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1. Introduction

We shall introduce the basic framework involved in treating multiple-electron atoms, ex-
tending the material of the A3: Quantum Mechanics course last year. In particular, we
shall cover:

e A recap of hydrogenic atoms
e An upgraded Hamiltonian

At this stage, it might be worth clarifying some of the notational conventions that are going
to be used in this text, as they often differ from those used in more standard textbooks.
In most textbooks, quantum mechanical operators are referred to using a vector capital,
with their single particle eigenvalues being denoted by the corresponding lower case letter,
and any composite eigenvalues (such as the sum of angular momenta) being denoted by a
non-vector capital. For the total angular momentum, one would typically see

J — operator
j — single particle eigenvalue

J — composite eigenvalue

This is the notation that we shall adopt in this text, to be consistent with the notation
used almost everywhere else.
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1.1 A recap of hydrogenic atoms

Before launching into the new material, we shall recap on some of the important results
and derivations associated with the quantum mechanical treatment of hydrogenic atoms,
in order to familiarise the reader again with the subject, as well as put all of the useful
results worth remembering in one place. If the reader already feels comfortable with this
material, they can skip straight to section 1.2.

1.1.1 The Hamiltonian and simplifications

Let M and P be the mass and momenta of the centre of mass of the system respectively, and
r = r. —r,, where the subscripts e and n denote the electron and the nucleus respectively.
Then, we can write the Hamiltonian of the system as

2 2 2 2

pe Pn P p
= Vir, — = — — 4V 1.1
2me + 2my, +Vire =) 2M + 2u +Vir) (1.1)

centre of mass motion relative mass motion

where p is the reduced mass of the system. We can arbitrarily choose to move to a coor-
dinate system in which there is no motion of the centre of mass, such that P = 0, and so
we only have to pay attention to the latter two terms of the above expression.

We now want to decompose our momentum operator p into its radial and angular parts,
such that we can reduce the system to a one-dimensional problem. Our first instinct would
be to define the radial angular momentum operator as p, = p - r, but this clearly does
not work as this would make p, manifestly not Hermitian. We thus adopt the alternative
definition

1 - ih (1 ith [ 0 3 r 0
Pr—2(r-p+p-r)—2(rr-V+V'(7”/r)) Y ((97'+r_7"2+€)r> (1.2)

Simplifying this, we obtain the expression

. 0o 1
pr = —ih (87” + ’I“> (13)

Squaring up this expression:

? 20 1 1 h? 0 )

2 2 2

Pr (87“2 + ror r? + 7“2) r2 Or (T 87’) (14)
We note how this is the radial part of the Laplacian in spherical polar coordinates. This
means that we can decompose the momentum as

ro_, L (1.5)
o2m 2m  2mr? ’
N~ Y~~~
Radial  Angular
Our Hamiltonian thus becomes
2 2 2
L Z
=P _ze (1.6)

C2u o 2ur?  Ameyr

where we have introduced the Coulomb potential associated with a nucleus of charge Z.
It follows that L? commutes with H as L? is spherically symmetric, and the remainder of
the terms in H depend only on radius. Therefore, there exists a complete set of mutual
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eigenkets of H, L? and L., which we use to denote the states of hydrogenic atoms. We
write this as |n, ¢, mg), which can be thought of as a product state of |n,¢) and |¢,my).
This means that we can automatically write that

(r,0,¢n, £,mg) = (rn, ) (0, 6|6, me) = Rne(r) Y, (0, 9) (1.7)
—— —— ——
radial angular

Substituting this trial solution into the TISE:

H (r,0,0[v) = E{r,0,0[¢) (1.8)
<Hr + L22) RY = ERY (1.9)
2ur
Loy _ 2 1
?L Y = 2ur (E - RHR> (1.10)

function of 6, ¢ only function of r only

Evidently, as we know that the angular eigenfunctions are the spherical harmonics, we
have an easy choice of separation constant. This means that the radial equation becomes

RO e+ Zé?
2ur Or? 2ur? dmeor

] rR(r) = ErR(r) (1.11)

The analytic solutions to the above equation are the radial eigenfunctions given by

Zr

Ruo(r) ocrfe” mew 2AL (1) (1.12)
where Lfﬁ}{l(r) are the Lageurre polynomials, and we have defined a, = ™<ag. Due to

the definition of the the Laguerre polynomials, we require that the lower index is greater
than or equal to zero, giving us the condition that 0 < £ < n — 1. The corresponding
energy eigenvalue is given by

1 Z?
E, = ——plac)®*=

5 (1.13)

n2

where « is the fine structure constant («~ 1/137). Consequently, we define the Rydberg
unit of energy R and the Rydberg constant R, by

1
R = hcRy = 5me(ac)2 =13.6eV (1.14)

The second definition is quite useful for cases involving transitions, as this allows us to
convert quickly between energy and wave-number.
1.1.2 Radial wavefunctions

Evidently, one does not have to be able to recall all of the radial wave-functions, but it is
worth remembering those of the groundstate and first excited state:

ZN\3/2 4 7\ 3/2 7 o
Rip(r) =2 <> e v, Rg(r) =2 <) <1 - T) e 2o (1.15)

ay 2a, 2ay

where again a, = ™<¢ag. Note that these functions have only been normalised over the

interval [0, c0], rather than also over the angular parts of the distributions. From these
functions, it is clear that the characteristic scale length for the system is na,/Z.
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Figure 1.1: Graphs of some wavefunctions (left) and probability densities (right) for low
values of n

A notable point about the groundstate (as well as all other ¢ = 0 states) is that it has
a non-vanishing probability of being near r = 0, as the Coulomb potential is unbounded
near the origin, only held in check by the strong force. Some graphs of the lower order
radial wavefunctions are shown in figure 1.1.

The plots in the left-hand column simply show the wavefunction, while those in the right-
hand column show the probability of finding the electron in the range [r,r+dr|. There are
n — 1 nodes for each value of n, and so as you increase n, you will obtain more frequent,
and sharper peaks. This means that for higher n, the electrons tend to be found in more
and more discrete bands further away from the origin.

Size of Orbit

We can now calculate the expectation value (r) to give us an idea of the typical size of a
‘circular’ orbit. To do this, we assume that £ = n — 1, meaning that Lg“l = 1. This gives
us a much simpler radial wave-function of the form

Zr

Ryn_1(r) oc r" e nan (1.16)
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Then, the expectation value is calculated as

_ Jo = drr? |p]Pr _ Iy~ dr p2ntle—22r/(nay) _ nay (2n 4 1)!
o dr e [ drr2nem22r/(nay) 2 (2n)!

(r)

This means that our expression for our orbital size is

) =n <n + ;) a, (1.17)

Similarly, it can be shown that

(r*) =n®(n+1) (n+ ;) a

This means that for large n, (r) o n? while o, o« n%?2. This means that the variance

around the average does not scale with the average, allowing the latter to tend towards a
very sharp peak. In this limit, we recover the Bohr model for hydrogenic atoms.

1.1.3 A useful summary

A summary of the important results in this section is shown in the box below.

1<n
In, ¢, mg) for 0</<n-1 (1.18)
—A<my </t
(0 1
pr = —ih <87‘ + 7”> (1.19)
1 0 72
E, = —§u(ac) ) (1.20)
(ry=n (n + ;) ay, (1.21)

It is, to varying degrees of accuracy, often a good approximation to use hydrogenic formulae
for different atoms - however relativistic effects start to become important for helium and
anything more complex. What sort of fractional error would we expect when neglecting
relativistic effects for hydrogen? We have that

1 Z?
E clas. = 5#(0[6)2?

2
E re1. = yme

where 7 is defined as normal in Special Relativity. The fractional error is given by

oE _ E el — E clas. - 1 (U
E rel. E rel. 2

7)2 —a? 107
c
This means that the fractional error isn’t particularly large when neglecting relativistic
effects in hydrogen. However, it if we want to achieve a more accurate treatment of atomic
structure for heavier elements (that is, elements with a higher Z), we will start having
to take into account effects of this magnitude. That is, relativistic effects shall start to
matter, as we will soon see.
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1.2 An upgraded Hamiltonian

Evidently, the Hamiltonian that we adopted in the previous section was a greatly simplified
model, designed to allow us to obtain analytical solutions to our system that we could use
to interpret its macroscopic behaviour. We want to 'upgrade’ our Hamiltonian to allow us
to describe the behaviour of multiple electron atoms, as well as other internal interaction
effects. With this in mind, let us adopt the following Hamiltonian for the remainder of
these notes:

Hatomic = Herp  + O0Hpep +dHso + dHyF (1.22)
—— —_——— ——
gross structure fine structure hyperfine structure

where each term corresponds to the following
e Hop = Central Field Approximation
e 0Hprp — Residual Electrostatic Interaction
e JHgo = Spin Orbit Interaction
e JHpr = Hyperfine Structure Interaction

From the notation above, it is clear that Hrg, 0 Hgpo and 0 Hyp are all perturbations on
Heop, but we have given no indication as to their ordering. In general, these elements of
the Hamiltonian are ordered as:

(Hor) > (0HRE) , (0Hso) > (0HgF) (1.23)

The ordering of the fine structure terms depends on the particular atom being considered,
as well as other external factors. There are certain circumstances where this overall order-
ing breaks down - that is, where terms become comparable to one another, such that they
are no longer perturbations - which we shall discuss where relevant.

Now that we have established our overall Hamiltonian, the plan is to investigate each of
these Hamiltonians in turn. We shall examine the origin of each term, and investigate their
effects on the overall energy levels and behaviour of the atomic system. This author will
attempt to do so in a logical order, while preserving clarity as to which terms are actually
being taken into account at each stage, in the hope that this will provide greater clarity
over other notes available.



2. The Hierarchy of Perturbations

In this chapter, we will look at the various terms of our Hamiltonian Hjytomic, treating the
following:

e Gross Structure

e Fine Structure

e Hyperfine Structure

o Magnetic Field Effects

We shall see that the order of magnitude of these terms ranges from « a few eV in the case
of gross structure, to «~» 107% eV in the case of hyperfine structure. We would thus expect
each level of further perturbation to become harder to observe experimentally, which is
indeed what we find in practise.

Some (potentially) useful integrals:

/OO dr e—(ng2+ax) _ \{)7?6a2/4b2

oo
dx 2"e " = n!
0 T gt

oo |
2 1 n!
/ A R p—
0

2 gntl
/ " ap sin2 1 — 22"
0 (2¢41)!
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2.1 Gross Structure

As anticipated in section 1.2, the Hamiltonian for a multiple particle system is significantly
more complicated that that given by (1.1), as we have to take into account the interactions
between each of the particles. Suppose that we index our N electrons by ¢. Then:

N N
h?_, Ze? Z e?
TEQT; TEQT ;4
y H 0T i>j 07j
interaction with nucleus inter particle interactions

The last term in this equation prevents the TISE from being separable into the N single
particle equations, and is too large an effect to solve as a perturbation. An effective solution
to this problem is to use the Central Field approzimation.

2.1.1 The Central Field Approximation

We recognise that a large component of the force between electrons will be directed radially
inwards, as the electrons will be located at different radii due to a combination of the Pauli
exclusion principle and other effects. Given this, we decompose Hy using a central field
Ul(r):

Hy=Hocp + dHRE (2.2)

where

N

Hep =) <—§;v$ + U(ri)> (2.3)

%

SHrp = i S i ze U(ri) (2.4)
RE = = dmegr;; - 4dmegr; ’ '

Note that this decomposition is identical to our original expression for Hy, except now we
have separated it into a spherically symmetric, separable term Hop, and a 'compensating’
term 0 Hprp that we can treat by perturbation methods (see section 2.2.1). The advantage
of using this central field approximation is that we once again obtain a Hamiltonian that
commutes with L? and L., meaning that we can continue to use our hydrogenic states
In, £,my) (where again n, ¢ and my are single electron quantum numbers). The radial wave
equation is simply (1.11), but with the Coulomb potential replaced by U(r). We would
thus expect (Hop) « €V.

What form does out central field potential U(r) take? We can get a rough idea of it’s form
by considering asymptotic limits. For an electron far from the nucleus, the other inner
electrons screen it from the effect of the nuclear charge Z, such that it sees an effective
nuclear charge Z.ry «~ 1. Conversely, when it is close to the nucleus, we would expect that
it experiences the full nuclear charge of Z. By analogy to the nuclear interaction term of
(2.1), we adopt a potential of the form:

62

U(r) = —Zegs(r) (2.5)

4meqr

where Z.¢¢(r) is some function satisfying the conditions that Z.s¢(r — 0) = Z and
Zeg(r — 00) v 1; an approximate form of this is shown in figure 2.1. Generally, states
with higher n and ¢ will approximate hydrogenic solutions, as these occur in the region

10
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Zeff 4

v

(a) (b)

Figure 2.1: (a) An approximate form of the central potential U(r) (b) An approximate
form for the effective charge Z. s

where U(r) «~ 1/r.

Finding U(r) exactly is a task for recursive numerical methods, such as the Hartee method.
This involves the following steps:

1. Guess a form of the potential U(r)

2. Solve for the single electron wavefunctions ¢;(r)

3. Find the charge density p(r) = — 3, e |¢i(r)|?

4. Find the resultant potential U(r)’ from the electric field E

One can then iterate steps 2 to 4 until a self-consistent solution is found. This can be
extended further by the Hartee-Fock method, which includes the effects of Pauli exclusion
principle in the algorithm. As a result, it generates a central potential that gives rise to
fully anti-symmetrised spatial wavefunctions.

2.1.2 Electronic Configurations

Each electron within an multiple electron atom has a particular n and £ associated with it;
my makes no contribution to the energy. Electronic configurations are a way of specifying
these quantum numbers, notated as below.

The values of ¢ are denoted using spectroscopic notation. That is, we used the letters
s,p,d, f,... torefer to £ =0,1,2,3,... and so on. There is no particular logic behind why
this is the case; it is simply a notational convention, and one that has to be learnt.

Each energy orbital is degenerate in n and /; there are 2n? states for each value of n (a
consequence of Pauli exclusion), and 2(2¢ 4 1) for each value of ¢; (factor of two due to
spin degeneracy). It is important to remember that 0 < ¢; < n, and that the sum of the
number of electrons in all of the orbitals is equal to the atomic number Z (in the case of

11
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Number of electrons in orbital. Maximum at 2(2¢ + 1)

Value of ¢ for orbital / Energy Orbital

~— I

/

Principal quantum number

Figure 2.2: Notation for electronic configurations

neutral atoms). These can be useful consistency checks when constructing configurations.

The energy orbitals with the lowest energy will fill up first, and for all elements up for
Argon (Ar), this corresponds to the orbitals with the lowest n. After Ar, we find that

Ar :1522522p%35%3p°

K :15%25%2p53s23p% 45
Ca :15225%2p53523p% 442
Sc :15225%2p53523p%3d 45>

and so on. Logically, we would expect the next orbital to be filled in Potassium (K) to be
the 3d orbital. However, the fact that it has £ = 2 means that - on average - the electron
is localised further away from the nucleus, and so is partially screened from the nuclear
charge. This causes it to be higher in energy than the 4s state, an so it does not fill up
next. For higher elements, the states become significantly more complicated to deduce,
though it is not particularly crucial to be able to write down their electronic configurations;
rather, one should be able to extract information from a given electronic configuration.

