c)]
 dmegc? 4 | —lwcos [w(t — £/c)]
0

(3.111)

Now, we are interested in Vy of the above expression, where the subscript indicates differ-
entiation with respect to the field event. Now,

Xsg = Xg =Xy —>  ViXgp =V Xgp (3.112)
such that p
Vi (<X Us) = 5= (xsbve s us) = ;—;w Y, (3.113)

where again x; and us are functions of the source time ¢ =t —¢/c. We can now use (3.12)
to find the fields.

2
q e qg 1 -
_ —Xgr - Ug) = —— — (X, s 114
ve dmeoc (—X - Us)2Vf( s+ Ua) dmeg 02 (s +us/c) (3-114)
0A g 1 0 q Q%
il — —(yuy) = ——— %, A1
ot dmrege vle Ot (yus) 4dmeq 02 X (3.115)
where we have defined 2 = wf/c. Then, the electric field is given by
T (9% = 1) Ralts) — us(ts)/c] (3.116)

- 4Amegl?

Finding the magnetic field requires a little more algebra. As B = V x A, we have that
B; = €;1,0;Ay,. Now, A, =0, and 0,(A, ) = 0, so we have that B, = B, = 0. Now:

q YUk g 1
A= : = 75 (kT — upu; 11
O 47reoca] ((—Xsf. U;)) Areoc? 12 (urj — ugu;/c) (3.117)

As B, = 0, Ay — OyA,, the e, component of the magnetic field is given by

= L (@ - — (G, — _ po(wf)q
T Awepc? 02 [(Tuy — uguy/c) — (Yue — uzuy/c)] = o

(3.118)

This means that we can finally write our electric and magnetic fields for this charge as:

(9% — 1) cos (wt — Q) — Qsin (wt — Q)

= 47;1052 (22 — 1) sin (wt — (g)z) + Qcos (wt — Q) (3.119)
Hoq 0
=L 12
B=10 |0 (3.120)
wl

The magnetic field is simply that which we would expect from using the Biot-Savart law
on a point charge moving about the origin. However, the electric field is significantly more
complicated, due to the finite propagation time between the source event and the field
event.

93



Toby Adkins B2

3.2.3 Fields of an Arbitrarily Moving Charge

The scalar and vector potentials that result from (3.106) are known as the Liénard- Wiechert

potentials, given by
q 1
rt) = 3.121
o(r.?) dmey (rge — v - rgt/C) ( )
_ 4 v
 dmepc? (rgg — V - Vie/)

(3.122)

where both rgr and v are evaluated at the retarded time t; = t—rg/c. To find the fields, one
could use (3.12), but the algebra involved is quite laborious, and unenlightening. Instead,
we shall derive the equations for the fields from tensor methods, as this provides a slightly
shorter route. As we are interested in the fields, we want to find an expression for F,
meaning that we consider

g €07 - U9,
4mege £2

DAY = (3.123)

where we have dropped the subscripts in (3.106), and defined £ = X,U”. Let U” be the
four-acceleration of the source event, and observe that for any quantity at the source event

d

0, = (6“7)% (3.124)
Since X = X¢ — X,, we have
dXs¥
X" =14," — d;‘j Our=10," — U0, (3.125)
However, since X is always null, it is orthogonal to its gradient, such that
X0, X" =X, =X, U"0,7=0 — 0,7 =X,/§ (3.126)
This means that we can write _
£0,U” = U"X, (3.127)

We now consider the second term in the numerator of (3.123). Using (3.125) and (3.127),
we have that

X - X

Ou (X,UY) = (Uu — U”U,,”) + X, Ur=£

§ 3

X, .
00,6 = U0, + (2 +x,07) U (3.128)
Putting this all together, we have that
q uru, cZXH _ _ 1 . .

