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1. Scattering and Resonances

In this chapter, we examine some of the basic concepts underlying the study of subatomic
scales, including:

e Scattering Theory

e Partial Wave Analysis
e Feynman Diagrams

e Resonances

This chapter will serve as an introduction to the study of Subatomic Physics, and as such,
we will not be dealing with some of the well-known subatomic particles, such as quarks.
Instead, we shall examine some of the methods that we can use to determine the workings
of the universe on subatomic scales. Though technically not on the syllabus, this author
has chosen to include partial wave analysis in this, as it is a useful tool that students should
be familiar with at a cursory level.

Note that throughout this text, we will be adopting the metric

N = diag(—1,1,1,1)
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1.1 Scattering Theory

The main method used to determine the composition of some structure is to accelerate a
particle towards it, and monitor the trajectory of said particle as it passes by - or through
- said structure. Provided that the target structure is sufficiently thin (in comparison to
the accelerated particles) such that the flux is approximately constant within the target,
the number of particles per unit solid angle n(6,¢) (per unit time) seen at the detector
is proportional to the incoming flux j4. The constant of proportionality is the scattering
cross section, defined as

o /dQ %’ do _ Particles per solid angle — n (1.1)

aQ Incoming flux N j:

The scattering cross section represents an ‘effective area‘ presented by the target for the
scattering process. We usually work in terms of the differential cross section do/dS2 (cross
section per unit solid angle of the scattered particle), as we can then integrate over the
desired range of angles.

1.1.1 Classical Scattering

Let us initially examine the case where all objects involved in the process are treated as
simple classical objects in order to get a feel for the sort of calculations that are required.
For some central potential V(r), the angle of scattering is determined by the impact pa-
rameter b. The number of particles scattered per unit time in the range [0, 6 4 df] is equal
to the number of incident particles per unit time in the range [b, b+ db]. Therefore, for an
incident flux j4, the number of particles scattered into the solid angle d€) = sin 0dfd¢ per
unit time is given by

ndS) = nsin 0dOd¢ = jbdbdep (1.2)

meaning that the differential cross-section for classical scattering is given by

do b

db
dQ ~ sind ‘d@ (1.3)

Hard Sphere Scattering

Consider the case of a projectile being scattered off a hard sphere potential of the form

0 f R
V(r) = o (1.4)
oo for r <R
From figure 1.1, it is clear that
. . (m—10
b(f) = Rsina = Rsin (2) = —Rcosf/2 (1.5)
from which, using (1.3), it follows quickly that
do R?
- = 1.
aQ 4 (1.6)

This result is what we expect; the total scattering cross section is simply 7 R2, the projected
area of the sphere as seen from the source.
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Figure 1.1: Scattering from a hard sphere potential of radius R

Classical Rutherford Scattering

Rutherford scattering is the scattering of a particle of charge Zje from the Coulomb po-
tential of a nucleus with a charge Zse, vis.:
Iy Zae?

Vr)= Treor (1.7)

The conservation of angular momentum gives

A8 wb

o= _ U7 1.8
dt r2 (1.8)

mTQB = muvpb —>

where vg is the initial velocity, while r and [ are as defined in figure 1.2. The change in
momentum of the particle is then

00 2
Ap = 2muy sin (Z) = —/ dt cos VU = 2122 cos <9> (1.9)

oo 2mequpb 2

such that the impact parameter is given by

AV
b= % cot <6> = gcot (0> (1.10)
dmregmug 2 2 2

where we have define the distance of closest approach for b = 0 (balance between kinetic
energy and that due to the Coulomb repulsion).

Figure 1.2: Rutherford scattering from a Coulomb potential
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From (1.3), it follows that the differential scattering cross section is given by

da_d2 1

dQ  16sin*(6/2) (111)

This is the famous Rutherford scattering formula. This agrees very well with experiment
until the energy of the incident (alpha) particles reaches « 27.5 MeV, after which the
scattered intensity drops off sharply, suggesting that there is more to the nucleus than we
first expect. Note that the cross-section diverges for § — 0; this is because the cross-section
is only meaningful down to some finite minimum scattering angle 0, corresponding to a
maximum impact parameter.

1.1.2 Quantum Mechanical Scattering

We shall restrict ourselves to non-relativistic considerations. As such, we need to solve the
following form of the Time-Independent Schrodinger equation:

(Ho — E) |¢) = =V [¢) (1.12)

where Hj is the Hamiltonian in the case that the scattering potential V =0, and E is the
corresponding energy. Suppose that

Holp) = E|¢) (1.13)
Then, the solution to (1.12) can be written as

v

) =16+ 5o

[¥) (1.14)
where we have introduced a small parameter ¢ — 0 in order to avoid the divergence asso-
ciated with the singular operator 1/(E — Hp). This is known as the Lippmann-Schwinger
equation for non-relativistic quantum mechanical scattering. We shall now solve this in
the position representation. Bra’ing throughout by (x|, it follows that

1

() = g} + [ @ el R |V )
— (x|¢) + /d3x’ (x| Eﬂlrm XY V() (x|) (1.15)

where we have inserted another identity operator to arrive at the last line. We now need
to find an explicit form of the Green’s function:

1

G+ (x,x') = (x| E _Hyfis ‘X’> (1.16)
Recalling that
mmzw%wawm (1.17)
(1.16) can be written in the momentum representation as
Gelxx) = [ @ (xlp) s ()
—p?/2m + ie
- —(;T”};‘)g /d3p gi(x—x')-p/h ZM;M (1.18)
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Note that as we aim to take ¢ — 0, we are going to ignore any numerical factors that it

collects. Let r = |r| = |x — x|, and convert to spherical polars in momentum space:
o o/h 1
G / — d d 9 ZpT‘ COos v
+ (%) 27rh / pp / ¢/ (cos p? —2mE +ie
1 omi [P ipr/h
_ 2m / dp pe , (1.19)
(2rh)3 r J_o  (p— hk Fie)(p+ hk +ie)

where we have introduced E = hk (plane wave solutions, valid for a beam that is wide in
comparison to k=1, and ignored terms of O(¢?). We now have to invoke some maths from
complex analysis. Namely, Cauchy’s Residue Theorem states that for a complex valued
function f(z) with poles at z = z,, the value its integral around some closed contour I is
given by

]{dzf = 2mZRes Zn)) (1.20)

where Res(f(z = z5,)) is a residue contained w1th1n the contour I'. We choose to evaluate
our contour in the upper half-plane, such that the enclosed pole is p = Ak + ie. It follows
that

2. e:tik\x—x’|
G N g —— 1.21
such that the Lippmann-Schwinger equation becomes
1 2m 5 67,’k|x—x’| , ,
(x[¢) = (x|¢) — i 12 X mv(x ) <X WJ> (1.22)

where we have chosen the positive Green’s function solution, corresponding to plane waves
propagating outwards from the scattering centre. Assuming that the potential is sufficiently
localised (|x|V — 0 as |x| — o0), the detector will be sufficiently far from the scattering
centre that we can write that |x| > |x|, and expand the exponential factor as

1/2 /
|X’]2 x - x/ XX
I — x| = |x] <1+ ) A (- (1.23)

To first order, the |x — x| in the denominator of (1.22) can be replaced with |x|, while for
the phase factor, we must use (1.23), yielding

m eikr ,
(o) = (i) — g o [ X V) () (1.2)

where now r = |x|. However, this remains an integral equation for (x|¢), meaning that we
need some sort of simplification in order for it to be useful. Assuming that the incoming
particles can be represented as plane waves of the form

1

The Lippmann-Schwinger equation becomes
1 ik-x eilm' !
(xlt) = Gy |4+ IR (1.26)

Our solution is thus the sum of an incoming plane wave, and an outgoing spherical wave
with scattering amplitude given by

Pl K) = — - (2m)P 20 ¢

o K|V |y) (1.27)
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We shall ignore the interference between the original plane wave and the scattered wave,
which is equivalent to assuming that the incoming beam of particles is only approximately
a plane wave over a region of dimension much smaller than the value of r. We then find
that the partial cross section do is given by

do = TQ‘f;wﬁ:erej' dQ = | f(k,K)[2d92 (1.28)
mciaen
such that
do
g = T K)P (1.29)

This is a neat result; the differential cross section is simply the mod-squared value of the
scattering amplitude.

The Born Approximation

Under the Born approximation, we assume that the perturbation due to the scattering is
small, such that to first order, |¢)) ~ |¢). This means that we can write (1.24) as

1 2m etkr

1 _ _ -2
) = (xlo) - - =

/d3X’ e KXy (x) (x'|¢) (1.30)

and the scattering amplitude becomes

1 2m
47 h?

1 2m
(1) AV 32
FO e K) = ——(2m)P 25

K|V k) = d*x’ kKX y () (1.31)

which is simply the Fourier transform of the potential. By scattering particles from targets,
we can thus measured do/df2, and from this infer a form of V(x).