We note that full orbitals make no contribution to the overall angular momentum; this
is because they must have spherically symmetric electrostatic potentials, forcing ¢ = 0
(spherically symmetric states cannot have a non-zero value of £, as to do so would define
a special spatial direction, creating a contradiction).

2.1.3 Alkali Atoms

The Akali metals are found in the first group of the periodic table, and have a single valence
electron that is responsible for all the system dynamics. As the electron core consists of
full shells, it makes no contribution to £ and s, as above. For example, consider Sodium
(Na, Z =11):

Na : 13223221)6 nt (2.6)
core valence electron

The core has the same electronic configuration as Neon (Ne), and one will often see the
configuration in the first bracket simply replaced by ’|Ne| in shorthand notation. This
makes it explicit that Na is simply a Ne electron core with an extra valence electron.

This valence electron thus moves in a hydrogenic potential, as it is shielded by the inner
electrons most of the time. This means that for large ¢, we can write that Z.;p v~ 7 —(Z —
1) = 1. However, this approximation begins to break down for lower ¢, as the electron has
a higher probability of being found in locations close to the nucleus. We take account of

12
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this by the quantum defect §

—, n"=n-46(() (2.7)

1
En,ﬁ = _5#(a6)2

n

We expect that as £ — oo, the akali energy levels approach those of the hydrogenic energy
levels: n* — n and so 6 — 0. This means that § must be some function of ¢; that is,
0 = 6(¢). In practise, there is some dependence of § on n, but it is so small that we can
effectively ignore it. The values for § are determined empirically by measuring the energy
difference between the observed energy levels, and the ideal hydrogenic energy levels. For
Na, we find that 6(s) «~ 1.34, 6(p) -~ 0.88 and 6(d) «~ 0. Evidently, these corrections are
going to be different for other elements.

Write down the groundstate configuration for Na. Find the quantum defect of this level,
given that the first ionisation potential of sodium is 5.1} eV.

From (2.6), we already know the electronic configuration corresponding to the full orbitals.
Then, the groundstate will have n = 3, and ¢ = 0. Thus, we write that

Na : 15%25%2p53s (2.8)
Then, we can write that
R 13.6 eV
A4 eV =—0 =221 . p* 163 (2.9)
n n

We know that we are in the 3s state.
n*=n—0(s)=3-46(s) — I(s) 137 (2.10)

Note that the question refers to the first ionisation potential; this is the amount of energy
required to liberate the first electron from the atom. In the case of akali atoms, this will
simply give the energy of the groundstate of the valence electron.

13
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2.2 Fine Structure

We are now going to move on to a consideration of perturbation effects on our base Hamil-
tonian Hop. These effects will have smaller energy overall than the gross structure energy,
but these fine structure effects are still easily observable experimentally. It must be stressed
that while we assume that

<HCF> > <5HRE> , <5Hgo> (2.11)

we make no assumption concerning the ordering of the right hand two terms, which depends
on other factors to be discussed in section 2.2.3.
2.2.1 Residual Electrostatic Interaction

Apart from when constructing configurations, we have thus far neglected the effect of spin
on the energy of the atom. This would have been fine if we were just considering hydrogenic
atoms, but in the case of more than one electron, the spin state of the system does start
to effect the energy. This is known as the residual electrostatic interaction.

Exchange Symmetry

Suppose that we can specify the state of our system by the state |aq,az,as,...). Define
the exchange operation

a1, as, ag,...) = € |ay, az, a3, ...) (2.12)

where the complex phase ¢ results from swapping two of the coordinates a;. Suppose that
we perform the operation a second time:

la1, ag,as,...) = €2®|ay, ag,a3,...) — ¥ =1, % =41 (2.13)

This means that there are two types of exchange symmetry; symmetric (corresponding to
bosons) and antisymmetric (corresponding to fermions). As electrons are fermions, means
that we must either have a symmetric spatial state and antisymmetric spin state, or an
antisymmetric spatial state and symmetric spin state.

Suppose that we are considering an atom with only two valence electrons, allowing us to
characterise the system using the following product state

‘/l/}> = ’n17€17n27€27m817m82> = ’n17£17n27£2> ’msl7m52> (214:)

spatial spin

Let the single-particle wavefunctions for the two electrons be ¢1(x1) and ¢a(x2). The
possibilities for the spatial wavefunction are thus given by

L (1 (x1)pa(x2) + d2(x1)¢1(x2)] symmetric
(x1,Xa|n1, 01, M2, £a) = 4 V2 , . (215)
Vo) [d1(x1)P2(x2) — P2(x1)P1(x2)] antisymmetric
Similarly, the possibilities for the spin wavefunctions are given by
1,1)
|—1,-1) symmetric (triplet)
mslam52> = %(|1a_1>+|_171>) (216)

% (]1,-1) — |=1,1))  antisymmetric (singlet)

14
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Exchange Interaction

Conveniently, the wavefunctions given by (2.15) form a diagonal basis for the Hamiltonian
0HRE, as they are no longer (energy) degenerate. This means that the energy shift is given
by

5ERE = <nl,€1, ng,ggl 5HRE ]nl, 61, no, €2> = J + K (2.17)

where the integrals J and K are given by
J = / PPx1d®xa |p1(x1)d2(x2)|* OHrE (2.18)
K= / BPx1d®xa ¢F(x1)P5(X2)Pa(x1)d1(%2) SHpp (2.19)
The positive sign in (2.17) corresponds to the symmetric spatial wavefunction, while the
negative sign corresponds to the antisymmetric spatial wavefunction, meaning that there

is an energy difference of 2K between these states. Thus, the singlet state is higher in
energy than the triplet state. This effect is often referred to as singlet-triple splitting.

Singlet

Triplet

Original energy level (no spin)

Figure 2.3: A schematic of singlet-triplet splitting

It is clear that the energy of the system now depends on the angular momentum and the
spin state of the system, as well as the original configuration. This means that for a more
general case, we adopt states of the form

|L, Mg, S, Msg) (2.20)

where L and S are the quantum numbers corresponding to the operators L = ), L; and
S =), S;; that is, they denote the total angular momentum and spin of the system.

As a result, we now need to modify our spectroscopic notation to add this new information
about the state of our system. This is shown in figure 2.4. 251 L is known as a term that
is used to specify these extra quantum numbers that influence the energy of the system,
which we write after the electronic configuration. Once again, the value of L is indicated
using S, P, D, F,... (note the capitals). The ¢; and ¢; refer to the angular momentum of
particular orbitals. This is shown in figure 2.4.

15
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Total spin

/

niﬁf .. .njff 25+1
~————

\

Configuration Value of (total) L

Figure 2.4: Spectroscopic notation of the electronic configuration and terms

2.2.2 Spin Orbit Interaction

The next fine structure effect that we are going to examine is that of the spin-orbit (SO)
interaction. ‘This is a relativistic correction to the energy that arises due to the fact
that the electron is moving through an attractive potential U(r), as per the central field
approximation. As this is a magnetic effect, we need to first derive the dipole moment due
to the momentum associated with an electron.

Magnetic dipole moment

An important quantity in such calculations is the Bohr magneton, that we define as

eh
ip = (2.21)

 2me.

Now, consider an electron with orbital angular momentum L; and spin angular momentum
S;, in a magnetic field described by the magnetic potential A. This will have Hamiltonian

_ 1 , 2 _ Pz? 1 , 2
Ha = D (Pi —qA)* +U(r) = o +U(r) S (2¢gpi-A—q°A-A) (2.22)
N—_———
Hep

Assume that the magnetic field is weak, such that ¢?A?/2m. < Hcp, meaning that we
can neglect terms of O(A?) and above:

q
HA A HCF — —Pi- A (2.23)
e
We shall consider the magnetic field to be uniform, as it is very difficult to create a field
that has significant spatial variation over the lengthscale of the atom. This means that a
convenient choice of A is

1
A= 3 Bxr (2.24)
The extra term in the Hamiltonian thus becomes
_Q;GPi'(BXI‘):— g}eB'(I‘Xpi)Z—MFBLi‘B (2.25)

This means that the electron has an orbital angular momentum magnetic moment of

p, = —%BLZ- (2.26)

Similarly, the intrinsic electron spin also gives rise to a magnetic dipole moment:

ns, = —E2 9.8, (227)

16
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We note that gs v 2 for an electron. This means that the total dipole moment for a single
electron in a magnetic field is given by

B
pi = =P (Li + g.8)) (2.28)
For multiple electron system, the total magnetic moment is simply given by p = >, p;.

Noting once again that L =), L; and S = ), S;, it follows that the magnetic moment of
such as system is given by

uB
p= —?(IH‘QSS) (2.29)
Generally, one does not need to derive this quantity when considering magnetic interactions
in atoms, but it is useful to know where it comes from quantum mechanically (as it’s quite

simple to show classically).

SO in single electron atoms

Let us initially consider the simple case of hydrogenic atoms for which L = L;, S = S; and
P = pi- We know from relativistic electrodynamics that in the rest frame of the electron,
a magnetic field results from the central field U(r):

Biyternat = B = — = (v x B) = — (v x (—VU)) (2.30)

c c2

The SO Hamiltonian is then given by

1
0Hso =5 p-B (2.31)

The factor of a half comes from Thomas Procession, a relativistic correction to the spin of
a particle (see B2 notes), though it is not always necessary to include it in the calculation.
Introducing our expression for p, we find that:

IsHB g ( ?8U>_ gspp 10U

- = -—S-L 2.32
2hmec? X r Or 2hmec? r Or (2.32)

gsiB

P50 = Shea

S. (vxVU) =

where we have ignored the orbital angular momentum contribution to p (as we are in the
rest frame of the electron) and observed that L = r x p. We now assume that the central

potential takes the form
Z
U(r) = -2 (2.33)

dmegr

allowing us to arrive at the final expression for the Hamiltonian of

Ze? 1

0Hsop = ———= S
8megmc? 73

(2.34)

Evidently, both J? and .J, are constants of the motion, meaning that they must commute
both with the unperturbed Hamiltonian, and 6 Hso, as are L? and S?. This means that we
can use the basis labelled by the kets |j, m;, £, s) (as we are dealing with a single valence
electron). We need to consider the expectation values of 1/r3 and S - L. For a hydrogenic
atom with nucleic charge Z, the first of these is:

1\ 2 A
<r3> A0+ 1) (204 1) (nay)?
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We would expect an expression of this form as the smaller the system size, the greater the
kinetic energy (and thus angular momentum), meaning that the spin-orbit interaction will
increase in magnitude. The second can be calculated by recognising that

S.L= %(ﬂ _ 1282 (2.35)
Then
(S-L) = % (J?—L* - S%) = % G+ 1) = +1) —s(s+1)]A? (2.36)

Putting all of this together, and re-writing the numerical pre-factor in § Hgp, the first order
changes in the energy are given by

§Eso = %(j(j F1) =L+ 1) — s(s + 1))R2 (2.37)
The factor 5
_ I 4 K 1
frg = gme(aZ) <nm> W+ 1)(f+1/2) (2:38)

is a parameter that specifies the strength of the perturbation. For a general hydrogenic
level, we have that j+ = ¢+ 1/2. The ’spin-up’ states are shifted by an amount

5By o i (s +1) — (04 1) = 5 = <z+;> <€+;> —deey-S=0 (239

Likewise, the ’spin-down’ states are shifted by an amount

5E,o<j,(j,+1)—€(£+1)72: <e;> <£+;> 4(“1)7%:7(5“) (2.40)

For each value of j, the spin-orbit interaction creates another 25 + 1 energy levels (due to
degeneracy), and so the mean energy shift for the system is proportional to

§Eso o (2j+ + 1)0EL + (2j— +1)dE_ =0 (2.41)

Thus, the mean energy shift for a system under the spin-orbit interaction is zero. This
makes sense in the context of energy conservation; as the spin-orbit interaction is created
by motion within the system, it cannot raise the mean energy of the system. Note that
for akali atoms, we replace Z* with Z? as the effective charge of the system is reduced in
comparison to the purely hydrogenic case.

As with the residual electrostatic interaction, we now need to add to our spectroscopic
notation to include this new information about our system.

Term

N ia 7 2541
/nl’L 1: . e . n] j LJ

Configuration \

Total angular momentum
Figure 2.5: Spectroscopic notation of electronic configuration, terms and levels.
This addition is known as the level of the system. We thus have the electronic configuration,
terms, and finally, levels. With this, we have completely specified the relevant quantum

numbers L, S and J from which we can deduce the gross structure and fine structure
energy levels for our system.
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Hund’s Rules

Now that have the full set of quantum numbers of our system, we need some way of
calculating the relative energies between various configurations, terms and levels. For
the groundstate, we can do this using Hund’s Rules, named after the German physicist
Friedrich Hund who formulated these rules around 1927. These are as follows:

e For a given electron configuration, the term with the maximum value of S has the
lowest energy

e For a given value of S, the term with the largest value of L has the lowest energy

e For a given term, in an atom with the outermost shell half-filled or less, the level
with the lowest value of J has the lowest energy. If the outermost shell is more than
half-filled, the level with the highest J is lowest in energy

This means that, given a particular set of energy levels, it is possible to calculate the
energy term corresponding to the ground state. Also helpful is the consideration that
triplet states are, for most atoms, lower in energy than singlet states. These rules are
simply a consequence of the fact that the system must obey Pauli exclusion; this means
that only certain combinations of J, L and S are allowed for a given energy.

SO in multiple electron atoms

In the previous section, we simply considered the effect of spin-orbit coupling on a single
electron. We are now going to suppose that we have multiple electrons that are indexed
by i. Then, by analogy to (2.34), we can write that

§Hso = ((ri) &i-si (2.42)

where ((r;) is some function of the individual particle coordinates r;. In this case, we adopt
the basis |J, My, L, S). This means that ¢ and s are no longer good quantum numbers; we
thus want to find the projections of £; and s; onto L and S. We thus write

<Si ) S> <£i ) L> /
Eso = i S- L)= i) (S-L)=08,¢s (S-L) (24
o0 = S €00 gt B ) = DACED =i (51 249
Unlike in the hydrogenic case, the coefficient 3, ¢ is quite hard to calculate, meaning that
we are often only interested in the dependence of the energy shifts on the quantum number

J. As L and S are constant for a given J, we can write that
AEj;-1=0Eso(J) —0Eso(J —1) x J(J+1) = J(J —1) x J (2.44)

That is, the energy level splitting between two levels is proportional the J corresponding
to the upper level. This is known as the interval rule for the SO interaction.