0,A” = u” U” =U" — < (U"¢ — U"X,U” 3.129
= (B ), SOE-UR0) (3129

Substituting this into (3.85), we find that

gc (X“U” — XVU“)

FH = 3.130
dmeg  (X,UP)? ( )
with U defined as above. We can find the electric field using E? = cF%, yielding
q r—v/ec Tx|[r—v/c)xal -
E= =1-7- 131
- ( 32 + 2, , K r-v/c (3.131)
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Figure 3.3: An example field of an accelerated charge

where r = ry—rg, and v and a are the velocity and acceleration of the charge at the source
event repsectively. The magnetic field can then be found from B = v x E/c?.

The first term is the bound field (what the field would be for a moving charge if the ac-
celeration was zero), while the second term is the radiative field, having finite energy flux
through a sphere at 7 — oo (note the r~! dependence). The total energy of the radiative
field is constant when the particle is not accelerating, and it is completely contained inside
a finite region of space.

What does this field for an accelerated charge look like? Let us consider the case of a point
charge that is initially in uniform motion, but then is quickly accelerated and decelerated,
before moving uniformly again at the original velocity. Figure 3.3 shows the lines of the
electric field in the plane containing the acceleration vector, in the initial rest frame of
the charge. The two dotted circles show the current position of two light spheres that
have propagated outwards from the source at the beginning and end of the acceleration
respectively. Outside the outermost circle, the field lines do not have any knowledge about
the acceleration, and so point towards the projected position of the charge, marked by
a small cross. Inside the innermost circle, the field is simply that of a charge in uniform
motion. Between the two, it is clear that the field has both a bound (along T) and radiative

(along @) part. The faster the acceleration, the more perpendicular the field lines in this
region become, and thus the greater the energy of the radiation.
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3.3 Oscillations and Radiation

Now that we have derived general solutions to Maxwell’s equations, we shall apply them
to some simple, but interesting, systems involving the motion of charges. In general, we
will only really need to (3.106) and (3.131), as we can build up more complicated charge
distributions by considering an ensemble of point charges satisfying these equations.

3.3.1 Dipole Oscillations

When considering dipole oscillations, it is often convenient to consider (3.106) in the fol-
lowing form
q (¢, v)
A — 3.132
dmregc? (rgf — rsp - V/0) ( )

We approximate that the wavelength of the emitted radiation is large in comparison to the
size of the dipole itself, meaning that the velocity of the charge satisfied |v| < ¢. Under
this approximation, we have that

A n 1 (qe, d[t —rge/c])
4megc? Tef

(3.133)

where we have defined d = gv as a function of the retarded time t5 =t — rg/c. Suppose
that the source is sinusoidally oscillating, such that

d = gxgsin(wt — kry) —  d = wgxg cos(wt — kref) (3.134)

We make the far-field approximation that rg =~ r, as the movement of the source is very
small in comparison to the distance of the source from where the radiation will be measured.
We can thus write our magnetic vector potential as

quxg cos(wt — kr)

A= 3.135
dmegcr ( )
The resultant magnetic field is then
1 dft —r/d] 1 dit—r/d xr wqzgsing ~
B = \Y% R = kr — wt
4megc? % ( r 4megcd r2 Amegcd 7 sinkr —wt) ¢

(3.136)
where we have orientated the dipole along e,. The second expression above follows from
keeping only the far-field terms when performing the differentiation. This implies that the
fields are light-like, such that £ = ¢B, and E, B and r form a right-handed set. Then, the
electric field is given by
w?qxg sin O ~

sin(kr — wt) 0 (3.137)

E=cBxr/r=

dmegc? 1

Antennae

The combination wqgxy can be recognised as [xg, where I is the size of the magnitude
of the current oscillations in a short segment of wire of length z¢g. We can thus write
d(qwxg) = I(z)dz, such that

I dzsin6
dE = ——
2¢pc A T

cos(kr — wt) (3.138)

Let us model an antenna as a section of wire of length xg = ¢ with a current source halfway
along its length. By definition, we must have that I(£¢/2) = 0, as there cannot be any
flow through the ends of the wire. Consider the following two cases:
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e Short antenna - The current is maximal in the centre, and decreases linearly towards
the ends of the antenna, such that the current distribution is given by