Under what conditions is it valid to make this approximation? We require that the dif-
ference between the solution to the Lippmann-Schwinger equation and the incoming plane
wave is small:

[xl) ™ — (xla)| < | (xlo) | (1.3

This condition essentially corresponds to the scattering potential being small enough that
it does not have a corresponding bound state. We can approximate this by again using
[Y) = |¢), evaluating at x’ = 0, and assuming a box-potential of the form

-V f <
V(r)= o for x| <a (1.33)
0 for |x| > a
This yields the conditions
h’k h?
Vol < — for ka>1, and |Vy| < — for ka <1 (1.34)
ma ma

Form Factors

In light of what we have learnt from a quantum mechanical treatment of scattering, let
us revisit the case of scattering from a Coulomb like potential. Suppose that a particle of
charge Zje is incident on a nucleus of atomic number Zs with some spherically symmetric
local charge density p(r) located at the origin. The potential at some point x’ is then given

by
VA 2 " "
V(X/): 1€ /d?’X// p(x) ZZlﬁCOéEM/dSXH p(X)
x X”’

]X’ _ X”‘

(1.35)

8
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where we have introduced the electromagnetic fine structure constant apy = i/ (meapc).
Substituting this into the scattering amplitude relation (1.31), we have that

"
FO(AK) = AZ1ﬁcOéEM/d3X//d3x” el (Ak)x! ‘xf’)(i(}Z” (1.36)
where we have introduced A = —m/(27h?). Note that sometimes the momemtum transfer

Ak = k — k' is written as q, notation that we shall now adopt. Again defining r = x — x/,
it follows that’

1 . e—iar
f(q) = E /d3X p(x)equ X AlezhCOéEM/dBI' — (137)
r
Form Factor Rutherford scattering amplitude

The total scattering amplitude is thus the product of the Fourier transforms of two terms.
The second is easily recognisable as the Rutherford scattering amplitude from a charge
distribution p(x) = Z 63(x). This tells us nothing about the structure of the target
nucleus; all the interesting information is contained in the first term:

1

Frua(q) = 7 /d3x p(x)e'dx (1.38)

This means that the potential of the nucleus is thus a convolution of a Rutherford like
object with a more complicated charge distribution p(x). From (1.29), we can thus write

that
do do

~ Pl (55 (1.39)
dQ ‘ dQ Rutherford

By examining the form factor for particles scattered with various values of momentum
transfer g, we can infer information about p(x) and hence the form of the nuclear potential
V(x). Some example form factors are shown in figure 1.3.

The Yukawa Potential

Recall the Klein-Gordan equation that was introduced in B2: Special Relativity and Sym-
metry:

(<00 + )6 =0, p="- (1.40)
where ¢ is some non-relativistic field. Assuming that the field is spherically symmetric
¢ = ¢(r,t), and that we are in the low frequency limit, such that time derivatives are
of much smaller magnitude than spatial derivatives. Then, the Klein-Gordan equation
becomes

16°
(V2=p?)p=0 — ;w(mﬂ = 1?¢ (1.41)
This has general solution
¢=Lemmr Zour (1.42)
r r

for constants c¢; and ca. For properly bounded solutions, we set co = 0. This solution is
closely related to the Yukawa potential

2 —pur
vir)y=9°

(1.43)

C4mor

where the constant g parametrises the strength of the interaction. The scattering amplitude
in this case is then given by (1.31)

2m 1

o) 2
(1) __2ml . __9 2m 1
f(aq) g /0 dr rV (r)sin(qr)

- 1.44
4 h2 ¢2 + p? ( )

9
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Figure 1.3: Nuclear form factors for (a) Uniformly charged sphere (b) Exponential distri-
bution (c) Gaussian distribution

where the first expression follows from transforming to spherical polars. The associated
differential cross section is then given by

(1) 4 2
o’ _ 9 (2TZ> 1 . (1.45)
dQ (4m)2 \ h [2k2(1 — cos 0) + u?]

where we have made use of the fact that ¢ = |q| = 2k sin /2. It is clear that this re-obtains
the classical Rutherford result for p — 0.

Obviously, u~! represents some lengthscale of the potential. With this, we can associate a
mass m = hu/c, which leads to the concept of a virtual exchange particle that is created,
and then absorbed (meaning that these cannot be directly observed), in an interaction be-
tween two particles that involves a force. As these do not obey the usual energy-momentum
invariant P - P # —(E/c)? + p?, they are often known as off mass-shell particles. We can
associate with these a propagator factor with an exchange particle of mass m

-1

G=___-
P.P +m?2c?

(1.46)

that contributes to the scattering amplitude. In the case of the Yukawa potential, it
is easy to show that the propagator factor in (1.44) is the Green’s function of the Klein-
Gordan equation. The shorter range the interaction, the heavier the mass of the associated
exchange particle; for the infinite-range electromagnetic interaction, this particle must be
massless (the photon). ¢ can now be interpreted as a werter factor that measures the
strength of the interaction or coupling of the exchange particle with other objects. There
is one factor of g at the point of creation of the virtual particle, and another one at the
point at which it is absorbed. We shall revisit these concepts in section 1.3.

10
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1.2 Partial Wave Theory

An alternative approach to quantum mechanical scattering is that of partial wave analysis.
As these (elastic) scattering events have azimuthal symmetry, the orbital angular momen-
tum of the particles must be conserved. This means that we can decompose the incoming
and outgoing waves as a superposition of states of well-defined angular momentum:

ekx = ;ii%% + 1)Jp(kr)Py(cos 6) (1.47)
=0

where Jy(kr) are the Bessel functions of the first kind, and Py(cosf) are the familiar
Legendre polynomials

1
Py=1, Py =cosf, P,= 5(3(30829 —1) (1.48)

The radial Schrodinger equation then reads

d?uy B 00+1) Qm[
dr? r2 e h?

As before, the aim is to solve this equation for a given scattering potential V (r).

E—-V(r)u =0, wu(r)=rdy(kr) (1.49)

1.2.1 Partial Wave Scattering

As before, assume a localised potential (Vr — 0 as 7 — oo). Far away from the scattering
centre, the solutions must reduce approximately to plane waves. For this, we use the large
argument limit of the Bessel functions

lim Jy(kr) =

r—00 kr

sin (kr —€5) _ {Sm%’”)) for £ odd (150)

k for ¢ even
-

Adopting a solution of the form

(x|¢) = ZC(J@ (kr)Py(cos ) (1.51)
£=0

for constants ¢y, it can be shown that the associated scattering amplitude and differential
cross section are given by

—

=% Z (20 + 1) Py(cos 0)e sin &, (1.52)
=0

,,u

Z (20 + 1) sin® &, (1.53)
4

d¢ is the phase shift in the plane wave solution due to the potential for a given value of ¢,
which can be obtained through solving the radial Schrédinger equation with appropriate
boundary conditions. We observe that a partial wave will have a small (large) contribution
to the cross section if the phase shift is close to n7 (close to (n + %) m) for some integer n.

Consider (1.53). For elastic scattering, the phase shifts J, must be real, meaning that
4
op < ﬁ(% +1) (1.54)

This is often referred to as the wunitarity limit, which places an upper bound on the scat-
tering cross sections for a given partial wave.

11
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s-wave Scattering

As the wavefunctions in the scattering problem are not angular momentum eigenstates, the
solution could - in principle - involve an infinite superposition of eigenstates of well-defined
angular momentum, as in (1.51). This would not be particularly suited to analytical solu-
tion, and so we want to find a way to truncate the series.

For a plane wave of momentum p = fik, the angular momentum associated with different
parts correlates with the impact parameter b as p - x = hkb. Consequently, the part of
the plane wave that is on axis will be dominated by the contribution from ¢ = 0. For low
energies, the plane waves will be concentrated close to the potential (on-axis), and so we
often only consider the partial waves with ¢ = 0, known as s-waves. For this to be a valid
approximation, we must have that ka v~ kr < 1, where a is some scale associated with the
localised potential.

1.2.2 Delta-Sphere Scattering

As an example, we will consider scattering from a spherically symmetric delta-function
potential of the form

Vr)=Vod(r —a) (1.55)
in the s-wave scattering regime. In this case, the radial Schrodinger equation becomes
h? d*u

where we have written ug = u. Integrating this equation from r = a — ¢ to r = a + ¢, for
e — 0, yields:
o dultE 2mVy
lim — =

e—0 dr a—e N h?

u(a) (1.57)

This is our condition on the first derivative of our solution at the boundary. We adopt
solutions of the form

uy = Asin(kr + dp)

ug = sin(kr)

where dg is the resultant phase, and w1 and ug correspond to inside and outside the shell
respectively. Matching these at the boundary r» = a and using (1.57), we obtain

Asin(ka + dp) = sin(ka) (1.58)
2
Ak cos(ka + 6g) — kcos(ka) = %VO sin(ka) (1.59)
which can be combined to give
2mVy 1
cot(ka + dp) — cot(ka) = Tfr’; 0 Z (1.60)

Now, in the s-wave regime, ka < 1, meaning that we can expand cotx ~ 1/x — x/3, and
it quickly follows that the resultant phase shift is given by

ka® _ 2mWpa

=i PR

(1.61)

From this, it is easy to find the resultant scattering amplitude and cross section using
(1.52) and (1.53).