2.2.3 Coupling Schemes

In multiple particle systems, it is often the case that the angular momenta of the individual
particles remain constants of the motion; it is usually some combination of the angular
momenta that remains a constant of the motion. There are multiple ways in which one
can combine the momenta, which gives rise to the so-called coupling schemes, which we
shall detail below. It is always worth specifying the relevant coupling scheme that you are
using when tackling a particular problem to ensure clarity for both yourself and the reader.
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LS Coupling

We have implicitly assumed over the past few sections that we are working in the LS
coupling scheme; that is, we have assumed that individual angular momenta combine as

L=) &, L=|b—0l, . . 0+ (2.45)
S:ZSZ‘, S:|81—82|,...,81+82 (246)
J=L+S, J=|L-5|,....,.L+S58 (2.47)

Note that the second column shows how the eigenvalues combine in the case of two particle
systems. We can think of this in terms of the vector model, as shown in figure 2.6. Both
L and S couple together and process around the axis defined by J. It is thus clear why J,
My, L and S are the good quantum numbers for our system, as supposed to My and Mg;
the latter no longer have a well-defined direction. This is the reason why we had to find
the projections of ¢; and s; onto L and S when evaluating (2.43).

Figure 2.6: The vector model in LS coupling

The vector model is evidently just a way of representing the angular momentum coupling,
and is not what actually occurs; it is a classical way of visualising quantum mechanical
effects. One tutor of this author once described explaining the vector model as "getting
my special tin of bullshit out, and applying liberally".

JJ Coupling
Under the LS coupling scheme, the fine structure perturbations are ordered as
(6HRrp) > (0Hs0) (2.48)

However, we note that (§Hrg) o« Z, where as (§Hso) o< Z*. This means that as Z
increases, the magnitude of these perturbations will become comparable, and this ordering
breaks down (Z « 30). We then enter the regime of JJ coupling, where the angular
momentum combines as

Ji=4ti+si, ji=Ili—sil,....litsi (2.49)
I=> 5, J=lir—jal- -1+ do (2.50)

This is because the spin-orbit coupling of the individual electrons to the nucleus is domi-
nant, and so their angular momenta becomes conserved components of the motion. Under
this coupling scheine, the order of the perturbations is reversed, namely:

(0Hso) > (6HRE) (2.51)

20



Toby Adkins B3

2.3 Hyperfine Structure

Thus far in our calculations, we have implicitly assumed that the nucleus is a point like
object with no spin angular momentum. We shall now investigate the effect of relaxing
each of these assumptions, giving rise to hyperfine structure effects.

2.3.1 Finite size of the nucleus

Let us model the nucleus as a uniformly charged sphere of radius R «» 107'®. This is a
relatively good approximation, given that the spatial variation of fields related to the charge
cannot vary greatly on the scale of R. Assume that the atom in question is hydrogenic.
We can then describe the potential outside the nucleus as

Ze?
4megr

U(r>R) = (2.52)

The potential inside the sphere describing the nucleus is found using techniques from
classical electromagnetism:

R ze? 1 T Ze? r Ze? r?
Ur<R)=—- [ dr——5— [ dr— s =———2|3- % 2.53
(r <) /OO " 4dmeq 12 /R " 4dmeg R3 SmegR < R2> (2.53)

This means that the perturbation acts only for 0 < r < R and is given by

Ze? 2 2R
5Hp:U(r<R)—U(r>R):8W:0R (;2—3+T> (2.54)

Assume that the atom in question is in the groundstate, meaning that we can use the first
expression in (1.12) to calculate the shift according to first order perturbation theory:

A r2 2R
(SE = J— d 2 - - —2ZT’/(1# 2
P oreoR (au> /0 rr (R2 3+ r ) © (2.55)

We know that R/a, 10* <« 1. This means that over the range of our integral, we can
approximate that e=247/an . 1.

ze2 (Z\® (R r2 2R Ze2 73 [ R\?
oE, ~ — | — drr? | — -3+ =) — | — 2.56
P 2meoR <a“> /0 nr <R2 T ) 2mepay, b <a#> (2.56)

The associated groundstate energy is given by

2262
E| = 2.57
Bl 8meay ( )
This means that we can write the first order change in the energy as
5, = 4 1m (2R (2.58)
p— 5 1 a, .

Evidently, due to the fact that R/a,, « 10~%, this correction is vanishingly small in compaxr-
ison to both fine structure and hyperfine structure effects. We could have also calculated
the relative magnitude of the shift from simple scaling arguments:

6E, inner scale length? R? < ZR > 2

- - 2.59
|En|  outer scale length®  (na,/Z)* (2:59)

ay
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2.3.2 Nuclear spin Interaction

Let the operator I be the operator corresponding to the spin angular momentum of the

nucleus, which can take half integer values I = 0, %, 1, %, .... This has associated magnetic
dipole moment
N
= gI%I (2.60)

This results in a shift in energy due to interaction with the magnetic field of the electrons.
We define the nuclear magneton as

m

N = pB— (2.61)

mp
Note the ratio of m./my; this means that the magnitude of the shift is reduced by a factor
of 1072 in comparison to the spin-orbit interaction. Suppose that the orbiting electrons
create a magnetic field B.. Then the Hamiltonian of this perturbation is

5HHF = —M5- B6 (2.62)

Now, the contribution to the magnetic field B, that the nucleus experiences is going to
be dominated by s-electrons (¢ = 0), as these spend a greater amount of time close to
the origin. As such, we shall ignore the contribution made by other electrons (though of
course, it is still there). Let ¢y, () = (r,8,¢|n,£,m). The s-electrons have a magnetic
moment given by (2.29) with L = 0, such that the magnetisation is given by

M = —g. 228 [ o(r) (2.63)
We treat the distribution around r = 0 as being spherical, which gives the resultant
magnetic field of
B. = %MOM = —ggsﬂo% [¢ne(0)* S (2.64)
This means that our perturbing Hamiltonian becomes
Hpr=A;1-J, Aj= gMOMNMBgsgIW (2.65)

where we have written that J =S as L = 0. It turns out that the form of this Hamiltonian
is the same for electrons with non-zero values of angular momentum, which is why it has
been stated as such here. We could have also argued this from the vector model; as the
nuclear interaction is weak, only the precession around J is seen by the nucleus, and so
B, = (scalar) J.

In the spin-orbit interaction, both L and S precessed around the total angular momentum
J, which remained a constant of the motion. By analogy, let us introduce the quantity

F=I1+J, F=|I—J|, .. I+J (2.66)

which is known as the total atomic angular momentum. This means that F? and F, are
constants of motion, as well as I? and J?. Thus, we adopt the eigenstates |F, Mp,I,J),
allowing us to write the energy shift as

SEgp = %(F(F +1) = I(I+1) — J(J +1))h? (2.67)

The splitting will thus create either 21 4 1 levels if J > I, or 2J + 1 levels if I > J; this
comes from the degeneracy associated with F.
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A hyperfine transition occurs at 494 nm in single ionised 33Cs (cesium) between a level
from the 5p°6s configuration, and one from the 5p°6p configuration. Five hyperfine struc-
ture components are observed with wavenumbers relative to that with the lowest wavenumber
as follows: 0.0, 8.1, 19.5, 33.7, 51.3 m~!. The experimental uncertainty in the position of
each component is of order 0.1 m™'. Find the nuclear spin of 3C's, and the value of J
for the level arising from the 5p°6s configuration.

As we are just given relative wavenumber separations, we need to derive a selection rule
in order to tackle this problem. Consider the energy separation between adjacent levels:

AEpp_1 = 6Eyp(F) — §Epp(F — 1) = %(F(F +1)— F(F—1))=A;F  (2.68)

Repeating this for another adjacent pair of energy levels, we can find the expression

AEpp_ a
EEL =R (2.69)
AEp_1p—2 F-—1
We can invert this expression for R as follows:
R
F=— 2.70
71 (2.70)

We can label the hyperfine levels relative to the maximum level (Fj,q, = 51.3 m~!). Using
(2.70) for three pairs of levels, one can show that Fj. « 11/2 to within experimental
uncertainty. From above, we know that

2(smaller of I/J) 4+ 1 = # of hyperfine levels (2.71)

so it follows that I or J is equal to 2. The last piece of information that we need comes
from the configuration 5p°6s; this has S = 0,1, L = 1, and thus J = 0,1,2. This means
that J = 2, allowing us to conclude that I = 7/2.
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2.4 Magnetic Field Effects

We are now going to investigate the effect of applying a magnetic field to an atom that is
described by the Hamiltonian (1.22). The Hamiltonian describing this interaction is given
by

[0Hp = —p - Bext (2.72)

where p is now the magnetic moment of the entire atom at the structural level that we
are considering. We take the magnetic field to be along the z-axis as a convenient choice
of coordinate system. The splitting of spectral lines due to the application of such a field
is known as the Zeeman effect.

2.4.1 Magnetic fields and Fine Structure

In this case, we define the strength of the magnetic field in comparison to the energy
associated with the fine structure perturbation. That is, we have that

o Weak field: ppBexi < (0Hs0)

e Strong field: ppBext > (0Hgs0)

However, it is worth remembering that in almost all cases upB < (dHRg); the mag-
netic field would have to be very large in order to compete with the residual electrostatic
interaction.

Weak field limit

Let us initially consider the case where spin has been neglected, such that the magnetic
dipole is given by (2.29) with S = 0. This is known as the Normal Zeeman effect. In this
case, we adopt the basis |L, M), allowing us to write the first order energy shift as

B
SEp = %Bext (L, M| L, |L, Mp) = pup M, Bexy (2.73)
The magnetic field thus splits a given energy level into 2141, and the new levels are equally
separated as My, has to be integer. In spectral line transitions, we have the selection rule
that AMp = 0,+1 (see section 3.1.2), and so the spectral lines are split into three evenly
space transitions with frequencies

_ 1B Bext

h
We can now re-introduce the effect of spin. This is known as the Anomalous Zeeman effect,
so-called because when it was first observed, spin had not been discovered, and the whole
thing seemed a bit odd. In this case, the perturbation is given by

wo, woEow, Ow (2.74)

SHp = %B(L +2S)-B (2.75)

where we have used (2.29) assuming that g, «~» 2. Then, it is clear that J2, .J,, L2, S? all
commute with the perturbation, meaning that we can adopt the eigenstates |J, My, L, S).
The first order change in the energy is given by

§Ep = %BBext (J,M;,L,S| (L, +28,)|J, My, L,S) = ’%‘Bext(MJm (S.))  (2.76)

where we have used the fact that J, = L, + S,. We can now employ a corollary of the
Wigner-Eckart theorem, which states that:

(J,My|v|J', M) o< (J, My| T |J', M) (2.77)

24



Toby Adkins B3

That is, the expectation value of any vector operator v in a basis where total angular
momentum is conserved (i.e. J and M are good quantum numbers) is proportional to the
expectation value of J in that state. Thought of in terms of the vector model, this describes
how any component perpendicular to J is time-averaged to zero due to procession around
this axis. We thus write

(J, My, L, 8|S |J, My, L, 8) = (S) = ¢ (3) (2.78)
for some constant of proportionality c. Taking the dot product with J:

(J-8S)

(J-8) =cJ(J+ K — T R

(2.79)

It follows that (J-SV(J.) M;{J-S)
. - JJ
) = R T T ) >

We then note that )
J.-S= 5(J2 ~L*+ 8% (2.81)

such that the Anomalous Zeeman energy shift is given by

(2.82)

B JJ+1) —L(L+1)+8(S+1)
OER = MjupBext |1+ 27T+ 1)

It is clear from this equation the degenerate energy levels corresponding to a given J
are split into 2J + 1 levels, proportionally to the applied magnetic field. This allows us to
determine J for an atom, and thus other quantum numbers. The bracketed term is denoted
g7, and is known as the Landé g-factor. This constant of proportionality is usually positive,
but can become negative when the projection of the total magnetic dipole moment onto J
is positive (such as in the state GFI/Q).

B

Figure 2.7: An example of how g; can be negative according to the vector model. Note
how the magnetic moments are in the opposite direction to their associated operators

Draw out the energy level diagram, together with the transitions, for the 671 nm transition

inSLi (Z =3), 1525251/2 - 1822p2P3/2 i o weak field of magnitude B. Give the spacing
of the frequency components.
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As the Zeeman effect splits J into 2J 41 levels, we are expecting 4 lines for the 1322p2P3/2
level (g7 = 4/3), and 2 lines for the 13225251/2 level (g7 = 2). In all transitions, we
require that AL = £1. The transitions where AM; = +1 are known as 'o’ transitions,
where as those with AM; = 0 are 7’ transitions. When observing along the magnetic field
(e,), we see only o transitions, where as we see both ¢ and 7 transitions when observing
perpendicular to B. See section 3.1.2 for more details concerning these selection rules.

M,

3/2
1322p2P3/2 1§2 | -upB
—1/2
~3/2

15228251/2 1/2
I QjLBB
—1/2

Figure 2.8: The Zeeman effect for a particular transition in Lithium (Li)

We can then calculate the relative frequency shift using Professor Hooker’s Energy Level
Table (patent pending):

2P3 2 (97 =4/3)
372 [-1/2 [1/2 |32
“Si2 (97 =2) i;éz - }g;g ?{;; 1

To compute the cell values, one takes the g; corresponding to the top row of M; values,
multiplies it by M, and then subtracts a similar product for the left hand column. Cells
that have been struck out correspond to transitions that are not allowed. This gives us
the following transition relative frequency diagram:

™ T

a a

|
|
|
o ‘ a

4

»
-« L

!
!
!
!
| |
—5/3 —1 -1/3 0 1/3 L 5/3 h(v — )

pwpB

Figure 2.9: The relative frequency shifts due to the Zeeman effect for a particular transition
in Lithium (Li). v is the central frequency given by vy = vc = 4.4 x 10° GHz.
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Strong field limit

Under the strong field limit, the assumption that we can ignore the external torque that
the magnetic field applies to the system breaks down. This means that J? is no longer
a constant of the motion, and so we use L2, L., S?, S, to characterise the state of our
system; this is because the strength of the external magnetic field has caused the orbital
and spin angular momenta to de-couple, and so they individually precess around Bey:.
The resultant energy shift is given by

6EB - M?BBeXt <L7 ML7 Sa ML| (Lz + 252) |L7 ML7 Sa MS> = ,LLB(ML + 2MS)Bext (283)
It is usually very difficult to observe the Paschen-Back effect in practise, as it usually
requires a very strong magnetic field. For example, for two energy levels separated by

0F =0.01 eV,
oF
Bext » — 173 T (2.84)
KB
This sort of size of magnetic field is not readily achievable, given that the largest magnetic

fields that have been created in laboratory environments are of order «~ 10 T.

2.4.2 Magnetic fields and Hyperfine structure

In the case of hyperfine structure, we define the strength of the magnetic field in comparison
to the energy associated with the fine structure perturbation. That is, we have that

o Weak Field: upBext < Ay
e Strong Field: pupBexs > Ay

where A is the coupling constant for hyperfine structure. The latter limit is usually read-
ily achieved, as only a small magnetic field is required for it to dominate in comparison to
the relatively small magnitude of the hyperfine structure energy.