1(2) = I ( - 2’;‘) (3.139)

The relevant integral is

L/2 I/
/ dz I(z) = 2= (3.140)
—0/2 2
meaning that the resultant electric field is
Ipl siné
E= kr —wt 3.141
Tore T cos(kr — wt) ( )

e Half-wave antenna - This is another centre fed antenna, except that it is of length
¢ = )\/2, with the current distribution being

I(z) = Iy cos(kz) (3.142)
This clearly satisfies the condition that I(£¢/2) = I(£A/4) = 0. As before, the

relevant integral is
A4 To\
/ dzI(z) = 22 (3.143)
—\/4 s

meaning that the resultant electric field is given by
Iy sinf
E=—2 7 os(kr — wt) (3.144)

 dmege T

It is clear from these two expressions that the short antenna depends on A™!, while the half-
wave antenna has no wavelength dependence. From (3.141), it appears that the radiated
power is proportional to £2. However, after £ = /2, there is not a significant increase in
power. Instead, the direction distribution of the field is altered due to phase lag between
oscillations in the current and the far-field radiation. This means that bigger antennas are
not necessarily better, above a critical size.

3.3.2 Radiated Power

To calculate the power radiated by moving charges, let us initially choose to evaluate
quantities in the instantaneous rest frame of the charge, such that v.= 0. Then, the
radiative part of (3.131) becomes

g Trx(rxa)

E..= 3.145
rad Aenc? r ( )
We can then calculate the Poynting vector associated with this field
1 —~ ~
N=—E x B =¢Eq X (T X Eraq) = €gcE%, T (3.146)
Ho

Suppose that the radiated power is Pr. Then, dP;, = NdS = Nr2d). Performing the
integration, we have that

2 2 2 ™ 2.2
pp =1 %0 / d / d sin® 6§ = 6q % (3.147)
0 0

" dweg Ame3 Teged
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where we have used the fact that |V| = ag in the instantaneous rest frame of the particle.
However, we argue that the power is in fact a Lorentz invariant quantity, and so we should
be able to write it in a manifestly covariant form. In the instantaneous rest frame of the
particle, no momentum is transferred into the total field. If we have that Pr, = d&y/dr in
this frame, we can write the four-momentum of the radiation as

dP = (d&/c,0) (3.148)
This means that the £ transforms as d€ = vd&y. Recalling (1.67), it is clear that

d€  d&
—_— = — 3.149
dt dr ( )
meaning that the total radiated power is the same in all frames. This is made more clear

if we write (3.147) in the following form

q2 . .
L0, Um (3.150)

Pr =
6megcd

where the dot indicates a derivative with respect to the proper time, as per the definition of
four-acceleration. This equation is known as Larmors formula. 1t is also useful to express
this in terms of the velocity and acceleration of the source event. Using (2.39)

2 2
q 6 2 (vxa)
= - 3.151

Pr Greocd | (a c? ) ( )
Lastly, we note that the rate at which four-momentum is carried away by the radiation is
given by

dpP PrLU q2 ( N

== (00U 3.152

dr c? 6meged \H ( )

Linear Motion

Consider a particle that is accelerated linearly under a pure force. In this case, v || a, such
that the radiated power can be written as

@ 6 2 q° dp\’
Pr = = — = — 3.153
L 67reoc37 ¢ 6meom?c? <dt> ( )

where we have used (2.52). As we are assuming a pure force, we can write that

dE dp 1dE dE
f-v=— == 154
VD@ T @ edt da (3:154)
This allows us to write the radiated power is a useful form
PL q2 1dE yoc 2 _15 1 dFE
= ——— - (2.8 x 10 —_— 3.155
dE/dt  6megm?c3 v dx 3 (28 % m) mc? dx ( )

Typically, we are accelerating electrons, such that mc? « 0.511 MeV and dE/dr -
10° Vim~!. This means that the relative radiative loss given by the above equation is
of order v~ 10712, such that radiated power in linear accelerators is negligible.
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Circular Motion