12
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1.3 Feynman Diagrams

To deal with relativistic scattering processes that occur under some Hamiltonian H, we
need to calculate the Lorentz-invariant scattering amplitude that connects the initial state
|4;) = |i) containing some particles of well defined momentum to a final state |¢) = |f)
containing another (often different) set of particles that also have well-defined momenta.

We can do this perturbatively through the use of Feynman diagrams. Each unique diagram
corresponding to a given process shows a different way in which an interaction can occur,
and represents a contribution to the transition matrix element M, = (i| H | f) from Fermi’s
Golden rule:

dN

2m . 9
P—f|<Z’H|f>| dTEf

(1.62)

where Fy is the final energy state of the system. There are, in principle, an infinite number
of possible diagrams. Incoming lines in a Feynman diagram have a well-defined momentum
and energy; these represent the incoming and outgoing particles after some process. Since
these diagrams represent transitions between well-defined states of four-momentum, they
already include the contributions from all possible paths in both time and space through
which the intermediate particles might have passed. This means that the time-orderings of
the events is generally irrelevant. For a diagram to be distinct from another, it must feature
a change in the way in which the lines are connected, rather than the apparent ordering.
Generally, the incoming state is placed on the left-hand side, while the outgoing state is
placed on the right-hand side; if you like, ‘time’ goes from left to right. For each inter-
nal line - that is, for each virtual particle - we can associate a propagator factor as in (1.46).

Vertices are places were particles are created or annihilated, with which we can associate a
vertex factor that describes the strength of the interaction between the particles meeting
there. If these vertex factors are small (such as in the electromagnetic and weak interac-
tions), diagrams with a larger number of vertices make a smaller contribution to M;y; it
is for this reason that Feynman diagrams are a perturbative method of treating relativistic
scattering processes. Diagrams with the lowest number of possible vertices for the process
are said to be first order (or tree-level) diagrams, while those with another vertex are sec-
ond order and so on.

Let us examine the vertex factor corresponding to the electromagnetic interaction via the
photon. For interactions of photons with electrons, the vertex factor is of magnitude —ggum,
where gr is a dimensionless coupling constant. Recall the definition of the electromagnetic
fine structure constant:

e? 1
4reohe 137
For the electromagnetic force, the coupling strength must be proportional to the electric
charge of the particle, meaning that a convenient choice of ggyp is

geM = VATagy = e/+\/eohc (1.64)

For interactions involving any particle of charge @), the propagator factor is simply Qggm.
The coupling constants for the other forces are defined similarly, and we note that ayp ~
1/29 and ag ~ 1. This means that we cannot easily apply the method of Feynman
diagrams to strong interactions, as higher order diagrams are of comparable contributions
to the first order ones.

QEM = (1.63)

13
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Feynman diagrams are a way of representing a transition between an initial and
final state of well-defined four-momentum, independent of the time ordering of
the process that creates the transition.

The propagator and vertex factors present in the diagram are used to calculate the
transition matrix element M;;. The propagator factor associated with a virtual
(off mass-shell) particle of mass m is given by

-1

G=——>5>5
P-P+m2c?’

P.P+#—(E/c) +p? (1.65)

Each force has a specific propagator and coupling constant, as follows

Force Propagator Notation Vertex Factor
Electromagnetic Photon ~ NV gEMQ (1.66)

Weak W=, Z0 Bosons YWWWWWWWW\e gw

Strong Gluon g 2000000000000~ gs

Fermions are represented with a solid line. Normal fermions have arrows going
forward in time (generally left to right), while their corresponding anti-particle
has an arrow pointing backwards in time. Alternatively, identifying the type of
particle corresponding to a given line fixes the direction.

1.3.1 Common Diagrams

In this section, we note some of the common diagrams that one can encounter in the learn-
ing of subatomic physics. It is recommended that readers use these mainly for reference;
the meaning of some of the diagrams will become clearer later on in this text. However,
it is a useful exercise to examine these diagrams in order to gain an understanding of how
they are constructed.

Electron-Positron Processes

e First order ete™ — eTe™:

et

Figure 1.4: The first order Feynman diagrams for ete™ — ete™

14
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e Some second order ete™ — ete™:

Figure 1.5: Some second order Feynman diagrams for ete™ — eTe™

e Some third order Feynman diagrams for ete™ — ete™:

Figure 1.6: Some third order Feynman diagrams for eTe™ — eTe™

15
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e First order ete™ — utp:

Figure 1.7: The first order Feynman diagram for ete™ — ptpu~

e First order eTe~ — hadrons:

€ q

Figure 1.8: The first order Feynman diagram for eTe™ — hadrons

Electron-Electron Processes

e First order e7e™ — e e

Figure 1.9: The first order Feynman diagrams for e"e™ — e~ e~

16
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e Some first order e"e™ — e e +putpu:

Figure 1.10: Some first order Feynman diagrams for e"e™ — e~ e™ + utpu~

Photon Processes

e One (of two) first order v — eTe™:

Matter €

Figure 1.11: A first order Feynman diagram for v — eTe™. Note that the interaction with
matter is required in order for this process to occur

17
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e First order vy — ~vv:

Figure 1.12: The first order Feynman diagrams for vy — ~v

n P
5
——
Ve

Figure 1.13: The first order Feynman diagram for beta-minus decay

P n
ﬁ—l-
wt
Ve

Figure 1.14: The first order Feynman diagram for beta-plus decay

Decay Processes

e Beta-minus decay:

e Beta-plus decay:
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o 1~ lepton decay:

Figure 1.15: The first order Feynman diagram for p_ decay

e 7~ lepton decay:

Ve, Dy,

Figure 1.16: The first order Feynman diagram for 7_ decay

Note that for the last two decays, hadronic decays are only possible in the 7~ case as the
1~ is not massive enough to produce hadrons.

1.3.2 Analysing Feynman Diagrams

Let us now take a look at an example of calculating the collision cross section corresponding
to a Feynman diagram. Suppose that we observe the following process:

Figure 1.17: First order Feynman diagram for the process ete™ — ptp~ with four-
momenta shown

19
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In the centre of mass frame of the two electrons, the four momenta are given by
P1 = (Ee/c,p), P2=(E¢/c,—p), P, =Pi+Py=(2E./c,0) (1.67)

As m = 0 for a photon, the associated propagator is ¢?/4E2. The relevant matrix element
is then calculated from

h3¢3

— 1.68

My = B3¢ x Propogators x Vertex factors = giy
The differential cross section is calculated by dividing the transition rate (as predicted by
Fermi’s golden rule (1.62)) by the incoming flux j = 2v, = 2¢?p./ Ee:

_ Ee 27
"~ 2¢%p. h

do Mig|? = (1.69)

Overall momentum conservation implies that only one of the particles contributes to the

density of states, vis.:
dN dN dp, 4 5 dp,
— == = 1.70
dE; ~ dp,dE;  (2nh)3 " dE; (1.70)

In the centre of mass frame, E,, > m#CQ, such that F, ~ %Ef. Since these muons are on
external legs, they are on mass shell, such that

Ei = pic2 + mic4 —  E,dE, = *p,dp, (1.71)

meaning that we can write
dp,, B 1 dp,, B LEM

= = - 1.72
dEf 2dE, 2% p, (1.72)
Substituting everything into (1.69), and integrating over the solid angle,
o2
o=nh?EM 5= (2F)? (1.73)
s

where we have used the fact that apy = giy/47. Note that s is simply the square of the
centre of mass energy. These sorts of calculations are often done in naturalised units

1.4 Resonances

Sometimes the projectile used in a scattering experiment can be absorbed by the target to
form a compound state, and then later re-emitted. The time-energy uncertainty relation-
ship from quantum mechanics tells us that if a state has only a finite lifetime At v~ I'71,
then the uncertainty on its energy is given by

AEAt ~h —> AE R (1.74)

This means that if we take a set of identical unstable particles, and measure the mass
of each, we will expect to get a range of values with width of order T'h/c?. Long-lived
intermediate states have small I', and hence well-defined energies. We tend to think of
these long lived states as ‘particles’, such as the neutron. Short-lived intermediate states
have large width, and less-well defined energies. When the intermediate state is so short
lived that T'i/c? is comparable to the mass, then the decay is so rapid that it is no longer
useful to think of it as a particle; it is really just a transitional state.
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1.4.1 Resonant Scattering

Let us return to partial wave theory, and have a look at what happens to the collision
cross section o close to resonance, where the phase shift d, = (n + %) w. Expand around
the resonance energy Fy:

dcot §
cot §¢(B) =~ cot 6p(Ep) + —oor0 (E— Eo) +... (1.75)
— dE  |p_p,
We define s )
14
— == 1.76
dE|p_p, T ( )
such that our expansion becomes
1 ddy 2
t0g(E) ~ — — E—-E o —=(E — E 1.77
=1
The collision cross-section is then
4 47 1 47 I2/4
= (20+1)sin?0p = (2 +1)——5—~ (20 +1 1.78
o= gz @)t = A ) hs ~ A DTy rea (W)

Introducing the appropriate degeneracy factors, and taking into account that the resonance
may decay into a final or initial state, we arrive at