Being in the hyperfine regime, we need to be wary of the fact that the nuclear spin can
now contribute to the magnetic moment of the atom. Namely, we have that

p= —QJI%BJ + 91/%\[1 (2.85)

However, we observe that uy < pp, meaning that we can actually neglect the contribution
due to the second term, giving us

6Hp = 95503 Bexs (2.86)

This is a curious result, as the above Hamiltonian does not explicitly depend on the nuclear
spin. However, the resultant energy shift does depend on hyperfine structure due to the
way in which we characterise our states in the strong and weak field limits.

Weak field limit

If the field is sufficiently weak, then we can assume that it applies no external torque on
the system, meaning that F? and F, are constants of the motion. Thought of in terms
of the vector model, this means that J and I precess about the resultant F, which itself
precesses around Beyi. This means that we consider the projection of J onto F':

J.F
SHy = g,"8 (J-F)

=9 By Rt Pes (257
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Once again aligning Bey along the z-axis, and observing that
1
J.-F= 5(}?2 ~1?4+J?) (2.88)

it becomes clear that the energy shift can be written as

F(F+1)—I(I+1)+J(J+1)
2F(F +1)

0Ep = grMppupBext, gr = g7 (2.89)

Analogously to the Zeeman effect for fine structure, we see that the magnetic field splits
the degenerate energy levels into 2F + 1 separate magnetic energy levels, proportionally
to the applied field. We see from the above expression for gr that the nuclear spin makes
a contribution to the energy shift; this is because I itself is not small, even though the
nuclear magnetic moment is.

Strong field limit

In a similar vein to the Paschen-Back effect, we argue that in the strong field limit, J and
I decouple and individually precess around Beyx¢. In this case, we write the Hamiltonian
as

5HB :gJMBJ'BeXt+AJI'J (290)

where we have included the § Hyp term (2.65) to make the energy separation between the
resultant levels more explicit. We adopt the eigenstates |J, My, I, My), meaning that the
energy shift is given by

0Ep = gyMjupBext + (J, My, I, M| AjX-J|J, My, I, M) (2.91)
The second of these terms can be evaluated explicitly using the ladder operators
L. =1, %, Jo=J,%ily, (2.92)
It can be shown that these operators act according to
Iy |J, My, I, Mp) o< |J, My, I, My +1), Jy|J, My, I, M) < |J, My+1,1,M;) (2.93)

Then: 1
1. J=1J,+1,J,+I.J, = §(I+J_ +1_Jp)+ 1 J, (2.94)

It is clear from the above expression that all but the components along the magnetic field
(e,) will have zero expectation value in this basis. Putting this together, the energy level
shift is then given by

0B = gyMpupBex + AyMM,; (2.95)

The first term describes the precession of J around By, while the second describes the
corresponding precession of the nuclear spin I. The strong field states are split into states
labelled by M, each of which are split into 21 4+ 1 sub-levels according to the degeneracy
in M7. The separation of the sub-levels remains constant as you increase Bey, while the
separation of the M levels increases proportionally.

Consider the following diagram of hyperfine Zeeman splitting, labelled with the appropriate
quantum numbers. Deduce the nuclear spin of the isotope, and the sign of gr. The mea-
sured zero field splitting is 327.4 MHz. Find the separation of adjacent states in the strong
field limit.
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Mp Mr  M;
- 1
n AE(pooc) | 0 1/2
OEF} A —1
3/2
1/2
—~1/2
F=3/2
T /
AFE 5
(B=0)
—3/2
Lo =T
—-1/2
— 1
0 —1/2
1
Low field »  High field
5 :

F defined F undefined

Figure 2.10: The Zeeman effect in hyperfine splitting

Before calculating gr, it will be useful to examine how the quantum numbers shown on
the diagram were assigned. Let us initially consider the high field limit. We know that
the large energy splitting becomes dominated by the normal Zeeman effect, which creates
2J + 1 levels, indexed by M. It is clear from the diagram that we have two ’sets’ of
hyperfine levels, allowing us to conclude that J = 1/2, and consequently M from the fact
that —J < My < J. The second term in (2.95) splits each of the levels in M into 27 + 1
sub-levels, allowing us to then conclude that I = 1. We then consider the low field limit.
The application of the magnetic field splits each F' level into 2F + 1 sub-levels, which gives
us the labels at the left hand side of the diagram. We then use the fact that Mp = M;+ M
is a good quantum number in both the high field and low field limits to deduce Mp. It
trivially follows that gy = 0, implying that gp = —2/3 for F' =1/2, gp = 2/3 for F = 3/2.

The zero field splitting is given by (2.67), meaning that we can write the energy difference

AE(B:U) as
s =2 (2 (2) - 5(2)) = 2 290

In the high field limit, the separation AE(p_, is due to the second term in (2.95). In
both cases, |M ;| = 1/2, and so

1 1
AE(p o) = 5A Jh% = gAE(BZO) =0.45 x 1070 eV (2.97)
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3. Radiation

In this chapter, we will examine the theory behind transitions and radiation within atoms,
including

e Radiative Transitions
e Inner Shell Transitions
e Thermal Radiation

The previous two chapters was focussed mainly on outlining the various energy levels that
are present in the atom, given the perturbative level being considered. We are now going
to look at what happens when there are radiative transitions between these levels. This
is an important aspect to round off our examination of the atom, as it is usually through
observing these transitions that we can make deductions about atomic structure.
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3.1 Radiative Transitions

As stated at the start of this chapter, radiative transitions occur between atomic energy
levels in atoms, usually induced as a result of external excitation, such as an incoming
electromagnetic wave. We can model the effects of such excitation as a time-dependent
perturbation on our system such that H = Hy + 0H (t), where Hy = Hatomic as given by
(1.22). We then propose that we can write the resultant state of the system as

[, 8) = > an(t) e n) (3.1)

This expression includes the implicit assumption that the energy eigenvalues F,, and eigen-
states |n) are fixed by Hp, and only the coefficients that determine the superposition of
states change with time. We can then substitute this into the TDSE: Substitute this into
the TDSE:

ZeﬂEnt/h ihiin + Ewar) [n) = ZeﬂEnt/h (Hetrry + 6H |n)) (3.2)

ihy " ape B n) = Z e~ Ent/hy, 5H |n) (3.3)

n

Bra through by (m| and - 1 etEmt/h.

im == e Em=Et/h () 6H |n) ay (3.4)

The above expression is a set of coupled differential equations for the time evolution of the
coefficients of the system. Let us now consider a the case of a sinusoidal perturbation on
the system of the form:

SH(t) = VpeTw! (3.5)

Let wpm = (Em — Ep)h, meaning that our amplitude for the transition can be written as

. ) 1 H(wWnmFw)t _ 1
am == [ dt =t | 5H o) =~ (Vo o) S (3.6)

assuming that a, = dpm. In other words, we have assumed that the system was initially
in state n upon the application of the perturbation. This has associated probability

[ {m| Vo [n) | sin® (o)
T (e

P = (3.7)

3.1.1 Electric Dipole Approximation

Now we consider the case of an incoming electromagnetic wave. As A > ag for most
incident radiation, we can consider the strength of both the electric and magnetic fields
to be constant over the transition cross section o. Furthermore, as the force due to the
magnetic field is significantly less than that due to the electric field, we can neglect it’s
contribution. This is known as the electric dipole approrimation. We can represent a
uniform oscillating field of strength FEjy

SH(t) = elpl e, p= Fpx (3.8)

If we are considering a transition between two discrete energy level E,, and E,, (as is the
case in atomic structure), then wy, remains fixed. However, there may be a range of
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frequencies in the incoming radiation with which we associate a spectral energy density
p(w), defined by:

o0 1
/ do ple) = 3B} (3.9)
0

Noting that in this case Vj = eEy|x|, it becomes clear that we can write the transition
probability as

262 00
P = =gl mlxin 2 [ des i)

sin? (%t)

(3.10)
(52)°

eoh?
The integrand of the above expression is dominated by a sharp peak around w = wpm, and
so we can argue that we can approximate the spectral energy density as being constant
over the region of integration. This allows us to write

o0 sin? (“nm=w¢ ©  sin?g
/0 dw p(w)W - p(wnm)Qt/O dx 5= Tt p(Wnm) (3.11)
2

We can thus finally write our transition rate as

2me? 9
R, =—— A2
mn 3607_12’ <7’L’ z ’Tl> | p(w0> (3 )

The factor of three in the denominator comes from the fact that we have to average x over
all of the possible spatial orientations of the atom (isotropic system).

3.1.2 Selection rules

Taking our eigenstates to be those of the gross atomic structure |n,#,my), it is clear
that the transition rates are proportional to (n’,¢,mj|v|n,¢,my) in the electric dipole
approximation. If any of these matrix elements are zero, then the transition is forbidden,
leading to what are known as selection rules. These are as follows:

e The emitted photon for the transition carries off one unit of angular momentum, so
|J —J'| =1 is possible. Tt is also possible to have |J — J’| = 0; this occurs where
the spin and orbital angular momentum of the atom reconfigure themselves (after
the release of the photon) such that |J — J’| = 0. This follows from the fact that
J =|Lg|...L+ S, meaning that the same value of J may be still be present after
the transition. Evidently, this cannot occur for J = 0.

e The dipole operator v = ep has no effect on the spin of the wavefunction, and so the
spin cannot change, implying Mg = M. This is only the case if we do not account
for LS coupling effects.

e Let us consider the parity of the spherical harmonics. Suppose that
Y/ (0,0) = (0,910, 0) (3.13)

for a single electron system. We then apply the raising operator Ly = L, +iL, to
this state. Nothing that my is at it’s maximum value, it follows that

io [ O . 0

e'® (80 + i cot 0%> Yf=0 (3.14)
Suppose that Yf is an eigenstate of L, such that LZYf = Ethi. This implies that
Y/ = f(0)e*? for some function f. Then:

Z‘é —Llcotff(8) =0 — (;99 (f(Q) sin”" 9) =0 (3.15)
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We thus arrive at the important result of

Y/ (6, ) o sin’ he’? (3.16)

In spherical polar coordinates, an application of the parity operator P gives rise to
the transformation [0, ¢] — [m — 6, ¢ + 7]. Applying this to (3.13):

Psint e’ = sin’ (7 — 0)e ™) = (—1) sin’ 0™ = (—1)° (0, ¢|¢, 1) (3.17)

As the lowering and raising operator L_ = L, —iL, is parity symmetric, applying it
to the above state will not change its parity. This means that the parity of a general
state is given by

P |7’L,£, mf) = (_1)€ |n7£> m£> (318)

The above result is true for a general state with good quantum numbers n, ¢ and
my. Now, we know that the expectation value of any vector operator is zero in a
state of well-defined parity. This means that if both £ and ¢ are odd or even, then
both states are of the same parity, and the matrix element vanishes. This forces us
to conclude that [¢ — ¢'| = 1. However, in the case of a multiple electron atom, the
total orbital angular momentum may reconfigure itself, such that |L — L'| = 0. As
above, this cannot occur for L =0 — L' = 0.

e Let us initially consider the case where radiation is incident along z, meaning that
v =efz. As [L,,z] =0, we can write that

L.(z|n,,my)) = zL, |n,€,mg) = meh(z|n, £, myg)) (3.19)

This means that z |n,#, mg) is an eigenstate of L, and this orthogonal to all other
eigenstates of L., leading us to conclude that [m, —mj| = 0 along z. Next, define
the operators x4+ = x + iy. It follows quickly from the commutation relation for
angular momentum [v;, L;] = ihe;jivy that [L,, 24| = £hey. Then:

L.(xy|n,l,my)) = x4 (L, £ 1) |n,l,mg) = (my £ 1) (x4 |0, £, my))

So x4 |n,l, my) is an eigenket of L, with eigenvalue my + 1. Given that x and y can
both be written in terms of xy, we conclude that the matrix elements for  and y
are zero unless

|me —my| =1
for orthogonality reasons. This is easily generalised to multiple electrons.

In all these cases, n is allowed to change by an amount, but only one electron is able to
make a transition at any given time. A useful summary of these results is included in the
box below:

|J —J| <1 exceptfor J=0—J =0

|IL—-L'|<1 exceptfor L=0—L =0
My — M| <1 except Mj=0— M), =0if|J—-J|=0
M — M| =0 forz
|Mp — Mp| =1 forx,y
My — M| =0

Once again, we draw the readers attention to the fact that the above quantum numbers
are the composite eigenvalues. In the case of a single particle, both j and ¢ must change
by one.

33



Toby Adkins B3

3.2 Inner Shell Transitions

Thus far, we have only been concerned with the energy levels of the valence electrons
(those that are outside filled electron shells). As stated previously, transitions between
such energy levels typically are of order «~ 10 eV to «» 1076 €V, as the energy differences
involved are typically quite small. Transitions between inner electron shells are much more
energetic (typically of order keV), meaning that the emitted radiation is in the form of x-
rays. X-ray transitions occur between the inner electron shells of atoms when high energy
photons or electrons bombarding the atom create an inner shell vacancy. This allows an
electron to transition from a higher energy level to a lower one by the emission of an X-ray
photon.

3.2.1 Characteristic X-Rays

For the inner shell electrons, the central field of the nucleus is approximately of the from
of a Coulomb field, and so we approximate the energy levels as being hydrogenic, of the
form:

2
By = —p(ac?E=2nS

5 - (3.26)

In a similar way to with alkali elements, we take account of the fact that the system is
not purely hydrogenic through defining an effective nuclear charge Z.;y = Z — 0,,. The
parameter o, is a screening factor that take into account the amount by which the electrons
within the two energy levels experience screening of the nucleus due to other electrons that
are not involved in the transition. The value of this screening factor depends quite obviously
on the electrons inside the given energy level that we are considering, but it also depends
on the outer electrons, as these define the potential of the given level relative to infinity.
Typically, these screening factors are factors of order unity, and are determined empirically.

»

Intensity

Characteristic X-rays

Bremsstrahlung continunum

»
»

\ Wavelength
Low-wavelength cut-off

Figure 3.1: An X-ray spectrum for Lithium Flouride Crystal (LiF), showing the
Bremsstrahlung continuum, and characteristic X-ray peaks
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The energies of the X-ray transitions are then given by the difference in energy between
these two levels. For a transition n — m, this is given by:

— )2 — o)
AE,,, = = u(ac)? <(Z 5 S _ 3 ) > (3.27)

We can observe these transitions using (for example) X-ray spectroscopy, involving bom-
barding an sample of a particular element with high-energy electrons emitted from an
X-ray tube. This creates a continuous spectrum due to the Bremsstrahlung or breaking
radiation due to the deceleration of the tube electrons as they interact with the atomic
nuclei. There is a low-wavelength cut-off that occurs where all the energy of the electron
is emitted as breaking radiation, bringing an end to the continuum. This means that the
Bremsstrahlung continuum is actually characteristic of the tube voltage, rather than the
specific element under study.