In the case of circular motion under a pure force, v L a, so

2 2,2 2 4,4
q 6 2 av q v
Pr = — = 3.156

L 671'60637 (a c2 > 6reged 12 ( )

The radiative energy loss per revolution is then

_ 2rr q2 74’1)3

AE=""p, —
v E 3eocd 7

(3.157)

Suppose that an electron moves in a magnetic field of 1 T in an orbit of radius 10 m. From
(2.52), we have that

B
fL=9ma=qBv — v = PPr %0 = 0 ~2.9999%108ms ! (3.158)

ymo oy V1+ (vo/c)?
This means that the energy is of order E ~ 3 GeV, while AE ~ 0.717 MeV. This means
that radiative losses cannot be ignored in circular accelerators; a very large radius is needed
if losses are to be small. The losses are so much higher in this case in comparison to the

linear case due to the difference in v’s between the two expressions in (2.52); there is a
lower inertial resistance to acceleration perpendicular to the motion.

29



Toby Adkins B2

3.4 Lagrangian Mechanics

Field theories are often expressed through the language of Lagrangian mechanics. In this
section, we will upgrade our classical Lagrangian theory to be able to handle relativistic
fields, and examine the specific case of the motion of a charge particle.

3.4.1 Classical Lagrangian

Suppose that we have a system consisting of NV particles indexed by ¢, each with generalised
coordinates q;(t) and q;(t). Then, the Lagrangian of the system is a function defined by

£=L({a} fat, ) =T—V] (3.159)

where T and V are the total kinetic and potential energies of the system respectively. Note
that from here onwards we shall use q; and q; as shorthand for {q;} and {q;} respectively.
The action is the time integral of the Lagrangian:
to
S = dt L(q;, q;, t) (3.160)
t1
Hamilton’s principle states that the phase space trajectory taken by a set of particles
from {q,(t1),qi(t1)} to {Qi(t2), qi(t2)} is the one for which S is stationary with respect to
variations in £. We write that
oL oL

0L = L(q; +dq;,q; +04;,t) — L(q;,q;,t) = 90 5q; + 2q, 5 (3.161)

Then, the variation in the action is given by

t2 oL oL t2 oL d (0L
t [a% BT 5g, 1 ] t Y\ oq ~ dt \oq ( )

where the second expression follows from integrating by parts, and recognising a total
derivative. As this equation must hold for all coordinates q;, we arrive at the Fuler-

Lagrange equations:

d (0L oL

- — = 1

7 (36[1‘) D 0 (3.163)

This relationship between q; and ¢; can be seen as a more general version of Newton’s
Second Law; we have the rate of change of some generalised momenta p; = 9L£/0q; equal
to some generalised force L/0q;. If the Lagrangian is independent (explicitly) of q;, this
coordinate is said to be cyclic, with a corresponding conserved quantity 0L/0q;.

Note that for some general Euclidean metric g;;, the Lagrangian can be written explicitly
as

1 L o
L= mgid'd = V(') (3.164)

where we have adopted the Einstein summation convention.

Hamiltonian Mechanics

Further to this, we can define the classical Hamiltonian H as

H=H(ai,pit) = Y aipi— L (3.165)
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This is a Legendre transform of the Lagrangian. Typically, H is often found to correspond
to the energy of the system. Consider the total differential of the Lagrangian

OL das+ 25 cdap+ %Cat = %5 L aqi s - das + Lan (3.166)

dl =
£ 6qi 6qz ot 6ql- ot

where we have used the definition of p;, and adopted the implied summation over the q;’s.
We can re-write this as

oL oL
dl = ~dq; +d(p; - q;) — q; - dp; —dt 3.167
(8% q; +d(pi-q:) — q p>+8t ( )
Then,
oL oL
dH=d(q;p; — L) = —— -dq; + q; - dp; — —dt 3.168
H=d(q;p ) oq, ™ + i - dpi — & ( )
We can also write the total differential of the Hamiltonian as
oH OH oH
dH = cdq; + — - dp; + —dt 3.169
H 9q 1T . it ( )