47 2741 Fil“f/zl
c=—
k2 (281 + 1)(252 + 1) (E — E0)2 + F2/4

(1.79)

This is known as the Breit-Wigner formula for resonant scattering, and has the following
features:

e ['; is the partial width of the resonance to decay to the initial state

I'; is the partial width of the resonance to decay to the final state

r=>,T;= 771 is the full width of the resonance at half- maximum (T; are all the
possible decays)

e [ is the centre of mass energy of the system

Ejy is the characteristic rest mass energy of the resonance

j is the total angular momentum of the resonance, while s; and so are the initial
spin angular momenta of the two particles used to create the resonance

k is the wavenumber of the incoming particles in the centre of mass frame, which is
equal to its momentum in natural units

The cross section is non-zero at any energy, but has a sharp peak when FE is close to Ejy
(Lorentzian shape). Longer lived resonances have smaller I' and hence sharper peaks. Tt
is also useful to define the branching ratio

L

that represents the fraction of the time that the resonance will decay into a particular
state. These are determined empirically.
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2. Nuclear Physics

This chapter aims to cover the basic concepts of nuclear physics, including:
e The Structure of the Nucleus
e Decay Modes
e Nuclear Fusion and Fission

Now that we have a relatively in-depth understanding of scattering theory, we can now
look at some of its consequences when applied to the structure of the nucleus. We shall also
investigate the physics behind the various decay processes that the nucleus can undergo.
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2.1 The Structure of the Nucleus

As stated previously, the experimental differential cross section for alpha particle scattering
on nuclei departs from that predicted by the (point charge) Rutherford differential cross
section (1.11) at higher alpha particle energies. This implies that there is some internal
structure to the nucleus, as at these energies, the de-Broglie wavelength of the incident
particles is comparable to the internal scales of the nucleus, allowing interaction. The
form-factors (see (1.38)) obtained from experiments performed at higher energies can be
modelled via the Sazon- Woods potential:

_ P0
pr) = o (2.1)

a is the radius of the nucleus, while d is the thickness of the edge region over which the
distribution drops off. It is important to note that this distribution is both spherically
symmetric, and very similar to that of a hard sphere for small d.

2.1.1 The Nuclear Interaction

We now know that nuclei consist of protons (m, = 983.3 MeV/c?) and neutrons (m,, =
989.6 MeV /c?). We usually denote individual nuclei as

4X (2.2)

where X is the chemical symbol of the element, Z is the corresponding atomic number,
while A is the mass number of the particular isotope. Note that for some neutron number
N, it is obvious that A = Z + N.

Performing scattering experiments with a number of nuclei of different mass numbers yields
the following empirical relationship for the radius of the nucleus a

r=roAY3, ry~1.2fm (2.3)

where A is the mass number as above. This has a number of implications for the nuclear
force:

e The fact that r is proportional to AY/3 indicates that the volume of the nucleus
V o r3 is proportional to the mass number A, meaning that each nucleon (proton
or neutron) is making an equal contribution to the overall volume. This means that
we only have to take into account nearest-neighbour interactions between nucleons

e There must be a repulsive force/core to the inter-nucleon potential in order to prevent
the collapse of the nucleus. This is provided by Pauli exclusion

e The inter-nuclear force must be very strong at short distances to overcome the elec-
trostatic repulsion between the protons, but vanishingly small at distances « 2rg as
we observe no effect of the nuclear force on the electronic structure of atoms. This
implies the existence of massive exchange particles (70, 7F)

We shall later see that the nuclear force is a residual effect of the strong force between the
quarks that make up the protons and neutrons within the nucleus.
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2.1.2 The Semi-Empirical Mass Formula

When calculating the mass of the nucleus (v GeV/c?), we must take into account the
binding energy between the nucleons, as this will represent a sizeable correction to the
mass (v~ MeV/c?). As such, we propose the Semi-empirical mass formula (SEMF)

M(A, Z)* = Zmyc® + (A — Z)mpc® — B(A, Z) (2.4)
N —2Z)? Z?
B(A,Z) = ayA —agA?/3 —aA( ) —ac +6(N, Z) (2.5)
P g — A Al/3 —_———
Volume Surface S Pairing
Asymmetry Coulomb

where ay,as,a4,ac,d are all constants. Let us examine the origin and consequences of
the various terms within the binding energy:

e Volume and Surface terms - The properties of the inter-nuclear force detailed above
are similar to the forces between molecules in an incompressible liquid. The energy

of such a ‘liquid-drop’ is E = —cyn + 47 R?T for a number density n and surface
tension 7. Recognising that R o n'/3, and that n « A, we obtain the above two
terms

e Asymmetry term - Pauli exclusion dictates that neither protons nor neutrons can
occupy the same quantum state as other neutrons or protons. However, it is possible
for a proton and a neutron to exist in the same state, since the particles are not
identical. The asymmetry term thus arises from the Fermi statistics of the nucleons,
as an inbalance in the energy of the occupied states will increase the total energy of
the nucleus. A detailed calculation can be found in the next section. This term will
thus favour nuclei in which N = Z

e Coulomb term - As there is Coulomb repulsion within the nucleus, we must include
a term of the form Z2/r. As r ~ AY3 we can write a term of the above form. The
coulomb term favours neutral nuclei

e Pairing term - This is due to the spin states of the nucleons, as they tend to couple
pair-wise (n-n or p-p) to more stable configurations. This means that nuclei with
an even number of nucleons will be more tightly bound that those with an odd
number. Thus, even-even (N-Z) nuclei have +6, even-odd or odd-even nuclei have 0
contribution, and odd-odd nuclei have —§

Being a semi-empirical law, the constants in the SEMF are determined by experiment.
However, the exact values depend on the way in which the fitting is done on the experi-
mental data. One such set of values is:

Volume Surface Asymmetry Coulomb  Pairing
ay as as ac 1)
15.835  18.33 23.2 0.71 11.2/VA

Table 2.1: Values of the constants in the SEMF

The SEMF is remarkably accurate for elements with A 2 30, with the exception of a few
regions close to ‘magic’ numbers of A and Z. For A < 30, many of the assumptions made
in deriving the formula begin to break down. For example, at low A, we can no longer
assume that (N—2) < A, meaning that the asymmetry term begins to dominate, favouring
N = Z. It correctly predicts the maximum binding energy per nucleon as occurring around
Fe or Ni.
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The Asymmetry Term

We can derive the explicit form for the asymmetry term by considering the nucleons to be
a degenerate Fermionic gas, with mean occupation numbers

_ 1

"= BE) — | (26)
For these calculations, we shall assume that m, ~ m, = m. Assuming that the nucleons
are non-relativistic (a pretty safe assumption), such that we can adopt the usual energy

dispersion relation

2 21.2
P h°k
EF=—=— 2.
2m 2m (27
such that the density of states becomes
2 1 3/2
g(E)dE = MEU%E (2.8)

Then, we can determine Ef as the analytic solution to some equation for NV, the number
of nucleons of a specific species within the system, remembering that n; behaves as a
step-function for £ < Er (it is easy to show that this is satisfied in the nucleus):

_ Er 25+ 1)Vm3/2 2 5/

Rearranging, we find that the Fermi energy is given by

6m2n \*/® R
Er = — 2.1

F <23 + 1) 2m (2.10)

It follows that the mean energy is given by

Ep 3

(B)=> nE; = / dE g(E)E = =N Ep (2.11)

» 0

7

For the entire nucleus, the mean energy is the sum of the mean energies of each species.
Consider the case where N = Z = A/2. Then, the Fermi energy for both species is given

by

2 2 2/3 2 2/3

Ep — P3N LQ om (2.12)
2m \%4 2mrg \ 8

where we have used the fact that V = (47/3)r® = (47/3)r3 A as per (2.3). In the case that
N =~ Z, we have that

3 N5/3+Z5/3

E)=(E Ey)="Ep— 2

Let 6 = (Z — N)/A, such that N = A(1 —9)/2 and Z = A(1+0)/2. As 0 is small, we

can expand (1+ )53 ~ 1+ 52+ 32 (3 —1) 2% Collecting like terms, we find that the
asymmetry term must be given by

(2.13)

1. (N—-2)?
Easymmetry - 3EF(A) (2~14)

Evaluating the pre-factor, we find that Er/3 ~ 11.2 MeV, just under half of the value
observed experimentally in table 2.1. This is due to the fact that we have not taken into
account the effect that the occupation symmetry has on the potential energy of the nucleus.
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Figure 2.1: Decay modes of the nuclei plotted in the N-Z plane. The line of N = Z is
shown (solid)

The N-Z plane

If we look at elements in the N-Z plane, we observe that the naturally occurring isotopes
(both stable and unstable) at first follow the Z = N line, and then become neutron rich
at larger A. Stable isotopes occur close to the center of the band, while unstable isotopes
are closer to the perimeter. The SEMF can re-produce this dependence, if we maximise
the binding energy B(A, Z) with respect to Z for a given A:

oB\ 2(A—-22)(-2) 2Z
<aZ>A e ey =0 (2.15)
Re-arranging, this becomes
N aC 2
AR P Ay T 2.1
A + 2a4 (2.16)

This is the equation for the wvalley of stability in the N-Z. Note that there are no stable
isotopes beyond 2%Pb, as they are too massive to remain stable. Figure 2.1 shows this
dependence, and also shows the ways in which the various isotopes decay towards the valley
of stability, as we shall investigate in the next section.
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2.2 Decay Modes

As stated previously, nuclei will tend towards configurations which maximise the binding
energy per nucleon. In order to do so, they will undergo nuclear decay processes. The
available energy for such a process is given by the difference between the rest mass energy
of the initial and final constituents of the system:

Q/ =) Mi(A Z) - > Mi(A 2) (2.17)
i f

This is known as the Q-value. If Q > 0, then the decay process is energetically favourable,
and allowed classically. After the decay, this energy is carried away by one or more of the
decay products.