Superimposed on this continuum we have the characteristic X-rays emissions that corre-
spond to inner shell transitions, with energies given by (3.27). These usually come in
various groups that correspond to transitions to n = 1,2,3,..., known as the K-series,
L-series and M-series. One usually only observes three such series due to the fact that
transitions to n = 4 are often not energetic enough to create X-rays upon emission. Note
that the term primary electrons is sometimes used to refer to the electrons that are ionised
due to incoming radiation. The difference between their kinetic energy and the energy
of the incoming radiation gives the binding energies of the various energy levels. Pay at-
tention to selection rules when finding the characteristic X-rays; some transitions are not
allowed!

N n=4
M-series
A h y v o :
M S n=3
[.-series
L - n=2
&4 .‘j !
K-series
I( L 4 -r :!’ n _ 1
o 37

Figure 3.2: An energy level diagram showing the various X-ray series, as well as the
individual lines (e.g. Ko, Kg,...)

A X-ray tube operates with a tungsten target (Z = T74). As the tube voltage is increased,
three groups of lines appear. The first appears at a tube voltage of «~ 2.5 kV, with wave-
lengths around 0.65 nm. The second appears at —~ 12 kV, the wavelengths being around
0.13 nm. Estimate the tube voltage at which the final group appears, and the wavelength of
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the strongest line in the group.

As the mass of the tungsten nucleus is very large, we can assume that g « m,, meaning
that the energy of the lowest K level is given by

1
Ex = 5me(ac)’(Z = ox)’ = heRoo(Z — 0k)? (3:28)

For Z > 1, it is safe to estimate o as some small integer such that o < Z. This means
that the threshold voltage for the K series can be calculated as

E
Vi - 7’{ ~ 67 kV (3.29)

The energy of the longest wavelength in the group is then given by the difference in energy
between the n = 1 and n = 2 levels (see figure 3.2), which we can deduce from the tube
voltages.

AEQl = q(VK — VL) — A 20 pm (330)

3.2.2 X-ray fine structure

A single vacancy in an otherwise full shell has the properties of a single electron in an
otherwise empty shell (this arises from symmetry arguments). This means that our as-
sumption that the X-ray energy levels are hydrogenic is valid. As such, these energy levels
are split by the spin-orbit interaction to give fine structure components, separated by

_ woph 24 1

ABps == (nag)® €(£ + 1) (3.31)

This expression can be derived by considering the difference in energy between two fine
structure levels for a hydrogenic atom, such that j = ¢+ s and s = 1/2. This gives rise to
a multiplet structure of X-ray lines (usually doublets and triplets), subject to the selection
rules outlined in section 3.1.2. For example, the K, doublet (denoted K, and K,2) exists
because this is transition from a 2p level that has two possible values of j.

3.2.3 The Auger effect

The Auger effect occurs where an electron undergoing an X-ray transition imparts its
energy to another electron (not necessarily in the same energy level), instead of releasing
a photon. If the energy is sufficient, this second electron is ionised. The resultant kinetic
energy of the electron will be

’T = Etrans - Ebind (332)

where Fipang 18 the energy corresponding to the transition of the initial electron, and FEyipngq is
the binding energy associated with the electron to which the energy is imparted. Evidently,
if T' comes out to be negative, the Auger transition does not occur. As this effect is not un-
der the electric dipole approximation, Auger transitions do not have to obey selection rules.

There will now be two inner shell vacancies, which will either be filled by X-ray transitions
from higher energy states, or further Auger processes. As such, this process is doubly ion-
ising. This dominates over radiative transitions for the elements of lower Z, meaning that
more doubly-ionised atoms will be present than singly ionised atoms upon the analysis of
such elements. A further subtle point to note is that when the initial vacancy is created,
the atom is no longer neutral. This will actually increase the binding energy that the
Auger electron has to overcome, meaning that our value for T above might, in reality, be
lower.
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3.3 Thermal Radiation

In this section, we shall take some time to introduce some ideas and definitions that we
will make use of in the next chapter. These mainly pertain to radiation from macroscopic
bodies, rather than from individual atomic systems, as we have thus far been concerned
with.

3.3.1 Specific Intensity

We define the specific intensity I, of a radiating body as the energy emitted in the frequency
range [w,w + dw] per unit area, per unit time, per solid angle. This can be expressed as

dE = ;i dSdtdQdw (3.33)
T

where dS = cosfdA is the differential surface area element. The total intensity is then
obtained by integrating over the frequency range [0, oc].

In free space, where there is no absorption or emission of radiation, the specific intensity
is preserved as the radiation propagates. Consider two surface elements dS; and dSs
separated by some line element d¢ along the direction of propagation of the radiation.
Then, the energy passing through each is given by

1, L,
dE; = 2—1 dSidtdQidw and dE; = 2—2 dSydtdQadw (3.34)
T

™

However, by energy conservation, we require that dFy = dF». Noting that dS; = dld{
and dSs = dldS2s, it then follows that I,; = I,2. This can be expressed in differential form
as

I,
=0 (3.35)

This is essentially a statement of energy conservation. Let us also define a few integral
moments of this quantity:

e Mean intensity - This is the average of I, over the solid angle:

Lzl/mh (3.36)
4

This is particularly of use when evaluating the rates of physical processes that are
photon dominated, but are independent of the angular distribution of the radiation,
such as in photoexcitation and photoionisation.

e Radiation flux - This is the net rate of energy flowing across a unit area, per unit
time, in the frequency range [w,w + dw]. As such, it is given by the first angular
moment of 1.

P, = /dQ cos @ I, (3.37)

The crucial difference to note between specific intensity and the flux is that while
specific intensity is independent of the distance from the source, the flux obeys the
inverse square law.

e Radiation pressure - This is the momentum flux; that is, the momentum delivered
per unit time, per unit area, in the frequency range [w,w + dw]. It is related to the
second angular moment of the distribution of I, as follows:

1
Py = — / dQ cos® 0 I, (3.38)

C
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The extra factor of cos comes from the fact that the radiation may be incident at
some angle 6 to the normal. Inside a reflecting enclosure, such as a blackbody (see
section 3.3.2), this pressure is doubled as the photons are perfectly reflected, rather
than being partially absorbed.

Find an expression for the radiation flur at o radial distance r from a sphere of radius R
and uniform brightness.

Uniform brightness implies that the specific intensity is constant over the surface of the
sphere: I,, = B = constant. Define the angle

6, = sin! (R> (3.39)

r

Then, the resultant flux is clearly given by

27 28 2
P, = /dQ cosfl, = B/ dqb/ df cosfsinh = tB(1 — cos?0,) ~ 7 (R> (3.40)
0 0 r

assuming that that R < r. We have thus confirmed that the radiation flux falls off as an
inverse square law, as anticipated above.

3.3.2 Blackbody Radiation

An object that absorbs all radiation incident upon it is known as a blackbody. When it is
at a uniform temperature, its emission has a spectral energy density profile that is only
dependent on temperature, which is the defining characteristic of blackbody radiation.

We can model a blackbody as a cavity containing a gas of photons with energy per particle
hw. Tt follows that for a gas of N particles that the energy density is given by

u=u(T) = nhw (3.41)

From the kinetic theory of gases, we know that the particle flux is ® = inc, meaning that
the total energy flux is given by P = iuc. Lastly, we know that p = %u for a general
kinetic gas, and so we can write the pressure of the photon gas as p = %u Using these

equations, we can derive some further properties of blackbody radiation.

Stefan-Boltzmann Law

Recalling the equation for the internal energy U of the gas, it follows that

u ou 0S U
= - = — | = — | —= 42
dU =TdS 3dV — (8V)T T(@V)T 3 (3.42)
However, we know that
ou 0 ou
<8V)T 5 (uV)p u+V(av)T u (3.43)

as u cannot depend on the size of the system by the definition. Recalling that the Helmholtz
free energy is given by F' = U — TS, we can use the following Maxwell relation

0S8 ([ Op _ldu
(5),=(5¢) =55 B4
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We thus obtain the differential equation
u=-T——= — du=T— (3.45)

that we can solve to obtain u oc 74. This means that incident power per unit area is given
by

1
P = uc= oT? (3.46)

for some constant of proportionality o that is known as the Stefan-Boltzmann constant.
However, in order to find an exact expression for o, we need to investigate how our energy
is distributed in frequency space.

Plank distribution

The spectral energy density p(w) is the energy density per unit volume, in the frequency
range [w,w + dw]. The photons in our gas have two possible polarisation states (s = £1),
meaning that the density of states for such a system is given by

Vk?

k)d*k = 2 Ark*dk = —-dk 3.47
(k) 2 gt - (3.47)
polarisation states
Using the dispersion relation w = ck, this can be written as
Vv
dw = 2d 3.48
g(w)de = = wide (3.45)

Assuming that the number of photons is large enough to approximate them as having a
continuous spectrum, we can adopt Bose-Einstein statistics to write the mean occupation
number for a particular state with energy Aw as

1

where we have defined 8 = kpT. The spectral energy density is thus given by

h w3

p(w) = ﬁlg(w)hw = 7TQC3 eﬁhw 1 (350)

This is known as the Plank distribution. We can then use this to find an expression for the
Stefan-Boltzmann constant:

h > w3 h 1 o 23
u:/dwp(w)zw/o dw B 1 2.3 (h5)4/0 dx =1 (3.51)
—_—

w4 /15

where we have made the substitution that x = Shw. By comparison with (3.41), it is clear
that the Stefan-Boltzmann constant can be expressed as

=5.67x107% Wm 2K (3.52)

> w2 k‘4B
60Ah3c2

By letting w = 27¢/\, we can also write the spectral energy density in wavelength space

as
_ 8mhce 1

p(A) = N5 eBhe/x _

(3.53)
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When plotted, this gives the typical blackbody curves, as shown in In the classical limit,
£ becomes very small, so we can Taylor expand, yielding the Rayleigh-Jeans law:

8rkpT
p(\) = —i (3.54)

This evidently diverges for low A, giving infinite energy density, which is known as the
ultraviolet catastrophe. We thus need the quantisation that is implicitly included in (3.53).
This distribution has a maximum that can be found numerically as Apax v (he)/(5kpT).
This gives rise to Wien’s Law which states that

Amax 1T = constant (3.55)

That is, the product of the maximum wavelength emitted by a black-body and it’s tem-
perature will yield a constant value. This can be used to find the temperature of stars, for

example.

»
>

Intensity

Rayleigh-Jeans Law

Plank Distribution

Wavelength

Figure 3.3: A diagram showing both the ideal Plank Distribution, and the Rayleigh-Jeans
law that is valid in the high-wavelength limit

40



4. Multiple Level Systems

This chapter covers the basic concepts associated with multiple level systems, including
the following:

e Molecules

The Einstein Description

Line Broadening

Optical Gain

Cavity Effects and Lasers

In the first two chapters, we spent our time looking at the quantum mechanical intricacies
of atomic structure. Now, we are going to take a step back, and look at a more macroscopic
view of transitions and energy levels. While quantum mechanics will still be a consideration
in our analysis, the material involved in this chapter is for the most part semi-classical.
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4.1 Molecules

Let us consider diatomic molecules, such that there is always rotational symmetry about
the axis joining the the two constituent atoms. As the atoms are brought close together,
the electrons in closed shells will usually remain in closed shells, and thus we will further
restrict our consideration to valence electrons. At the characteristic scales of the molecule,
the valence electrons can no longer be associated with a single nucleus, and are instead
distributed throughout the molecule. The distribution of these electrons will determine
whether the molecule remains bound, and if so, the resultant characteristics of the molecule.

4.1.1 Order of Magnitude Estimates

To get an idea of the energies that we are dealing with when it comes to molecules, we shall
made order of magnitude estimates for the associated electronic, vibrational and rotational
energies. A more exact calculation of the energy levels shall be performed in section 4.1.2.

Electronic Energy

Suppose that a given valence electron is confined to a region of size a. Then from the

Uncertainty Principle:

h h
Aa:Ap2§ — P (4.1)

We expect the electronic energy FE. to be of the same order of magnitude as the kinetic
energy of the electrons. Hence

p2 h2

E A = —
© 2me  2mea?

(4.2)

Taking a -~ ag, it can be shown that F, is roughly on the order of eV. We can also associated
a time-scale with this energy of 7. = h/E..

Vibrational Energy

We shall assume that the molecule can be treated as a classical harmonic oscillator around
the centre of mass of the system. We define the reduced mass

mima
= — 4.3
H mi + mg (43)
where m; and mgo are the masses of the two nuclei. The potential energy associated with
such an oscillator is then given by

1
Viin (@) = §Mw31b$2 (4.4)
We can argue that at x « a, all of the electronic (kinetic) energy has to be vibrational

(Vyin(a)) « E, allowing us to write that

1/2
I 5 h? h?
S HWvipd omea? —  Wyib it (4.5)
This means that the energy of the oscillator is given by
m
Eyip -~ fEe (46)

This means that the vibrational energies are smaller than the electronic energy by a factor

of order y/m/p « 100.
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Rotational Energy

If the nuclei rotate around their common centre of mass, then we can approximate the
motion as a rigid rotor. We can ignore components of rotation that are about the inter-
nuclear axis, as these have a small moment of inertia. This means that we are left with
contributions perpendicular to the internuclear axis, whose moment of inertia is given by
I = pa®. his the typical scale of angular momentum, allowing us to write that

h h
L Iwrot R —  Wrot Y s (47)
wa
The associated rotational energy is then given by
1., m
Erot = §Iwr0t N EES (48)

The rotational energies are thus another factor of \/m/u smaller than E.. We can thus
write the following ordering of magnitudes and time-scales:

Ee > Evib > Erot (4:9)
Te < Tvib < Trot (410)

4.1.2 The Born-Oppenheimer Approximation

Now that we have gained some knowledge about the order of magnitudes of the energies
associated with our system, we shall now calculate a more exact expression for these energy
levels. Consider the Hamiltonian

Hmolecular - Tn + Te + V(I‘i, R) (4.11)
——

KE of nuclei ~ KE of electrons  potential energy

We can write these terms explicitly as

n?_, N -~
r__ Iy T — _ v2 4.12
n 2lLL 9 € ; 2me r; ( )
2 N N
Z'€2 62 212262
Ve R 22 :E e A _ Ty 4.13
(rzv ) : : < 471'60 ‘ri — Rj) + Z 47‘(’60’1‘1' — rj‘ + 47T€0‘R‘ ( )
F i 1<j N——

. . . internuclear repulsion
electron-nuclear interaction electron-electron repulsion

where Ry and Ry are the positions of the nuclei with respect to their centre of mass. We
have moved the origin of our coordinate system to the centre of mass of the two nuclei,
meaning that we describe their motion by a single particle of mass u located at a position
R. The TISE for the system now reads

Hmolecular ‘\I]> =F ‘\IJ> ) <X‘\I/> = \I/(I‘i, R) (4'14)

We shall attempt to find solutions for the molecular wave-function which are of the form
of a product state

(W) = |thn) |the) , or W(ri,R) = ¢n(R)¢e(ri, R) (4.15)

where [1).) satisfies the equation
Hele) = Eeltpe),  (X[the) = te(ri, R) (4.16)
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where H, = T, + V(r;, R). The above equation is most easily solved in a body-fixed coor-
dinate system centred on the centre of mass, and orientated with the z-axis along R; it is
clear that in this coordinate system, the electronic energy F. depends on the magnitude
R = |R|. However, it is important to remember that the wave-function . (r;, R) is still
parametrised by R, as in the lab frame the origin of this body-fixed coordinate system will
change based on the motion of the nuclei.