Comparison of (3.168) and (3.169) yields

oH : oH . OH oL

=P o=, = 1
o P oap;, B Ty ot (3.170)

These are known as Hamilton’s equations. Note that the last of these implies that for a
Lagrangian with no explicit time dependence, the corresponding Hamiltonian is conserved.
Motion in Electromagnetic Fields

In Special Relativity, a free particle must satisfy the following equation of motion

d .
%('ymx) =0 (3.171)

where the dot indicates differentiation with respect to the local frame time ¢t. By inspection,
it is clear that the Lagrangian that will give this equation of motion is

777,62

Liree = ——— 3.172
ce S (3.172)

(Try differentiating the above expression with respect to v = x if you are not convinced).
One can also show that the Lagrangian corresponding to the interaction of a charged
particle with the electromagnetic field is

Lim=a(-¢+v-A)] (3.173)

Substituting £ = Lint + Ling into (3.163), and re-arranging, we arrive at

d dA

%(’ymv) =q (—V(b +V(v-A) - dt> , P=7ymv+gA (3.174)
This is the equation of motion of a particle in electromagnetic fields. However, we already
know what this should be; the right-hand side of the first expression above should be equal
to the Lorentz force (3.34). Remarking that

dA  9A
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we can write

q <—V¢+V(v A) - dA)

A _q<v¢+%j)+q<v<v-A>—<v-v>A> (3.176)

0A
= —q <V¢+8t> —l—q(v X (V X A))
which from (3.12) is clearly the Lorentz force. Thus, the system behaves as we would
expect. The Hamiltonian is given by
2

H=povt " o —qv- A =ame g9 (3.177)

However, this is not expressed as a function of the natural Hamiltonian variables q; and
Pi- As p = ymv + gA, we can write that ymv = p — gA. Then

1/2
yme? = E = ((va)ch + m264)1/2 = <(p - qA)2 A+ m204) (3.178)
meaning that the Hamiltonian for the motion of a charged particle in electromagnetic fields

is given by

1/2
H= ((p —qA)* e+ m2c4) +q¢ (3.179)

3.4.2 Relativistic Lagrangian

Consider some relativistic field ®, which may be a tensor of any rank. Then, the general
Lagrangian density is given by
L=L(P,0,P,T) (3.180)

In a similar way to the classical case, we define the action by
S = /d4x L(®,0,P,7) (3.181)

where the integral is over our entire four-dimensional space. Then, once again invoking
Hamilton’s principle:

8S = /d4x [ggdé - a(gﬁ{))d(aﬁb@)} = /d4x do Bg — 9, <a(gﬁ{>)>] =0 (3.182)

where again we have integrated by parts, and recognised a total differential. Then, we
obtain the relativistically valid Euler-Lagrange equations.

oL oL
0, <a(ax@)) =3 (3.183)

Suppose that ® = AY. Consider the Lagrangion density

L= —iF””FW

Show that the equations of motion are of the form of the wave equation, and show that
A = Csin (X,K?) (C, K constant four-vectors) is a solution to this equation. Calculate the
stress energy tensor T for this form of solution. In the case that K = k(1,0,0,1), find the
associated electric and magnetic fields.

62



Toby Adkins B2

This is intended as an illustrative example to give the reader an idea of how to put this
machinery into practise. Recalling (3.85), we can write the Lagrangian explicitly as

1 1 y y
— P E = = (0"A = 0N (DA, = O,A,) (3.184)

,C: ——Z

Performing the differentiation:

gfy =0 (3.185)
oc

meaning that the Euler-Lagrange equation becomes
0y (0"A,) — (0,0")A, =0 (3.187)

This is clearly (3.91), which is a wave equation for A. For simplicity, we choose to adopt
the Lorentz gauge 0*A, = 0. Substituting the trial solution A = Csin (X,K”) into the
resultant wave equation, and the gauge condition allows us to obtain the follow conditions
on C and K:

A =0 — C,KF=0 (3.188)
Oo'A” =0 — K,K'=0 (3.189)
The last of these conditions means that K is a null four-vector, meaning that the solution

must correspond to the propagation of light. Using this trial solution, the field tensor

becomes
FH = (KFCY — KYCH) cos (X,KP) (3.190)

We now need to calculate the expressions from (3.75):

—FFD, = — (KOCH — KFC™) (K, CP — KPC,,) cos® (X,K?)
(K*KPCHC,,) cos? (X,KP) (3.191)
(KFCY — KYC*)(K,Cy — K, Cp) cos? (X,KP)
0

F*F,,

(3.192)

where we have made use of the identities (3.188) and (3.189). This means that our expres-
sion for the stress energy tensor is

T = epc? (K*KPCHC,) cos? (X,KP) (3.193)

which is clearly the expression for a plane electromagnetic wave (3.83) that we encountered
when discussing introducing the stress energy tensor. For K = k(1,0,0,1), we must have
that C = a(0,1,0,0). Then, we can use (3.190):

0 1.0 0
-1 0 0 -1
. p
F* = ka 0 00 o |cos (X,K?) (3.194)
0 1 0 O

Comparison with (3.39) gives the electric and magnetic fields as E = kac(1,0,0) cos(kz — wt)
and B = ka(0, 1,0) cos(kz — wt), where we have used the fact that k = (0,0, 1).
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4. Spinor Fields

This chapter aims to cover the basic concepts behind spinor fields, including
e An introduction to Spinors
e The Klein-Gordan Equation

This chapter may seem a little like an after-thought, as the material within it seems quite
disconnected from the rest of the course. It has simply been included here for the sake of
satisfying the syllabus, and it does not delve into the rich material that is associated with
spinors, such as the Dirac equation.

As they will be relevant throughout this chapter, we include the Pauli matrices here for

reference:
01 0 —i 1 0 2
T _ Yy — z — 7 =
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4.1 An Introduction to Spinors

Spinors are tensor-like objects that are members of the proper Lorentz group. For every
tensor of rank-r within this group, there is a corresponding spinor of rank-2r. For example,
a general four-vector would correspond to a Hermitian spinor of rank-2, which can be
represented as a 2 X 2 Hermitian matrix of complex numbers.

Figure 4.1: Spinors (a) Coordinates used to specify the spinor (b) Some examples of basic
Spinors

We define a 1st-rank spinor s as a pair of complex numbers

(4.1)

, —i/2
s = (a,b)" = se’/? <COS(0/2)€ >

sin(#/2)e'®/?

This has a direction is space (a ‘flagpole’), and orientation about this axis (a ‘flag’), and
an overall sign. This means that the set of parameters (7,0, ¢, «) is enough to uniquely
describe the spinor state, up to a sign. The first three fix the length and direction of the
flagpole by

7 sin 6 cos ¢ ab* + a*b
r=s>=la|>+b|?>, r=|rsinfsing | = | i(ab* — a*b) (4.2)
r cos 6 la|? — |b|?

where the second expression for r has been obtained by inverting the definition (4.1). If
we define the vector of Pauli matrices o = (04, 0y,0;), then the flagpole vector can clearly
be written as

r = (s|o|s) (4.3)

4.1.1 Spinors and Four-vectors

Suppose that we have some four-vector U* = (¢, z,y, z). With this, we associate the matrix

al?* ab*
U=ss = <|a*’b !bIQ) (4.4)
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It is clear from the above expression that U = Ul — UU' = I, meaning that U is
Hermitian. We can write any Hermitian matrix in the form

U_<t—|—z x—iy) (45)

z+iy t—=z

where ¢, x,y, z are all real scalars. Comparing (4.4) and (4.5), we can see that

t la|? + |b]?

x| 1] ab*+a"b |

y| 2 |i(ab* —a*b) | Y (4.6)
z jaf* — [b?