2.2.1 Radioactive Decay Law

All readers of this text will be familiar with the radioactive decay law for a species of

population N:
dN

— =-IN 2.18
I (2.18)
The constant I' is the decay rate per-nucleus. For a single species, this equation is easily

integrated to give
N(t) = Noe It (2.19)

We can calculate the particles’ mean proper lifetime 7, using the fact that the probability
that they decay in the interval [t, ¢ + dt] is

1 dN
Pt)dt = —— ——dt =Te "tat 2.20
(t) No di e (2.20)

The mean lifetime is then -
_ Jo dttP(t) 1

R O >

as one would expect. For a system of coupled decay species A, B and C, we can define
N = (A, B,C)T, such that
dN

~——~ =RN 2.22
o (2.22)

where R is a ‘rate matrix’ containing the decay rate coefficients. The general solution is
then given by

N = N(0)ef, eft = yethiy—1 (2.23)

where R is the diagonalised form of R, and U consisting of the eigenvectors of R as column
vectors. Let hope you haven’t forgotten the definition of the exponential matrix.

This radioactive decay law assumes that the decay rate is independent of the decay history
of the nucleus (delta correlated in time), the method of preparation of the nucleus, and
its environment. It also assumes that the nucleus decays via a single process at a given
rate I', and that N is sufficiently large that this rate remains roughly constant over many
decay lifetimes. These approximations are valid provided that m > I'i/c?, as this means
that we can consider the constituents of the nucleus to be particles.
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2.2.2 Alpha Decay

In alpha decays, the nucleus ejects a 3He nucleus (a particle), meaning that the process
can be written as

IX — 270y i He (2.24)

In order for this process to occur, it must tunnel through the potential barrier that is
present due to the combination of the nuclear and electrostatic potentials. The radial
Schrédinger equation for such a particle of energy @ is

(32 + V) (<16 = Qo) (2.25)

Without loss of generality, we can write this spherically symmetric wavefunction as the
exponential of some other function expn(r). After substituting this in, and dividing by
expn, we obtain the differential equation

h2 Z AV
= —— v 2.26
Q=—5—["+ )]+ V(r) (2.26)
where the primes denote derivatives with respect to . We can model the potential V (r)
felt by any « particle by

V(r) =

{constant for r < R, (2.27)

lezﬁca% for r > R,

Within the barrier, the potential is smoothly varying, so n should be a smoothly varying
function in 7. We then expect that 7” < ('), and so we can safely neglect the former
term in comparison to the latter. The tunnelling probability is given by the ratio of the
mod-squared amplitudes:

p="2 o (2.28)

where G is the Gamow factor given by

om [Fo AVALL
G = ,/h’;”/ dr /V(r) — Q, Ro~r1oAY3, R, = %MEM (2.29)
R

The inner limit R, is an approximate value for the radius of the nucleus, while the outer
limit Ry represents the critical radius at which the energy of the ejected particle is equal
to the potential energy. As in many cases () < V, we can evaluate this integral straight-
forwardly using (2.27) as

2m Ry Z175e%\/2m
G~ \| =5-\/Z1 Zsh drr Y2 220 T 2.30
Vo 2caEM/a rr Co—" (2.30)
where we have neglected the contribution from the lower bound in the integral as R,/Rp «
Q < 1. For o decay, Z1 = 2 and Zy = Z, where Z is the atomic number of the decay
product. As the decay rates are given by I' = T'ge™2C . it follows that

BZ
logl'=A4 V) (2.31)
where again Z is the atomic number of the decay product, and A and B are constants.
This is well behaved in the limits Q — 0 and ) — oco. Note that this formula will predict
lower decay rates (and branching ratios) for decays from atoms with non-zero values of
angular momentum, as this will create some new Vg that we have to use in our calculation
of the Gamow factor by adding an extra term of the form £(¢ + 1)/(2mr?).
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Figure 2.2: The potentials involved in alpha decay processes: (a) Nuclear potential (in-
verted Saxon-Woods shape) (b) Electrostatic potential (¢) Combined potential

2.2.3 Weak Decays

There are three related nuclear decay processes which are all mediated by the weak inter-
action. These are as follows:

1. B~ decay (beta decay) - Neutron rich isotopes reduce N by emitting an electron and
electron neutrino:

IX — 2 Y e +7 (2.32)

Observation of this process allowed Pauli to postulate the existence of the neutrino,
as it was required to satisfy both energy-momentum conservation, and spin-angular
momentum conservation

2. Bt decay (positron emission) - An isotope with a surplus of protons can emit a
positron in order to replace one of the protons with a neutron:

IX — 2 Y+et +u, (2.33)

3. Electron capture - An isotope with a surplus of protons can also remove one of the
atomic electrons:

IX4+e  — 4 Y+u, (2.34)

Both 8% decay and electron capture result in the same changes to the nucleus, and
so are ‘competing’ decay process. When considering which process is dominant, we
note that the @ value is 2m.c? for electron capture is greater than for positron
emission, but electron capture relies on there being substantial overlap between the
wavefunctions of the nucleus and the atomic electrons

When viewed at the level of the nuclear constituents, all three of the above decays involve
the interaction of four particles: a proton, a neutron, an (anti-)electron and an (anti-
Jneutrino. Only S~ decay can occur in isolation - as it is the only process with @ > 0 in
the absence of binding energies - while the others have to occur inside the nucleus in order
for @ > 0.

All of these processes leave the mass number A unchanged, meaning that the parent and

daughter nuclei are isobars; these processes allow transitions between isobars. Odd-A
nuclei only have one stable isobar (for which the mass of the system is minimised), while
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even-A nuclei may have more than one isobar; an odd-odd (upper) and even-even (lower)
isobar separated by 2§ from (2.5). This implies that more than one stable isobar can exist,
provided that they occur at the minimum of the binding energy curves.

Fermi Theory of Beta Decay

We can apply Fermi’s golden rule (1.62) to these decay processes. Let us consider the
particular case of 8~ decay, and make the following simplifying assumptions:

e That the four-body interactions all occur at a single point (vertex), which which we
can associate the Fermi coupling constant, given by

Gp~1.17x107° GeV~2 (2.35)

e In using a single coupling constant, we have implicitly made the assumption that the
four-body interaction does not depend on the spin states of the incoming or outgoing
particles

e That the wave-functions of the electron and anti-neutrino can be represented by

plane waves. ‘ ‘
(x|e) = ge = PN (xgy) = ¢y = PN (2.36)

This ignores the effect of the Coulomb interaction between the electron and the
nucleus, which is a good approximation provided that the electron is sufficiently
energetic

e That the nucleus is very massive in comparison to the electron and neutrino, which
is almost always the case. This gives rise to the condition that

Ee+E,=Q (2.37)

The initial state is the state of the parent nucleus, while the final state is the product state
of the daughter nucleus, electron state and anti-neutrino state:

(Vi) = [i), [Wy) = |bg) X |de) X |b0) (2.38)

The transition matrix element is thus given by
Mip = (U H W) = G [ dxotoi0iu, (2.39)

We can approximate this integral by remarking that p - x < 1 on scales of the nucleus,
meaning that to first order

Mif ~ GF/d3X Vi = GpMaya (2.40)

Myya is the nuclear matriz element that denotes the integral overlap between the parent
and daughter nucleus. In the case of the decay of the isolated neutron, the initial state
neutron and final state proton occupy the same state, meaning that |Mpyci| = 1. Including
higher order terms in the expansion of the plane waves leads to the suppression of tran-
sitions that do not have |j—j'| < 1 as the matrix elements evaluate to zero (selection rules).

We now need to calculate the density of states. As stated previously, we ignore the contri-
bution from the daughter nucleus as it does gain any kinetic energy in the reaction. The
partial number density is then given by

&Bpe dp,  pPp?

d°N = =
(2mh)3 (2mh)3  AmthS

dpedp, (2.41)
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where the second expression follows from assuming system isotropy. We want to integrate
our the dependence of this expression on the momentum of the anti-neutrino. Approxi-
mating it as massless, (2.37) allows us to write that

2 2 2

. Pe 1 2 _ pe(Q — EC)

dN = Py dpe = /dEV E5(E.+E,—Q) = T ATEE dp.dE, (2.42)
Remarking, again by (2.37), that dE; = dQ = dE,, we can thus write the final transition
rate as

G% |]Wnucl‘2
2m3h7 3
where F(Zp,pe) is the Fermi factor that describes the correction due to the electromag-
netic interaction between the electron and the daughter nucleus. For an isolated neutron
decay, this simply contributes a factor of unity. It is easy to show (by integrating up to the
maximum momentum) that for relativistically ejected particles, I' oc Q5. This is sometimes

known as Sargent’s rule.