We now substitute (4.15) into (4.14):

[Tn + He] |wn> |we> =F W}n> W}e> (4'17)

Multiplying throughout by (.|, and integrating over the electron coordinate:

<we’ Tn+ He |we> |7;Z)n> =F |wn> — {<1/]e| T |'¢e> + Ee(R)} W}n> =F |77Z)n> (4'18)

where the second expression follows from (4.16). We now make the Born-Oppenheimer
approzimation that the electronic wavefunction has weak dependence on the magnitude R
of the internuclear separation. This means that only the angular part of 7, acts on |).),
allowing us to write that

H. ‘¢e> = Ee Wje> (4'19)

+ Ee(R) ‘¢n> =F |¢n> (4'20)

hg 0 2 0 <1/}e| N2 W}e>
- R _— )+ —
2uR? OR OR 2uR?

where N is the orbital angular momentum operator of the nuclei. We have thus reduced
the problem to a system of two equations. In principle, the first can be solved for the
electronic energy E(R), where |¢.) is assumed to depend only weakly on the magnitude
of R, and depends on its orientation through a rotation of the coordinate system. The
second can then be solved for the total energy E, where the electronic energy E.(R) acts
as an effective potential for the nuclei.

Rotational and Vibrational Energies

Let us define the total orbital angular momentum of both the electrons and the nuclei as
K=N+L (4.21)

In the absence of any external torques, both K? and K, must commute with Hygleculars
and so we can write the eigenvalue equations

K?|0) = K(K + 1)h* |¥) (4.22)
K, |V) = Mgh|V) (4.23)
Due to rotational symmetry about the internuclear axis, L, is a constant of motion. N is
perpendicular to R by definition, meaning that K, = L, = Ak (note that the convention
in molecular physics is to write M, = A). Since the magnitude of K cannot be smaller

than K, the smallest value of the total orbital angular momentum quantum number, K,
is A. This means that K = A, A+1,A+2,....

The energy of the rotational motion of the nuclei moving in the potential F¢(R) is given
by the second term in (4.20). To evaluate (1.| N? |1/.), we note that

N2=K?-L?-2N.L (4.24)
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Since the electron angular momentum L precesses rapidly around the internuclear axis,
the only non-zero time-averaged component of L is L,, meaning that

<¢e‘ N-L |7!}> =0 and <7/}e| L |1/)e> = <77Z)e| sz W}e> = AR (4'25)
This means that the rotational energy term becomes

N2 ey R
2uR? 2uR?

[K(K +1) — A?] (4.26)

Now, since E,(R) is spherically symmetric, we can write the molecular wavefunction in the
form

<X‘wn> = ¢H(R) = wvib(R)@Z}rot (@a (I)) (427)

where © and ® are the angular coordinates associated with lab coordinate system, rather
than the body centred coordinate system used to solve (4.19). In a similar fashion to
section 1.1.1, we can separate the angular and radial equations, noting now that

K%04(0, @) = K (K + 1)1 9,01(0, @) (4.28)
K ot (0, ®) = My h ), (0, @) (4.29)

It thus follows that we can write

[ A% 02
__ﬂ@ + Ver(R) | Yvib(R) = Etyin(R) (4.30)
where
[K(K +1) — A?| B2
Vet(R) = E.(R) + e (4.31)
is the effective potential for this one-dimensional Schrédinger equation.
The Effective Potential
For any bound state, we can expand F,(R) around its minimum value Ry:
dE 1 d?E.
E.(R) = E.(Ry) + —— =Ro)+ = ——| (R—Ro)*+... (4.32)
7 2! dR* |5
0 0
The second term is zero by definition of the minimum. Letting
d’E, h? h?
K. — and B, = —— = —— 4.33
T dR? g, 2uR? 21y (4.33)

we can approximate the value of the effective potential around the equilibrium value Ry as
1

Veff(R) N Ee(RO) + BTK(K + 1) + §KS(R - R0)2 (4'34)

where we have absorbed the A2h%/2uR3 term into E.(Rp). It thus becomes clear that Veg

has the form of a harmonic potential raised by a constant energy E.(Ro)+ B, K (K +1)h?.
Thus, the eigenvalue solution to (4.30) is given by

1 K 1/2
E = Ee(RD) + <V + 2> hwyib + BTK(K + 1)7 Wyib = <,us) (435)
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The effect of the electronic energy on the nuclei can be modelled via the Morse potential
2
E.(R) = A |1 — ¢ B(E=Fo) (4.36)

where A and B are constants, and Ry is the equilibrium separation of the two molecules
when rotational energy levels are not excited. Derive an expression for wyp. Suppose now
that the molecule is rotating. Derive an expression for the new equilibrium distance between
the two molecules, and calculate the resultant shift in energy.

As anticipated by (4.32), we expand the Morse potential around the equilibrium position
Roi
E.(R)~ A[B*(R— Ry)* - B*(R— Ry)* +...] (4.37)

We can then equate the quadratic term to the harmonic oscillator potential:
2 2 1 2 24\"/?
AB*(R — Ry)* = §#inb(R — Rp)® —  wyib = <,U> B (4.38)

In the case that the rotational energy levels become excited, we can write the energy of

the system as

2 K(K+1)h?
+ 2uR?

Evidently, this has shifted the potential curve, and thus the minimum of the system. We

thus can find the new equilibrium by finding the minimum of this equation. Differentiate

with respect to R, and then let R = Ry + §R to obtain:

_ _ K(K+1)r? KK+ 1)h? SR\ ?
_ _—BSR BSR _ _
2AB (1 e ) e (Ro T OR) I 1 " (4.40)

E=A [1 — ¢~ B(R—Fo) (4.39)

Expanding to leading order in §R, we find that

K(K + 1)h?

6R =
2uAB?R}

(4.41)

R=R, <1 MESCiS iy 1)h2>

2uAB?R}

Calculating the resultant shift in energy is actually a more involved task than it initially
appears. A naive approach would involve substituting the result for the new equilibrium
into (4.39). However, one should actually expand (4.39) around the new equilibrium posi-
tion R = Rg 4+ dR. This is because the shift in R is non-trivial, and will actually modify
the effective spring constant of the system; in other words, there will be a non-negligible
contribution to the shift from the vibrational energy. Taking the naive approach would
only find the shift due to the electronic and rotational energies, and not the vibrational
energies.

4.1.3 Symmetry and Energy Levels

For individual atoms, there is no unique special axis that we can associate with the sys-
tem, meaning that the system is spherically symmetric, and L? is a constant of the motion.
However, in a molecule, the internuclear axis is an obvious special axis of the system, which
breaks our spherical symmetry. As alluded to in section 4.1.2, this means that L? is no
longer a constant of motion; instead, we choose to align our z-axis along R, meaning that
L, is a constant of motion. We thus characterise our states by A, instead of L as before.

As in atoms, we can also associate the total spin S = ) s; with the electrons. These
have no coupling to the electric field along the internuclear axis, and so the total spin is
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calculated in the same way as for the atom. Like in atomic structure, the spin state of
the system has an effect on the spatial wave-function due to symmetry considerations, and
thus on the energy of the system. We thus also have to specify the total spin S of the
system when labelling our states.

For any diatomic molecule, H, is unaffected by a reflection of the coordinate system in a
plane that contains the internuclear axis due to rotational symmetry around said axis. Let
AR be the operator corresponding to such a reflection. It can be shown that

ARLZ = —LZAR — [AR, Lz] 75 0 if Lz 75 0 (4.42)

This means that we can only form simultaneous eigenfunctions of Ag, L, and H, for A = 0,
giving rise to two generate states labelled by =.

Homonuclear molecules are those that contain a single type of nucleus. These have an
addition centre of symmetry at the centre of mass of the system, meaning that H, remains
unchanged under parity inversion P[r; — —r;]. In homonuclear molecules, we label the
states ’g’ (gerade) if the electronic wavefunction does not change sign under P, and ’'u’
(ungerade) if the wavefunction does change sign.

With these symmetry considerations outlined, we can now write a spectroscopic notation
to denote our molecular energy levels, as shown in figure 4.1.

Total spin

Symmetry for X states
/
(25+1) Ai
u,g

/

Gerade/ungerade for homonuclear molecules
Figure 4.1: Notation for electronic molecular states

The values of A are notated by X, II, A, ® for A =0,1,2,3,... for the electronic states.

4.1.4 Molecular Selection Rules

Under the electric dipole approximation (see section 3.1.1), the transition rates are pro-

portional to
2

Daif? = |(¥] - D - B|w) (1.43)

where the single prime indicates the lower energy level respectively. E is a unit vector
pointing in the direction of the radiation, and we define the dipole operator as

D =e¢ZiRi+eZRy — e r;=D, + D, (4.44)

)

When writing the integral expression for Dy, we once again make the Born-Oppenheimer
approximation that the electronic wavefunctions are slow functions in R, meaning that we
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can evaluate the electronic integral around R = Ry. Then:

Dor [ dr v i Ro)Dw (1 Ra) [ ARG (R (4.45)

electronic, I, vibrational, I,

x/ﬁ@mpgn@¢gge¢mD'Emm(@¢m

rotational, Ivot

We can use this expression to motivate the selection rules associated with molecular tran-
sitions. Evidently, if any part of this integral evaluates to zero, then the transition is
forbidden under the electric dipole approximation.

Transitions with no change of electronic states

Transitions of this type are only involved in heteronuclear molecules, since for homonuclear
molecules the I, is zero as D, = 0 as Ry = —Ry, and D, makes no contribution to the
integral as it is of definite parity.

If the Born-Oppenheimer approximation holds rigorously, then transitions involving a
change in both the rotational and vibrational quantum numbers is forbidden, since within
a given electronic state, the vibrational wavefunctions are zero, forcing I, = 0. However,
in practise, I, is not independent of R; if on expands the integral around R = Ry, an
extra term is introduced. This gives rise to the selection rules:

|IK — K'| <1 except |[K —K'|#0for A=A =0 (4.46)
lv -7 |=1 (4.47)

Transitions with a change of electronic state

If the transition involves a change in electronic state, then I. can be nonzero for both
homonuclear and heteronuclear molecules, as the wavefunctions . (r;, Ro) and ¥ (r;, Ro)
will be distinct. In this case, we retain the selection rules above, except now we have the
additional rules:

IS —8=0 (4.48)
IA—A|<1 (4.49)
IS Y (4.50)
g—u (4.51)

where the last two apply to X states and homonuclear molecules respectively. It is clear
that the symmetry associated with X cannot change under a transition, while homonuclear
molecules must undergo a parity inversion.

48



Toby Adkins B3

4.2 The Einstein Description

We are now going to treat the interaction of radiation and matter via what is known as
the Finstein description, as this will give us a basis from which to tackle more complicated
systems, such as lasers. This description considers two atomic energy levels, the upper
level having energy E5 and the lower level having energy F4, with degeneracies g and g;
respectively. Each level as an atomic population per unit volume no and n; respectively,
with associated florescence lifetimes T and 71 (against all types of decay). We further
define a characteristic timescale w;ll = h/(Fy — Ep) associated with transitions between
these energy levels.

4.2.1 Einstein Coefficients

We can identify three processes by which radiation can interact with an atom in these
levels, as follows:

e Spontaneous emission - An atom in the upper level decays to the lower level by
the mission of a photon with energy Aws;. The rate per unit volume at which this
spontaneous decay occurs can be written as noAsy. It is clear that As; defines some
characteristic rate for the transition, meaning that for a closed system of only two
levels, Aa v~ 7y 1

e Absorption - An atom in the lower level is excited to the upper level by absorption
of a photon of energy Aws;. The rate per unit volume at which this excitation occurs
is given by nj Biap(we1), where p(we1) is the spectral energy density associated with
radiation of an angular frequency wo1, and Bjs is a constant characteristic of the
transition

e Stimulated emission - An incident photon of energy fAws; stimulates an atom in the
upper level to decay into the lower level by the re-emission of a photon of energy
hwoi. The emitted photon has the same direction and polarisation as the incident
photon. The rate at which this occurs is given by ngBaip(wa1), where p(wo1) is as
before, and Boj is a constant characteristic of the transition

The coeflficients Aoy, B1o and Bop are known as the Finstein A and B coefficients. Together,
these characterise the transition rates for a given two-level system.

Absorption

| Es
I
|
|
ﬁLUQl !

Boy B; | A
VAVAVAVANFaW - 12 I 2

I
|
I

y ¥ E

Stimulated emission Spon[ﬂncous cmission

Figure 4.2: Absorption and emission in a two level system, showing the relevant Einstein
coefficients
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By energy conservation, the rate of absorption has to be equal to the rate of emission (of
both types), allowing us to write that

n1Biap(w21) = naAar + noBaip(war) (4.52)

We can re-arrange this expression for the spectral energy density:

Az

_— 4.53
Bz — By (4.53)

plwar) =

Now, we argue that in thermal equilibrium, the spectral energy density can be approxi-
mated by the Plank distribution (3.50), while the individual populations will have Boltzmann-
like distributions, such that

o ﬂeﬂhwzl —  plway) = Az 1

no g2 Bo Meﬂfwm —1
g2B21

(4.54)

Comparison with (3.50) yields the following relationships between the Einstein coefficients:

hw3
—2L By (4.55)

g1Bi2 = g2Ba, A = 75
m2c

While this derivation assumed that the spectral energy density was a Plank distribution,
these relationships hold for any radiation field. This is because these relationships do not
depend on the specific form of the field, as the coefficients are properties of the atoms
themselves, rather than the radiation field.

We are actually able to find explicit expressions for the Einstein coefficients under the
electric dipole approximation. Let Rjo be the rate of absorption between the two levels
due to the incoming radiation. Then, it is clear that Rj2 = Biap(we;). Comparison of this
expression with (3.12) then yields the fact that

2me? 9

The other coefficients can then be found by making use of the relationships in (4.55).Note
that (m|z|n) « ayp.

Now, let us suppose that we have an atom with many energy levels. There will obviously
be transitions possible between any two energy levels within the ladder, meaning that the
steady state condition for the entire atom is significantly more complicated than (4.52).
However, the simplest way of ensuring that the entire atom remains in dynamical equilib-
rium is to assume that any pair of levels must be in thermal equilibrium with one another,
as this forces all other pairs to be in thermal equilibrium with one another. This statement
is known as detailed balance. It is thus not necessary to assume that the atom only has
two levels.