Defining o# = (I,0), it is clear that the four-vector associated with our spinor s can be
written as

1 1
Ut = 5 (s| ot |s) = §ST0“S (4.7)

Note that the inclusion of the factor of a 1/2 is a matter of convention; it does not change
the calculations if it is neglected. It is clear from the explicit form of U in (4.6) that this
is a null four-vector. We note that the determinant of U also gives the invariant associated
with this four-vector; it is clear from (4.4) that this is null.

4.1.2 Transformation of Spinors

Like other members of the Lorentz group, spinors transform linearly under both rotations
and Lorentz transformations, except that the resulting spinor depends on the sequence
of operations that was performed. Unlike vectors and tensors, a spinor transforms to its
negative when the space is rotated through 0 to 2m; this is a characteristic property of
spinors.

Under some frame transformation, a general 1st-rank spinor s will transform according to
s' = As (4.8)

where A is some 2 x 2 matrix. Consider the transformation U’ = AUAT. To keep the
determinant (i.e the invariant) unchanged, we must have that

det(A) det (AT) =1 — det(A) =€ (4.9)

We choose the case of A = 0, meaning that we are restricted to the group of complex 2 x 2
matrices with unit determinant. The most general matrix satisfying such conditions is

A=exp(io-0/2—0-p/2)| (4.10)

where p is the rapidity, and 6 is the rotation angle. A is unitary if the transformation
is a rotation in space; if A is Hermitian then it corresponds to a boost. Using Taylor
expansions, we can write these transformations in the more useful forms of

ei(@/Z)a“ _ COS(H/Q)I—FZSIH(H/Q)O—M (411)
e~ (P/27" — cosh(p/2)I — sinh(p/2)o" (4.12)

Note that it often helps to further simplify these by writing them in their 2 x 2 matrix
form. If one contracts a spinor into a four-vector as described in the previous section, the
transformation of the spinor will contract to the transformation of the four-vector. This
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means that we can find the transformations of physical quantities by representing them as
spinors, and finding the transformation of the spinor, before transforming back using

Ut = % (s'| o |s") (4.13)

which is often conveniently done component wise. An example of such a calculation is
performed in 4.1.4.

4.1.3 Chirality

The concept of chirality concerns the way in which these spinors transform, and is very
similar to the idea of contravariant and covariant four-vectors. Specifically, we have two
different types of spinors:

Contraspinor: s = Asp (4.14)
-1
Cospinor: s} = (AT) SL, (4.15)

These are often referred to as being right and left handed respectively. When contracted
with o#, the former produces a contravariant four-vector, while the latter produces a
covariant four-vector, as we would anticipate from these transformations. The idea is that
we regard the transformation A as a kind of rotation; for a given p and 6, the contraspinor
'rotates’ on way, while the cospinor 'rotates’ the other way. They are thus said to posses
opposite chirality.

4.1.4 A Worked Example

A two-component spinor s may be used to represent the four-momentum P of a massless
particle by using the relationship P* = stots, where o* are the Pauli spin matrices. Obtain
the four-momentum for

() e ) e ) o)

Starting from a spinor orientated along e,, and applying suitable rotations, confirm the
answers obtain for the above cases. Then, by applying a rotation to the previous result,
find a spinor representing a particle whose energy is E£ and whose momentum is along
(1,1,0) in some frame S. Find the spinor components for this same particle when it is
observed in a frame S’ moving at a relative velocity (15/17)c to S along e,. Hence obtain
the four-momentum, and use it to obtain the angle between the particle velocity and e, in
the new frame.