['(pe)dpe = F(ZD,pe)pz(Q - Ee)zdpe (2.43)

2.2.4 Gamma Decay

Gamma decays involve the emission of high energy («~~ MeV) photons from a nucleus due
to the relaxation of excited nuclear states. These processes are usually associated with
a preceding a or S decay, as these often leave the nucleus in an excited state. Gamma
decays are usually quite rapid due to the short relaxation time of such nuclei. As ~ decays
involve transitions between states of well-defined energy in the nucleus, the energy of the
resultant photons are well-defined, and characteristic to a particular isotope. It is for this
reason that v decays are often used to identify radioactive elements.

2.2.5 Decay Chains

Unstable nuclei can decay back to the valley of stability through the following
processes:

e Alpha decay:4X —>§:§ Y +4 He

Beta decay: ‘gX — ‘§+1Y +e” + 1

Positron emission: ‘gX — ‘gle +et 4+ 1,

Electron Capture:‘gX +e — é,lY + v,

Which process an unstable nucleus actually undergoes depends on the values of
A and Z.

It is clear from the above that any sequence of radioactive decays will only change the
mass number A in units of four. This leads to the idea of decay chains, named after their
starting isotopes, as follows:

Name of chain Starting isotope Half-life of starting isotope (years)

A=14n Thorium 282Th 1.41 x 1010
A=4n+1  Neptunium Z"Np 2.14 x 106
A=4n+2 Radium 287 4.47 x 107
A=4n+3 Actinium 235 7.04 x 108

There are actually no naturally occurring isotopes in the ‘Neptunium’ decay chain, as they
have al decayed to stable elements due to the short lifetime of 23’Np in comparison to
universal timescales.
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2.3 Nuclear Fission and Fusion
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Figure 2.3: The binding energy per nucleon as a function of the mass number A

Consider figure 2.3 above. Given that it is energetically favourable for nuclei to maximise
this binding energy, we can see that in the left-most region, nuclear fusion is prominent,
while in the right-most region nuclear fission can occur. Both of these processes are distinct
from the decays examined above as they involve the decay of the entire nucleus, rather
than of individual protons or neutrons.

2.3.1 Fusion

Fusion is the process whereby two or more atomic nuclei come close enough to coalesce into
a single nucleus. However, in order to do so, the two nuclei must overcome their mutual
Coulomb repulsion. For example, consider the proton-proton (p-p) fusion process:

p+p—D+e" +1, (2.44)

We can approximate the energy barrier by

hcaEM
2 fm

Ebarrer ~

~ 0.7 MeV (2.45)

If each proton has energy of order Ehyaier/2, the corresponding temperature is /&~ 4 X 10°K,
which is unusual even inside stars (here the fusion only occurs because of quantum tun-
nelling through the Coulomb barrier, and the high-energy tail of the Boltzmann velocity
distribution).

In tokamaks (fusion reactors, of sorts), the reaction used is between deuterium (that can
be extracted from sea water) and tritium (unstable ¢; /2 ~ 12 years, artificially produced)
as follows:

DT —He+n (2.46)

This D-T reaction is used because it combines a large resonant cross section and a large
@ value. The temperature inside typical tokamaks reaches ~ 108 K, enough to produce at
least some fission processes. The only - no so insignificant - problem is the containment of
the reaction for an extended duration at these temperatures.
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2.3.2 Fission

Fission is the splitting of a nucleus into two daughter nuclei. This occurs when the nucleus is
massive enough that the barrier provided the the electrostatic interaction is small. We can
model this process as the pulling apart of two charged spheres. During their separation,
the charges move further apart, decreasing the magnitude of the Coulomb term in the
SEMF (2.5). However, the surface area must increase, resulting in an increase in surface
energy. We can thus approximate the barrier height at the point at which the daughter
nuclei have just separated by

Coulomb Energy heapn (Z/2)?
Surface energy — 2ro(A/2)1/3

Ebarrier = (2-47)

where Z/2 and A/2 are the atomic number and mass number respectively of the daughter

nuclei (assumed symmetric split). For A ~ 200, the barrier is small enough that tunnelling
can occur, the rate of which dictates the rate of spontaneous fission.

o
@88 o

A~200

A~100
[\ A~50
J r
Figure 2.4: The shape of the potential barrier against fission for different values of the
mass number A. Above, we have indicated a visual representation of their separation

However, we can also induce fission. Suppose that a thermal neutron (v« €V) is incident
on a nucleus with odd neutron number N. This will lead to an even N nucleus. This will
liberate the normal binding energy, plus the energy from the § pairing term as the even N
state is lower in energy than the odd N state. For some elements, this liberates enough
energy to give a large enough probability of tunnelling through the Coulomb barrier, and
thus inducing fission. Apart from the energy liberated and the daughter nuclei, the fission
also produces - on average - some extra neutrons. These may either be absorbed by non-
fissile material, or go onto induce further fissions, leading to a chain reaction.

The canonical examples of fissile materials are the uranium isotopes 23*U and 23°U. 238U
does not undergo fission with thermal neutrons (only possible for «~ MeV neutrons), as
bombardment with these neutrons leads to a « decay process:
BIU4n —2BU =B U4y (2.48)
2

However, 23°U is fissile as the transition from an even-odd nucleus (33°U) to an even-even

nucleus (330U) releases the pairing energy, allowing fission to occur:

% Fission
257 4 —236 U 236 (2.49)

@9 U+~
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We can approximate the energy released in a 239U fission process by considering an example.
Suppose that such a uranium nucleus undergoes the process:

U4 —20U0" SMIX4BY 13044 (2.50)

The fission fragments are neutron rich, meaning that they must undergo beta decay to
reach the valley of stability. In terms of the proton to neutron ratio, the daughter nuclei
will lie close to some line passing through the origin of an N-Z plot and ?*U. We thus
find that N 235 —92
—a T T X155 2.51
Z 92 (2:51)

This allows us to approximate the daughter nuclei as *°Kr and *Ba. Using (2.16), we can
approximate that these daughter nuclei decay by beta decay (no change in A) into %goCe
and $3Nb. Then, the total energy released in the fission process is given by the difference
in binding energy between the original 23°U nucleus and these decay products:

AE

—5 = M(235,92) — M(140,58) — M (93,41) — 2m,, ~ 200 MeV (2.52)

This means that fission reactions with 23°U typically release in the region of 200 MeV,
power that can be harnessed by appropriate containment of the reaction.
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Figure 2.5: Mass distribution of the products from 23°U fission

Neutron Moderation

The neutrons produced in these reactions have very high energies, and have a high collision
cross section for capture by 2**U in the enriched uranium fuel samples. In order to avoid
this, moderators are used to slow the neutrons down to thermal speeds to prevent them
being captured by 2**U nuclei before inducing another fission reaction, and so allowing the
chain reaction to be sustained.

As a model of moderation, consider an elastic collision between a moving body of mass m

with another, initially stationary, body of mass M. We can ignore electromagnetic effects
as the neutron is uncharged. In the centre of momentum frame, let the speed of the first

34



Toby Adkins B4

mass be u, and that of the second be U = wm/M, with associated scattering angle 6. In
the lab, the speed of m before the collision is

Vin =u+ U (2.53)
whereas after the collision it is given by voys where
V2 = U(Q)utH + 02 = (ucos +U)? + (usinh)? = u* + 2Uu cos § + U? (2.54)

The fraction of energy lost by m in the lab frame is v2,, /v2. To find the average energy
loss, we need to average over the scattering angle #. Assuming the scattering occurs
isotropically, we have that

(cosf) = — /_11 d(cosf) cosf =0 (2.55)

That is, there is no preferred scattering angle. The average fractional energy lost by m is
given by

Eou\  u?+U?*  m?+ M? (2.56)
FEn/ (u+U)?2  (m+ M)? '

The above expression has a minimim at m = m,, M, the ideal moderator contains nuclei
that have mass comparable to that of the neutron. This is why HoO, D2O and graphite
are relatively suitable for this use. They also have a relatively low cross-section for electron
capture. In the ideal case that the moderator has A = 1, half of the initial neutron energy
will be lost on average per collision. An initial 1 MeV neutron will then cool to 0.1 eV after
approximately log,(MeV /0.1 eV) & 23 collisions.