4.2.2 Population Inversion

As we will see more formally later, for light amplification by the stimulated emission of
radiation (laser) we require the rate of stimulated emission to be greater than the rate of
absorption. This gives the condition for optical gain as

n2 n
= > =

4.57
92 g1 ( )
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That is, the population per state must be greater in the upper level than the lower level.
This is known as population inversion. However, for a system in thermal equilibrium, we
know that the first expression in (4.54) must hold. This means that we cannot obtain a
population inversion in thermal equilibrium.

We thus now ask the conditions under which a population inversion is actually possible.
Let us introduce the pump rates Ro and R; for the upper and lower levels respectively;
these describe the rates at which atoms are supplied to each level. In Rs, we include all
the possible processes that may excite the upper level, including direct optical pumping,
electron collisional excitation, and radiative and non-radiative cascade from higher lying
levels. This is similar for Ry, except we choose to not include the spontaneous emission on
the laser transition itself in Ry, and instead write it explicitly. We can then write the rate
equations:

dTLQ n9y

7 Ry 7_2 (4.58)
dn1 ny

7 Ry +ngAn 7_1 (4.59)

Solving these equations in the steady state, we find that

ng = RQ’TQ (460)
ny = Rim1 + Rom Ao (4.61)

For population inversion, we require that (4.57) is satisfied. Subsisting these results in
yields

R
e (1 _ 92Agm> >1 (4.62)
Ri 7 g0 g1

The factor in brackets above must be less than one, and can be negative, as well as positive,
as it depends only on the parameters associated with the laser transition, rather than the
pumping rates. This means that a necessary, but not sufficient, condition for achieving a
steady state population inversion is

Ay < =— (4.63)

g2 71
Physically, this arises due to the fact that increasing the population of the upper level
by increasing the rate of laser pumping also increases the rate at which the lower level is
populated by spontaneous emission on the laser transition itself. Thus, to achieve a steady

state population inversion, both the above condition and at least one of the following must
be satisfied:

e Selective pumping Ry > R; - The upper level is pumped more rapidly than the lower
level

e Favourable lifetime ratio 72 > 7 - The lower level decays much more rapidly than
the upper level, and so its small by comparison

e Favourable degeneracy ratio g1 > go - Ensures that the population per state of the
lower level is small

This limits the range of transitions that can actually be used to laser excitation, as we will
see later.
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4.2.3 Rabi Oscillations

You can have Rabbi oscillations, but that requires two Jews and a see-saw
- Professor Simon Hooker

The term Rabi oscillations (pronounced "rah-bee") is used to refer to the oscillation of
the atomic population between the two levels of a two-level system at some characteristic
frequency. Let us label our eigenstates of our two-level system by |1) and |2). Suppose
that monochromatic light of amplitude Eg and frequency w is incident on the atom, such
that we can write a time-dependent perturbation

0H(t) = ex - Egcoswt (4.64)
We can the write the overall state of our system as
1), 1) = cre 1) 4 cpem P2t |2) (4.65)

where the time evolution of the coefficients amplitudes ¢; and ¢y are given by (3.4)

i = — L (2| SH 1) creiot, ¢ = —% (1] 6H |2) cpe~ ot (4.66)

i
h
where wg = wo1. Let 6H;; represent the entries of the matrix corresponding to the per-
turbation 0H. If we assume 0H is real - which is a valid thing to do as it represents
a measurable quantity - then it is clear that the matrix must be Hermitian, such that
0H{y = 6Hoyy — 0Hy2 = 0Ho;. The fact that 0Hy; = 6 Hoo = 0 follows from the fact that
x has odd parity, while our basis states |1) and |2) are of even parity, forcing the matrix
elements to be zero. We can thus write our matrix element as

hQ : 1
Mz = — (e +e ™) for |Q= - (1]ex - Eg|2) (4.67)

The quantity €2 is the Rabi frequency that is associated with the oscillations; it is clear
that this increases with the strength of the electric field. This allows us to write the time
evolution of ¢y as .

Gy = —%q <€i(w+w°)t + ei(w"_w)t> (4.68)

We now make what is known as the rotating wave approzimation, by assuming that the
frequency of the electric field perturbation is close to the atomic resonance wg. That is,
w = wp + 0w, where dw < wp. Then, we have that

lw —wo| K wp and w+ wp 2wy (4.69)

This means that we can ignore the fast oscillating term w + wg in comparison to w — wy,
as the oscillations associated with the former will average to zero over the time scales
associated with the latter. Thus, neglecting the w + wp terms in (4.66), we can write

by = ——cre W = — el (4.70)

Recalling the fact that both the exponential factor and the coefficients are time dependent,
we can solve this coupled system to obtain a second order differential equation for ¢y (or

alternatively c¢;):
2

¢y =0 (4.71)

Co — 10w Co + 3
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Suppose that the initial state of the system is |1, 0) = |1). Then, the resultant solution for
the probability associated with co is given by

2
(O = -y st @t 2+ 5w2> (4.72)
The amplitude can be found by substitution of the general solutions into (4.70), or by
recognising that it must reduce to one for dw — 0. We have found the steady-state
solution in the ideal case; the atomic population simply oscillates back and forth between
the two levels. However, in reality, these oscillations will be damped, resulting in static,
steady state populations predicted by the rate equations (4.58) and (4.59). The timescale
of the damping will be roughly 79, as this controls the rate of spontaneous emission from
the upper level. It is clear that in order to observe Rabi oscillations, we require that
Q>7, L

lea(1)[? 4

»~

Rate equation limit

i >
T t

Figure 4.3: The time evolution of |ca(t)|> with damping present

It is clear that the evolution of the population that is predicted by the rate equations does
not display the physics associated with Rabi-oscillations.

The Bloch Sphere

A useful way to visualise the time evolution of such as system is through the use of the
Bloch sphere. This is a geometrical representation of the pure state space of a two-level
quantum mechanical system on which the Bloch vector moves. The direction in which the
Bloch vector points is indicative of the relative occupation of the two levels associated with
the system. It is defined by the coordinates (6, ¢), and is defined such that

o 0

cL=cosg, = €' sin B (4.73)

Using these definitions of ¢; and ¢z in (4.65), we can write that
—iEit/h o ip—iwot i 0

|, t) = e 1 €08 5 1) +e " sin B |2) (4.74)

We are at liberty to choose the phase ¢ = wot (for example), such that we sit in a rotating

frame where all the dynamics is described by 6. In this case, the vertical (z) component
of the Bloch vector represents the degree of atomic excitation.
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o)/

1)

Figure 4.4: The Bloch sphere and Bloch vector in the pure state space of the system

Let us take a look at an example. Suppose that we are at resonance, such that dw = 0.
Then, it is trivial to show that

1 1
¢1 = cos (2(275) , Ccg=1isin (29t> (4.75)

If we choose ¢ = wot, then it is easy to see that 8 = Qt. That is, the Bloch vector rotates
around the z-axis at an angular frequency 2, visiting the eigenstates |1) and |2) every half
cycle.

In the absence of any external field, the Bloch vector will precess around z, corresponding
the evolution of the phases of the states |1) and |2) in the steady state (¢ has no dependence
on Fy). This means that it is possible to perform a rotation about another axis by allowing
the system to reach some superposition of states (eg. ¢t = 55), and then removing the
external field. If the external field is then re-introduced, the precession induced due to the
external field will be about another axis.
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4.3 Line Broadening

Thus far, we have implicitly assumed that the frequencies involved in our transitions are
monochromatic. However, this is evidently only an approximation; the transitions can be
characterised by some lineshape function g(w — wy). It is normalised such that

/OOO dw g(w —wp) =1 (4.76)

and has the property that it peaks around the transition frequency, as would be expected.
There are various different factors that lead to line broadening, which we will detail in the
following sections.

4.3.1 Homogeneous Broadening

A homogeneous broadening mechanism is one which affects all atoms in a sample equally,
and consequently all atoms will interact with a beam of frequency w with the same strength.
This will generally produce a Lorentzian lineshape.

Natural Broadening

As we saw in section 4.2.3, we can associate a dipole moment p(t) = pg cos(wpt) with a
two level system. Let £ be the energy of the oscillations. Then, we know from Special
Relativity that an oscillating dipole radiates away energy according to Larmor’s formula
(see B2 notes)

4,2
WoPo
=2 4.77
Pr 12megc? (4.77)

We note that & o pg, meaning that we can write

d€

T — €= E(0)e " (4.78)
for some constant of proportionality v. As £ o E?2, it follows that the electric field
associated with the dipole oscillation in the far field regime is given by

E(t) = Egexp (—%t) sin wot (4.79)

The frequency distribution of this field will be given by the Fourier transform of E(t); we
see immediately that the spectrum will consist of a range of frequencies due to the fact
that E is no longer a pure harmonic wave. The signal from a detection system able to
measured the emitted spectrum will be proportional to the modulus-square of the resulting
expression, giving us the associated lineshape

1 /2
7 (w —wo)? + (7/2)?

gr(w —wp) = (4.80)

This has associated full-width at half maximum (FWHM) of Awy = «. This is known
as the natural orlifetime broadened width. We can find an expression for broadening via
uncertainty principle considerations:

1 1
71 T2 1 T2
This allows us to conclude that
1 1
Awy =v=—+ — (4.82)
T T2
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Pressure Broadening

Another homogeneous broadening mechanism is that of pressure broadening. During the
radiating time of an atom, a collision with another atom can take place, which may cause
an electron to transition without radiating, as the excess energy is carried away by the other
atom. As this applies to both levels, this causes another Lorentzian lineshape, except the
FWHM has been modified to

2
Awp =7+ — (4.83)

Te

Tc is the mean collision time for the atoms in the sample. We can approximate this via

Kinetic theory:
1

)
012MVtp

Te 010 (1?2 +73) (4.84)

where r1, 7o are the atomic radii of the two species, if applicable.

4.3.2 Inhomogeneous Broadening

The effect of inhomogeneous broadening depends on the specific properties of the atoms
involved: r, v, m .... The distribution of these different ’types’ of atoms leads to an
observed broadening when the emission or absorption of the whole sample is viewed. These
will generally produce a Gaussian lineshape.

Doppler Broadening

The main inhomogeneous broadening mechanism is Doppler broadening due to the thermal
motion of atoms inside the source. Suppose that we place our axis of observation along the
z-axis. Let wy be the transition frequency in the absence of the Doppler shift, and v, be
the component of the velocity of an atom in the source along z. Then, the Doppler shifted
frequency w is given by

Vy w — wo
Ww—wy=—wy —> Vy==¢
C

(4.85)

We know from Kinetic theory that in equilibrium, the velocity distribution of the atoms
in the source is given by

1 27,2 2kgT
dv., = Uz /Uth, =
f(v:)dv: Vo ¢ Uth m

Substitution of the second expression in (4.85) into (4.86) yields the lineshape function

B 1 log 2 w — wo 2
gp(w —wp) = AwD/QH €D (— [AwD/Q] log 2) (4.87)

This is a Gaussian distribution, with the associated FWHM frequency

(4.86)

Awp = 24/log 2%(,00 (4.88)
c

This is known as the Doppler width. Generally, one finds that the magnitude of the
homogeneous broadening is an order higher than that of the inhomogeneous broadening;
this makes physical sense, as the former is a global effect, while the latter is not.
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4.3.3 Line Broadening and the Einstein Coefficients

Now that we have made the admission that our transition frequency is not in fact a delta
function, let us look at the effect that this has on our Einstein coefficients. Once again, we
look at the three different processes, assuming that they are all homogeneously broadened:

e Spontaneous emission - The rate per unit volume, in the frequency range [w,w + dw],
at which this spontaneous decay occurs can be written as ngAs194(w —wp)dw, where
gA(w — wp) is the lineshape for spontaneous emission

e Absorption - The rate per unit volume, in the frequency range [w,w + dw], at which
this excitation occurs is given by nj Bi2gp(w — wp)p(wei )dw, where gp(w — wyp) is the
lineshape for absorption.

e Stimulated emission - The rate at which this occurs is given by nsBaigp (w —
wo)p(wa1)dw, where p(wa1) is as before, where gp/(w — wp) is the lineshape for ab-
sorption.

Note that we have assumed that the lineshapes for each of the transitions are distinct. But
how are they related? We can follow an identical method used in section 4.2.1 for a system
in thermal equilibrium to show that

g1B12gp(w — wo) = g2 Ba1gp/ (w — wo) (4.89)
hwg
AglgA(w — CU)) = WBQIQB’(W — wo) (4.90)

As these expressions must be hold for all possible functions, it immediately follows from
comparison with (4.55) that ga(w — wo) = gp(w — wo) = gp/(w — wp). Thus, all of the
transition types have a lineshape that is equal to some homogeneous lineshape function
g (w — wp).
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4.4 Optical Gain

We shall now investigate how a beam of radiation of spectral intensity I(w,x) may be
amplified as it passes through a medium.

Suppose, without loss of generality, that the beam propagates along the z-axis through a
medium with population densities ny and n; in the upper and lower levels respectively.
Let p(w, z) be the spectral energy density of the radiation as before. Consider the beam
travelling over the interval [z,z 4 dz]. The net rate at which atoms are transferred from
the upper to the lower laser level by the stimulated emission of photons with frequencies
in the range [w,w + dw] is given by

[naBa1 — n1Bio|gr(w — wo)p(w, 2)dw Adz (4.91)

volume of beam

Each transition releages an energy of Aw to the beam, and so the power gain is
[naBo1 — n1Bi2|gn(w — wo)p(w, 2) hwdw Adz (4.92)
Alternatively, we can write the change in power of the beam with distance as
[ (w,z+dz) — I(w, z)] Adw (4.93)
Equating (4.92) and (4.93), and taking the limit as dz — 0, it follows that

a1

hw
82 = [n2321 — nlBlg] gH(w — wo)if(w, Z) (4.94)

where we have used the fact that for a beam of radiation I(w, z) = p(w, z)c. This result
can be recast into the more useful form

o1

i n*o91(w — wo)l(w, 2) (4.95)

where we have used (4.55), and defined the quantities

2.2

" inte
n* =ngy — @nh o21(w — wo) = —5-A2195 (W — wo) (4.96)
g1 “o

The first of these is known as the population inversion density, and is essentially the
difference in the populations per state for the two levels. o9;(w — wp) is known as the
optical gain cross-section. We also further define the quantity

’agl(w — wp) = n*o91(w —wp) ‘ (4.97)

This is the small signal gain coefficient (units m~!), that is in general a function of beam
intensity, as we shall see later. If we assume that the population inversion is positive,
stable, and independent of beam position, then we can write the evolution of the beam as

I(w, z) = I(w, 0)et2(@—w0)z (4.98)

It is thus clear ag;(w —wyp) is an important parameter that controls the rate of exponential
growth of the beam with propagation. The reason for such growth is obvious; the rate of
stimulated emission from the upper level is greater than the rate of absorption from the
lower level.
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A laser operates on a transitions within a diatomic molecule. The upper excited level has
a lifetime of 10 ns against radiative decay that occurs on the laser transition at 250 nm to
the unstable ground electronic level, which has a lifetime of 3 x 1074 s against dissociation
into its constituent atoms. Calculate the following:

o The peak optical gain cross-section, assuming pure lifetime broadening

o The upper level population density required to produce a small signal gain coefficient
of 0.1 m~!

e The power per unit volume require to sustain the population calculated above, assum-
ing that 10% of input power leads to excitation to the upper level

We are agsuming that the system is entirely lifetime broadened, meaning that we can make
use of (4.80) to write the optical gain cross-section as

n2c? 1 /2
- = Ao — 4.99
Tl ) = A G T G (499
where we note that 1 1 !