Recalling the definition s = (a,b)” and - noting the factor of two difference -(4.6), it follows
that

PO =a|? + |b]?, P®=a*b+ab*, PY=i(ab* —ba*), P?=lal*— |b]? (4.16)
From it is easy to read off that
P, =(1,0,0,1), Py=(1,1,0,0), Ps=(1,0,1,0), Ps=(1,0,0,1) (4.17)

To rotate spinors, we make use of (4.11). Now, s; = s, = (1,0)7 is already orientated
along e,. sy is orientated along e,, so we rotate by —m/2 around e:

s = (il-m/avg [(é (1)> cos(r /4) — i <? _OZ> sin(7r/4)] (é) _ \}i G) sy (4.18)
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Similarly, s3 is orientated along e,, so rotate the coordinates by 7/2 around e,:

s = /g Ké ?) cos(r /4) + i (? é) sin(ﬂ/él)} <(1)> _ \}5 G) —sy (4.19)

The normalisation for a spinor of energy E is simply v/E times the relevant spinor. Start
with sg, and rotate the coordinates around e, by —n/4 to obtain a spinor along (1, 1,0):

Snew = [(é (1)> cos(m/8) — i (3 _01> sin(7r/4)] \}i G) - \}i (66928) (4.20)

This means that the required spinor is given by

SE = \/g <€ii/4> (4.21)

Now, in order to perform the boost, we need to find an expression for p. For this, we use

(2.65):
tanhp=p5 — ep:’/ig:\/?zél (4.22)

The spinor in the new frame is then given by

(/N e? E (eP2 0 1 E [ 1/2
sp=e s =5 ( 0 ep/?) (ei”/‘l) Ve (261'/“/4) 2

Then, the components of the new four-momentum are given by

E 15

PO=FE =—F, P*=—"C PY=_— P*=-_"F (4.24)
8 V2 V2 8

As this four-vector is null, we have that P = ‘Pi !2, allowing us to write that P cos § = P’.

Then, the angle 6 that we are interested in is given by

0 = cos ' (P?/P%) = cos ™! (—15/17) ~ 151.9° (4.25)
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4.2 The Klein-Gordan Equation

To construct a relativistic version of quantum mechanics, we need a new fundamental
equation to replace the Time-Dependant Schrodinger Equation that has some spatial and
time dependence. The form of this equation cannot be derived, much as the Schrédinger
equation cannot be derived from anything more fundamental. It can, however, be moti-
vated from classical considerations. For example, in the case of the Schrédinger equation,
we can demand that we obtain the energy dispersion relation

2
p
E=— 4.26
- (4.26)
Replacing the physical observables with the associated operators E — ihds, p; — —ih0;
we obtain the Schrédinger equation for a free particle.

This gives an obvious strategy for deducing a possible form for a relativistic version of the
Schrédinger equation for a free particle. The relativistic analogue of (4.26) is

E = p*c® + m?c? (4.27)

If we again use the identification E — ih0y, p; — —ih0;, and let these operators act on
some function ¢(x,t), we obtain

— h202¢ = —hPV2 0+ m2cle (4.28)

This can clearly be written in a manifestly covariant form as

2.2

(—aﬂau + ”%f) ¢ =0 (4.29)

This is known as the Klein-Gordan Equation (KGE), though it is actually due to Schrodinger.
Note that the notation p = mc/h is often used.

Let us solve the KGE for a simple case. Assume that we have a spherically symmetric field
¢ = ¢(r,t), and that we are in the low frequency limit, such that time derivatives have a
magnitude much smaller than spatial derivatives. Then, the KGE becomes

(V2— 2 _ 1872 _ 2
ple=0 — —o5rd)=u¢ (4.30)

This has general solution

¢=Lenr 4 Zour (4.31)

r r

for constants ¢; and cy. Evidently, for properly bounded solutions, we set co = 0. The
quantity 1/p «~ 10715 clearly defines some length-scale; it turns out that this is the length-
scale of the weak interaction, with which we can associate a mass m = pc/h, which turns
out to be the mass of the pion, a force carrier (well, sort of) associated with the strong
nuclear force. These concepts will be covered in greater detail in the BIV notes.

Defining the four-current
W= i(¢0h " — ¢*0"0) (4.32)

it is easily to show that
B = i(90,0"6" — 67 0,09) (4.33)

which for the KGE becomes 0,0" = 0; that is, four-current conservation is conserved by
the fields ¢ that satisfy the KGE, as we would expect from a free particle.
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