Usually, lumps of fuel (rods) are embedded in a matrix of moderator material, rather than
being completely mixed up with the moderator. This is because, since the mean free path
of the fast electrons is less than the mean free path of the slow electrons (Afast < Asiow),
more of the fuel ‘lump’ can be seen by the thermal neutrons in this way. This would not
be the case if the fuel and moderator were completely mixed up. It would also be very
hard to extract power from the system if they were completely mixed together.
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3. Quarks and Hadrons

This chapter aims to introduce the basic material underlying the Quark Model of hadrons,
including

e Symmetries and Substructure
e Mesons

e Baryons

e The Quark Model

It is now time to migrate to sub-nuclear scales, and investigate the structure of matter
itself. As we shall see, considerations of the symmetries of our system gives rise to the
idea of quarks, which make up all strongly interacting matter. A useful numerical value to
remember:

he =~ 197 MeV fm
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3.1 Symmetry and Substructure

The proton and the neutron have very similar masses and, despite one being charged and
the other neutral, interact in the same way under the strong force. This suggests that
the proton and the neutron might have some common internal structure, which can be
invesigated by searching for similar patterns of multiplets of particles.

The lightest strongly interacting particles are the pions, which can be produced by firing
protons (v« GeV) into materials. Different pion creation reactions are observed:

p+p—p+p+n
p+p—p+p+a 7 (3.1)
p+n—>p—|—n+7r0+7r++7r_

There are three types of pions; the 7% 77 and 7~ which have charges 0, +1 and -1

respectively. The latter two of which are antiparticles of one another. These have masses:
Mao = 135.0 MeV/c?, my+ = 139.6 MeV /c? (3.2)

Another such group of particles are the delta baryons, that are created as resonances in
reactions between pions and nucleons:

T +n— AT — 7 +n

7 4p—A"—a%+n (3.3)
at4+n—AT —14p

at+p— ATt — 1t 4p

All of these delta baryons have a rest mass energy close to 1232 MeV, with spin quantum
number s = 3/2. These decay in a very short time («~ 10722 5), and so cannot be observed
as propagating particles; their mass is inferred from the width of the resonance peak using
a version of the Breit-Wigner formula (1.79).

In the reactions involving the pions, we observe that the total number of protons and
neutrons is conserved. This is a special case of baryon number conservation; protons and
neutrons each have baryon number 41, while their anti-particles have baryon number —1.
The second set of delta reactions also conserves baryon number, but protons and neutrons
can be changed into one another due to the resonance. Baryon number conservation keeps
the proton stable, since it forbids the decay of the proton into the lower mass pions. In
fact, the lower bound for the lifetime of the proton is 7, 2 1.6 x 10% years is much longer
than the lifetime of the universe.

3.1.1 Isospin

Isospin was a concept proposed by Heisenberg in order to differentiate between the proton
and the neutron; he posited that they are both states of the same entity, the nucleon,
but with differing values of isospin components. The name ‘isospin’ is used in analogy to
the spin, since the algebra of the isospin states have the same structure as the angular
momentum states in quantum mechanics. However, isospin is completely separate from
angular momentum; it is simply an internal quantum number of the system that tells us
about quark content, as we shall see.
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The quantum number I is the total isospin quantum number, while I3 is the third com-
ponent of the isospin, analogous to the m;, m, and mg for angular momentum. It is this
latter component that differentiates between the proton and the neutron:

11 1 1
B — | = 3.4
p=|53): "=[3-3) (3.4
They thus form a nucleon doublet with [ = 1/2 and I3 = £1/2. Similarly, we can write
the isospin states of the pions and delta baryons:

™ =11,1), 7°=[1,0), 7 =]1,-1) (3.5)

33 31 3 1 _ 3 3
A++:‘252>7 A+:‘2a2>7 A0:’27_2>7 :‘2a_2> (36)

It is clear that there are 21 + 1 states within a given isospin multiplet I. By analogy to
angular momentum in quantum mechanics, we can also introduce the lowering and raising
operators for isospin

I:t = Il + iIQ, [IZ, I]] = ifijklk (37)
where I1 and I are the first and second components of the isospin. Applied to some state
|1, I3), these lower and raise the value of I3 by one unit:

Lo |LI) = /(I F )T £ I+ 1) |1, I3 + 1) (38)

For example, I_ATT = v/3AT while I, AT = 0. We shall revisit these operators when
we deal explicitly with quarks in later sections.

Invariance under rotation in isospin space implies the conservation of isospin in nuclear
interactions, meaning that the strong force preserves isospin. We can use this to calculate
the relative magnitudes of cross sections and branching ratios in strong interactions, as in
the following example.

The cross section for the reaction 7~ p — m°n shows a prominent peak when measured as
a function of the m~ energy. The peak corresponds to a A baryon resonance of 1232 MeV,
with total width I' = 120 MeV. The find the ratio of the incoming and outgoing partial
widths I'; and T'y.

From above, the intermediate state is given by

3
ar=[5.28) (3.9)
However, as I3 must be conserved in strong interactions, we have that
1 3 1
P =I5 =2 A)=|A% = |2, -2 1
pornooy o =180 =23 (3.10)

As in quantum mechanics, we can expand this state in terms of the Clebsh-Gordan coeffi-
cients cgp
Ia,Ib,IA,I$> = cw
a,b

for two particles a and b. For the protons and neutrons, I* = 1/2, while for the pions
I’ = 1. We can thus write that

oy _ |1 3_1_f1 1 fl _1_fo f
’A>—'2’1’2’ 2>_ 3’2’1’0’ 2>+ gl b ly) = y3lmm gl

(3.12)

Ia,Ib,Ig,I§> (3.11)
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The ratio of the incoming to the outgoing partial widths is thus

— \|2
T (M%) 13 1 (3.13)
Ty [(A%x0n)? 2/3 2
Conservation of isospin is a powerful tool that we will make further use of later on in this
text.

3.1.2 Symmetries

Before delving further into this subatomic world, let us pause to consider possible sym-
metries of our system. A symmetry is a physical or mathematical feature of the system
that is preserved or remains unchanged under some transformation. This transformation
may be continuous (such as a rotation) or discrete (such as a reflection). In the case of
continuous transformations, there give rise to cyclic coordinates, and a corresponding con-
served quantity. For example, translational invariance implies momentum conservation,
while rotational invariance implies angular momentum conservation. We shall examine
some symmetries relevant to our study of subatomic particles.

Parity

A parity inversion P is a transformation involving the reversal of the sign of one spatial
coordinate. In three dimensions, it describes a simultaneous switch of all of the coordinates
(a point inversion):

P:xr— —Xx (3.14)

We can classify vectors based on the way that they transform under a parity inversion:

e Polar - These reverse their sign under parity inversion (eigenvalue —1)

e Axial - These do not reverse their sign under parity inversion, often associated with
cross-product type quantities (eigenvalue +1)

A pseudoscalar (such as a triple product) is a quantity that behaves like a scalar, except
that it changes sign under parity inversion. Fermions and anti-fermions have opposite par-
ity, and by conventions, fermions are assigned positive parity.

We know that for a single particle in a state of well-defined orbital angular momentum,
applying a parity inversion to the state has the following effect:
P’na£7m€> = (—1)£|n,€,mg> (315)

The parity of the combined state of two particles must then be the product of the parities of
the individual particles, and an extra factor from treating the two particles as a combined
system. We can thus write that

Py :Pan(_l)L (316)

where L is the total orbital angular momentum of the two particle system around the
centre of mass, and P, P,, P, are the parity eigenvalues of the combined state and the
individual particles respectively.

Both the strong and electromagnetic interactions conserve parity. However, the weak
interaction does not; not only does it not, but it violates parity conservation maximally.
This can be tested by looking at the following beta decay process:

0Co —ONi+e + 7, (3.17)
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The Co is cooled to 0.01 K, and immersed in a strong magnetic field B so that the nuclear
spins are preferentially aligned along the magnetic field. The directions of the outgoing
beta electrons are then observed. Consider the behaviour of the momentum vector p of
the observed electrons, and the magnetic moment direction p of the nuclei under parity
inversion:

P:p—-p, P:u—p (3.18)
After a parity inversion, the momentum vector in inverted, but the nuclear spin points
in the same direction. Therefore if parity is to be conserved, there must be as many
electrons emitted in the +B direction as in the —B direction. However, it was observed that
the emission of electrons was not symmetric with respect to the magnetic field direction.
This means that while the initial cobalt nucleus was in a state of well-defined parity, the
final state is not. Thus, the Hamiltonian of the system is not parity invariant. As the
Hamiltonian encodes the weak interaction respomnsible for this decay, we are then also
forced to conclude that the weak interaction violates parity conservation.