1 T2 1

as the lower level is very short-lived. We are asked to find the peak optical gain cross-
section; this evidently occurs around the maximum of the Lorentzian at w = wg. Noting
further that Ag; v~ 7, ', it follows that

)\2

21(0) = 201 3510716 cm? (4.101)

27 T
The fact that the lower level is very short lived also means that its population will be very
low, such that no > niy — n* v~ no. Using the definition of the small signal gain coefficient
(4.97), it follows that

- 19 (0)

o12(0)

Using (4.60), and remarking that each excitation to the upper level requires an input of
energy huwy, it follows that

«3x 1077 em™3 (4.102)

h
Py = Roliwy = “225 250 kW cm ™3 (4.103)
T2 Ao
This is a very large amount of power, too large to be practically sustainable when creating

the above laser.

4.4.1 Narrow Band Radiation

For an amplifier (or gain medium) it is often the case that the bandwidth of the beam to
be amplified is narrow in comparison to the optical transition concerned. We shall use this
simplifying assumption in what follows. The general rate equation for the eupper level can
be written in the form

dn *
7; = Ry — (n2Ba21 — n1Bi2) / dw p(w)gr(w —wo) + ... (4.104)
0

where the total rate of stimulated emission is given by integrating over the lineshape for
the transition. 4 ... indicates that in general, other terms by appear in the rate equation.
This equation can be re-written in the form

dn2 o * o I(W)
W—R2 n /0 dw 091 (w wo)ﬁ—i—... (4.105)
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For narrow band radiation, the gain cross-section varies slowly over the spectral width of
the radiation, and so [(w) acts as I(w) = I7d(w — wr), where wy, is the central frequency
of the beam, and I is the fotal intensity defined as

Ip(z) = / dw I(w, 2) (4.106)
0
It follows that
dny . Ir
W =Ry —n Ugl(wL (,U())m + ... (4.107)

We can think of n* as being the effective number density of the inverted atoms, and
o91(wp, — wp) as their effective cross-sectional area. Note that I /hAwy is the incident pho-
ton flux.

We have already derived (4.95) that describes the growth of each spectral component of a
beam. To describe the rate of growth of a beam of finite spectral width, we integrate both
sides over the bandwidth of the beam:

/0 dw 5 82/0 dw I(w, z) = /0 dwn*oa1(w — wo)l(w, z) (4.108)

For narrow band radiation, we once again assume Delta-function behaviour. Using (4.106),
we find that

dl
(TZT = n*o91 (wr, — wo)lr (4.109)

4.4.2 Gain Saturation

From now on, we shall adopt the notation I = I7 unless stated otherwise. Let us now look
at the level populations of a laser operating under steady-state conditions in the presence of
an intense, narrow-band radiation. By analogy to (4.107), we can write the rate equations
as

dns I n2

— _ ¥ _ - _ = 4.11
dt RQ n o921 (wL wo) th . ( 0)
dny I ni
— = * —  — A9y — — 4.111
7t Ri+n"091 (OJL wo) heor + noAsy o ( )

We assume that R; and Ro are constant, independent of nq and no, and include both direct
(collision excitation) and indirect (radiative pumping, or non-radiative cascades) processes.
Taking the steady state solutions of these equations, and eliminating n; and ne, we obtain
o Ron[l —(92/91)Ann] — (92/91)Rama
1+ 021%[7'2 + (92/91)11 — (92/91)A217172]

n (4.112)

Inspecting the above expression, it is clear that the denominator is equal to unity for I = 0,
meaning that the numerator must be the population inversion produced by the pumping
in the absence of the beam. We can thus re-write the above equation as

n*(0)
) = ———+— 4.113
(1) 1+1/Ig ( )
We introduce the parameters
hw
Ig = L , TR:Tg—i—ngl[l—AQlTQ] (4.114)
021TR g1
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which are known as the saturation intensity and recovery time respectively. The appli-
cation of the intense, narrow-band radiation thus reduces the population inversion by a
factor of (1 + I/Ig). as a result of the increased rate of stimulated emission from the
upper laser level. The saturation intensity is a measure of the intensity required to reduce
the population inversion to one half of that which is achieved in the absence of the beam.
The saturation intensity also depends on the detuning of the intense radiation from the
centre frequency of the transition through the optical cross-section. This is because the
interaction is stronger for wy « wp, and so a lower (saturation) intensity is required to
transfer population from the lower to the upper level.

We also define the saturated gain coefficient as

g1 (w — wo)

4.11
1+ 1/1, (4.115)

ar(w —wp) =

where ag;(w — wp) is the small signal gain coefficient. We can examine a few simple cases
of this expression, imagining that we measure aj(w — wy) under different conditions:

(i) Using a weak, tunable probe beam with I = 0 - In this case, we would expect the
saturation gain coefficient to be equal to the small signal gain coefficient, as given by
(4.115). Thus means that ay is simply related to a Lorentzian lineshape gg(w — wo)
by (4.96) and (4.97)

(ii) Using a weak probe beam with a narrow band beam of intensity I = I;. By the
definition of the saturation intensity, the population will be reduced by a factor of a
half, such that ay = ag;1/2.

(iii) Using an intense, narrow band beam of constant intensity I = I5(0). The intensity
of the beam is tuned to wy, = wp, meaning that at this point, ay = aey1/2. However,
at larger values of w (that is, larger detuning), the probe beam intensity is small
in comparison to the saturation intensity, and hence only disturbs their populations
slightly. This gives rise to the curve shown below. Using the definitions of g and
I, it can be shown that this is another Lorentzian of FWHM

/ I
= 1+ —— 4.11
Awr = Awg + ]S(O) ( 6)

ar(w — wo)

Figure 4.5: A graph of aj(w —wy) for the cases (i) (solid line), (ii) (larger dashed line) and
(iii) (smaller dashed line)

61



Toby Adkins B3

4.4.3 Beam Growth

Our intensity equation (4.109) states that

dl a1
— =il =—="-1 4.11
dz T I, (4.117)
which can be integrated to give
1 I1(z) — I
log[ (z)} LB =h (4.118)
IO Is

This equation is transcendental, and does not have a general analytical solution. However,
we have the two limits that

I(z) = Ipe**'* for I(z) < I, (weak beam) (4.119)
I(z) = Iy + a5z for Iy > I, (heavy saturation) (4.120)

That is, at low intensities, the beam grows exponentially with distance, but once the
laser transition becomes heavily saturated, the intensity grows linearly. Note that we
can approximate T7p « 7T for predominantly radiative transitions (A v 7y l), and that

n* « ng « Romy for a short groundstate lifetime with upper level pumping rate Ro. This
allows us to obtain approximate expressions for I and ao;.
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4.5 Cavity Effects and Lasers

A simple laser amplifier consists of one or more sections of inverted media such that a
beam injected into it will be amplified as it propagates. In a laser oscillator, the grain
medium is located within an optical cavity, such that the laser radiation originates within
the gain medium, and is amplified as it circulates around the optical cavity. Such optical
cavities behave in a very similar way to the Fabry-Perot interferometer; we can calculate
the longitudinal cavity modes from the maxima of the Airy function, or remark that the
modes must satisfy

C
< 4121
L ( )

where n is the refractive index of the medium, and L is the cavity length. Now, let us
assume that the gain is uniform throughout the cavity. In the absence of losses, beam will
then experience a growth

2knl =2rp — vy =

e?lrlw—wo) (4.122)

where k(w—wyp) is the absorption coefficient. Losses will come from exponential absorption
proportional to ag1(w — wp), and imperfect reflection off the inside surfaces of the cavity,
taken into account using the power reflectivities R; and Ry. Putting these together, we
write that

Ry Rye?!rlw—wo)—an(w—wo)] — q (4.123)

The threshold condition for laser operation occurs where the round-trip gain x(w — wp) is
zero, resulting in the expression

1
2

1

log [] (4.124)

0421((41 — wg) = R1R2

This is essentially a statement that for laser oscillations to occur for some cavity mode
corresponding to the frequency w, the unsaturated round-trip gain inside the cavity exceeds
the round-trip loss.

4.5.1 Lasers

In the material above, we have studied the laser as a two level atomic system. However, it
turns out that two level systems cannot display laser behaviour as they cannot achieve a
population inversion. Consider a system for which g; = g» and the total number density is
given by n = nj + na, and n* = 2ns — n. From (4.110) in the steady state, and assuming
that Agp « T{l, it is easy to show that

Ry n
ng = + (4.125)
2%3}; + Aoy 2+ 7‘4(2712?}%

From this expression, it is clear that the maximum population that we can achieve on
the upper level is ny = n/2; increasing the input intensity, optical gain cross-section, or
pumping rate cannot achieve this (as the former two increase with the latter). This means
that more levels are required in order to exhibit laser behaviour. For simplicity, we shall
continue to assume that g1 = go.

Three Level Lasers

The three level laser is the system behind the famous ruby laser. In a three level laser,
population is pumped to the third level from the lowest level at a rate I'13ng, which then
rapidly decays non-radiatively to the second level, from which the laser transition occurs.
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The rapid decay is usually through collisional decay, so we denote the timescale for this
process 7.. Define the radiative decay coefficients for the upper and middle levels as
Az 1y Land Ayy Ty 1 respectively.

: E,
Pump Rapid, non-radiative decay
h 4 EQ
Y <
S o)
—~ < .
g‘ - .
= Laser Trasnition
<
Radiative decay
h 4 h 4 E]

Figure 4.6: A schematic diagram for a three level laser system

We can then write the rate equations

d
E = F31’I7,1 - A31’I7,3 - % (4126)
dt Te
dng I ns
—2 = —nfog— — A — 4.127
a0y, T At (4.127)
D5 iy + 1o —— + Agins + A (4.128)
— = —TI'g1n1 +n"oo1 —— n n .
i 31711 21 T 21712 3173
Using the population relations n = nj + ng + n3 and n* = ne — ny, we find that
r 1 I r 1 I
ny Bt (At oy (At d) an (4.129)

m (A31 + %) <021 f,f)L + A21> <A31 + %p) (TRIIS + A21>

Let us work in the regime where the intensity is much smaller than saturation intensity,
meaning that we can disregard terms including a factor I/I:

INE

r
22 = Te B (4.130)

™ (A31 + %) Ay An

The last expression follows from the assumption that the decay from the upper to the
middle level is very quick, such that ng «~ 0, and Ag;7. < 1. As we would expect, the
condition for population inversion is that the pump rate is higher than the laser decay rate;
we can treat the upper level as almost not even being there.

Let us derive an expression for the threshold energy that has to be supplied to the pump
in order to sustain a population inversion. In the limit of 7. < 73, 70, we can approximate
that at the threshold:

n=mni+no (4.131)
nl, = ni — nih (4.132)
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Then
o MmN on
= o — 4.133
The energy is given by
E'™ = {upper population density} x {volume} x {energy per particle} (4.134)
h
= nif(ra20) (4.135)
Ap

where A, is a the wavelength corresponding to a particular cavity mode v, as given by
(4.121), and a is the radius of the laser cavity. Given (4.133), we can write the final
expression of

th M, o, hc

Four Level Lasers

Four level lasers are more efficient than three level lagers. This is achieved through the ad-
dition of a fourth additional level below the lowest laser level that allows level 1 to quickly
empty via collisional decay into level 0, making it easier to obtain a population inversion
between levels 1 and 2 (the laser levels). In this case, we assume rapid collisional decay
between the pairs of levels 3 and 2, and 0 and 1, such that Ag; < Tfl,T:;l. Let 79 be the
rate of absorption for the lowest level.

Under the condition that the laser intensity is small, we can ignore the laser transition
terms as they contain factors of I/I;. This means that the rate equations for the four
levels can then be written as:

d

"3 Pogng — 22 (4.137)
dt T3
d
—nz = —A21n2 + @ (4'138)
dt 3
dnq ny  no
—=A - — 4+ — 4.139
dt 2172 1 + T0 ( )
dno no
— =-T - — 4.140
dt 0370 T0 ( )

Noting that now n = ng + n1 + n2 + n3 and n* = ne — ny, the steady state populations
can be written as

r Loz + = Lo
Ny = ﬁno, ny = Mno’ n__+n (4.141)
Az = "o Ay <F03 + %)

Since the levels 0 and 1 are in collisional equilibrium, we must have that no/7 = n1/7m,
which implies that
M _TL B (4.142)
ng 7o
We also typically have that Ay < 7 ! as above. The condition for population inversion
is if the last expression in (4.141) is greater than one, which we can re-write as

Doz > Ag e Phwio (4.143)

We can see that in the case of the four level laser system, the pumping requirements are
reduced by this exponential factor that depends on the energy difference fwig between the
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levels 0 and 1. Note that we have not made any assumptions about the magnitude of this
energy difference.

A Ej3
Pump 73 / T3 Rapid, non-radiative decay
A 4 EQ
o
=
o
o
~ 3
~ Laser Trasnition
<<
y Y Y E'l
nl/Tl T?,U/Tg
v EO

Rapid collisional equilibrium

Figure 4.7: A schematic diagram for a four level laser system

A four level laser system such as this forms the basis for the Nd:YAG laser. If the energy
gap hwig is sufficiently large, we can approximate that n; v~ n3 «» 0. This means that the
population inversion at threshold is approximately equal to the population of the upper
laser level &t ny,- By the same logic as before, the threshold energy for a four level
laser is given by

N hc
P

Given appropriate information, it is possible to calculate an expression for nj;, using
(4.124). If one compares the magnitudes of (4.136) and (4.144), it becomes obvious that
Efff) < Efg); that is, they are much more efficient.
In practise, however, these values are much smaller than the actual electric energy that
has to be applied to maintain laser operation. It is in fact larger by «~ x60, due to the
following factors:

o %2 - To achieve pumping within the laser rod, the doping and diameter must be such

that only 50% of the pump photons are actually absorbed

e x8- Only about 12% of the output of the flashlamp will lie in the range of the pump
band

e x2 - Only about 50% of the pump light is geometrically coupled into the rod

e x1.7 - Only about 60% of the electrical energy supplied is actually converted into
light
This means that quite a lot more electrical energy must be supplied than the threshold
energy in practise.
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