Charge Conjugation

The charge conjugation transformation replaces particles with anti-particles. Suppose that
a represents some particle, and a represents the corresponding antiparticle. Then, the
charge conjugation operator C has the action:

C:ara (3.19)

Only neutral particles have the possibility of being eigenstates of C as turning a particle
into an anti-particle involves changing the sign of the charge value. Applying C twice
must return the system to its original state, and so the possible eigenvalues for charge
conjugation are +1. In fact, for a system of angular momentum quantum numbers J, L
and S, we have that

Cla,a,J,L,S) = (—1)*%|a,a,J, L, S) (3.20)
for both fermions and bosons (recalling exchange symmetries). As with parity, charge
conjugation is a symmetry of the electromagnetic and strong interactions, but not the
weak interaction. As a result of the consequences of parity and charge conjugation on
conserved quantities, it is often useful to notate particles as

Charge Parity(+)
Ab JP ( C) — Charge conjugation (=)
Particle name Angular Momentum

Figure 3.1: The conventional notation used to refer to subatomic particles

Time Reversal

Time reversal symmetry implies invariance under the transformation t — —t, leaving all
positions in the system unchanged. There is no physical observation that belongs to the
time reversal operator, so there is no observable which would be conserved. However,
there is a very fundamental theorem in QFT, which states that ‘any Lorentz-invariant
local quantum field theory with a hermitian Hamiltonian must have symmetry under a
combined CPT operation’. As a consequence, we assume that time reversal symmetry is
also violated in weak processes (such that CPT symmetry is satisfied), which is borne out
in experiments.
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3.2 Mesons

Isospin symmetry implies that there is some substructure to all of these particles that we
have examined; just like the nuclei of isotopes of elements contain a particular combination
of protons and neutrons (to give a specific Z and A), there must be some smaller particle
that interacts via the strong force to form these particles with specific values of I and
I3. These particles are known as quarks, and the particles that they combine to form are
known as hadrons. Quarks are spin-half particles, meaning that they obey Fermi-Dirac
statistics.

Mesons are hadrons fromed from a quark and an anti-quark pair, ¢, and have integer
spins. As the parity of the quark is set to be positive (P = 1) by convention, the anti-
quark must have negative parity (P = —1). The parity state of a meson in a state of
well-defined orbital angular momentum L is

Pmeson = (_1)L+1 (3.21)

The pions introduced in section 3.1 are in fact mesons. They are composed of two different
quarks, the up and down, which have the following properties:

Name Flavour Mass (GeV/c?) Qe) I Is S B J
Up a 0.002 2/3 1/2 1/2 0 1/3 1/2
Down  d 0.005 /3 1/2 -1/2 0 1/3 172

The flavour of a quark is the specific type of quark that is involved i.e whether it is an
up or down quark. Antiquarks have the opposite sign of @, I3, S and B. Using these
properties, it becomes clear that the nucleons and pions are written as

Quarks Mass (MeV/c?) Qe) I I3 S B J
i ud 139.6 1 1 1 0 0 0
7 wua,dd 135.0 0 1 0 0 0 0
T du 139.6 -1 1 -1 0 0 0

Note that these are all spin-0 particles due to fact that the spins of the quark and anti-quark
are anti-aligned. We have started to construct our particle zoo.

3.2.1 Strangeness

If we raise the energy of our scattering experiments, we begin to find particles with a mass
of ~ 500 MeV /c? with integer spin (mesons) and =~ 1200 MeV /c? with half-integer spins
(which turn out to be baryons, see section 3.3). These particles appear to satisfy all the
conservations that are associated with strong processes, but they decay on timescales of
weak decays («~ 10712 s). We thus propose the existence of a property called strangeness
S that is conserved in strong interactions, but violated in weak interactions. These newly
observed particles would have S # 0. As such, we introduce a third strange quark:

Name Flavour Mass (GeV/c?) Q(e) I I3 S B J
Strange S 0.095 13 0 0 -1 1/3 1/2

The lightest strange mesons are the kaons K+, K—, K° and K (note that the KV is
distinct from its antiparticle as can undergo different reactions with matter). Their exact
quark content is detailed in the following section.
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3.2.2 Meson Multiplets

With three quarks, there are thus 3 ® 3 = 9 combinations that we can make. This means
that we can organise our mesons into sets of nine (nonets) that are differentiated by their
differing values of J and P. In particular, we consider the J© = 0~ nonet

Sj
K|l K

@ D
(498) . (494"
. - K 0 ‘\‘\ +
o IT @mﬂbﬂ' W TT .
N (135)8) 7 el
(140) . (gsg)r] (140) . [3
" —0 Q=+
K K
(494) (498) ",
Q=1 Q=0

Figure 3.2: The J¥ = 0~ nonet. All masses are in units of MeV /c?

Six of these decay weakly (v~ 10719 s), while three decay electromagnetically (7%, n and
7). We also have the J” = 17 (note that in this case, L = 0, so J = S = 1 with the
quarks aligned) nonet:

Figure 3.3: The J¥ = 17 nonet. All masses are in units of MeV/c?

These mesons have much shorter lifetimes (strong, «~ 10724 s), decaying into the J¥ = 0~
mesons.
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Both the J” = 0~ and J¥ = 1~ mesons have exactly the same quark composition, but
they differ by a factor of order unit in mass. This allows us to conclude that the dominant
contribution to the meson mass comes from the interaction between the quarks, particularly
the spin dependence.

3.2.3 Quark Flow Diagrams

A quark flow diagram is a useful way to visualise collision reactions at the level of quarks.
As an example, let us again consider the process:

T+ p — A" — 704 n

di+ wud — wudd — dd+ wudd (3.22)

We have written the quark content explicitly in the second line (for the quark content of
the proton and neutron, see section 3.3). In the first part of the reaction, a @ in the pion
annihilates against a v in the proton, leaving the udd state that corresponds to the A°. In
the decay, a quark-antiquark pair is created to form a neutral pion and neutron. This is
shown in figure 3.4 below.

....... d

Figure 3.4: An example of a quark flow diagram for the 7=p — A? — 7% 4 n process

This also allows us to understand why the K° and K will behave differently on interaction
with matter. K is able to form a uds resonance with neutrons (udd), where as K° cannot.

Lastly, quarks can only annihilate against antiquarks of the same flavour, quark flavour is

conserved throughout all strong interactions. This is a characteristic property of strong
interactions.
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3.3 Baryons

Baryons are hadrons made from a combination of three quarks, and have half-integer
spins. We can calculate the parity of the baryon states by remarking that the spin will be
% ® % ® %, which is either % or % The parity of a baryon is a state of well defined orbital
angular momentum L is thus

Poaryon = (—1)* (3.23)

For the lowest energy (lightest) L = 0 states, the parity is positive, meaning that we
expect to have the states JF = %Jr and J¥ = %Jr. For JP = %Jr, we find eight particles
of similar mass, giving the octet below. Particles in this octet are either stable (proton)

SA

~940 MeV/c’ ® € >

s se s

~1200 MeV/c* ‘@ ‘ @
1115 MeV/c® . Q?\AO
Q=+1
N =0
~1320 MeV/¢? (o o
Q=1 Q=0

Figure 3.5: The JF = %+ octet

or decay on timescales that are comparable to weak decays (except for X° which decays
electromagnetically: X% — A% + ). For J = %+ there are ten particles:

Sa
. - \ 0 . + . +4+
LA A LA LA
~1230 MeV/c2 —@& © & o—>
Q=+2
. *. *0 . e
~1400 MeV/c’ QZ ‘Q\Z QZ
0=+
:* —%0
~1530 MeV/c? Q— e
‘a=0
1670 MeV/c* L) Q0
Q=11

Figure 3.6: The J = %Jr decuplet

These decay strongly to a J& = %Jr baryons, with the exception of the 27, which can only
decay weakly as the strangeness must change.
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3.3.1 Quark Colour

It is thus clear that under the quark model, the isospin symmetry is expanded into a more
general quark flavour symmetry. However, there is some cause for concern. Baryons can
be constructed as a combination of three quarks, so we have in principle 3 ® 3 ® 3 combi-
nations. How did we arrive at the 18 combinations in the J¥ = %+, %Jr states?

Consider the JP = %+ baryons with quark combinations sss, uuu and ddd. As these are
fermions (spin-half) particles, and so we would expect them to behave appropriately under
exchange symmetry. Consider the product state

W}> = ’wspatial> X W]ﬂavour> X |¢spin> (3.24)

In the groundstate, the spatial state is symmetric. The flavour state is

Wjﬂavour) = |u1> |u2> ’u3> (3'25)

which is clearly symmetric under the exchange of two quarks. Similarly, the spin state of
these combinations must also be symmetric under exchange. This means that an overall
state of the form (3.24) is symmetric under quark exchange, which it really should not be.
We instead propose the state

|¢baryon> = |wspatial> X |"7Z}ﬂavour> X |7/)spin> X W)colour) (326)
where
1 g1 b
szolour) = —F r2 g2 b1 (3.27)
' r3 g3 b3

Note that || indicates the anti-symmetrised Slater determinant, ensuring that the overall
wavefunction behaves appropriately upon particle exchange. This is also the only combi-
nation of the three colours red (r), green (g) and blue (b) that has no net colour. Quarks
carry colour, while anti-quarks carry anti-colour. The colour in the mesons is contained in
qq combinations in the superposition

1
V3

which is also colourless. This is important, as the strongly interacting particles that we
have observed all have no net colour; no coloured object (quark) has ever been observed
in isolation. If - for example - we attempt to knock a u quark out of a proton, we do not
observe a free u in the final state of the system; instead the u uses part of its kinetic en-
ergy to create other gq pairs, such that the final state only contains colour neutral hadrons.

(Ir7) + |gg) + |bb)) (3.28)

W)meson> _
colour/ —

The particles that carry the strong force between quarks are the gluons. Fach gluon carries
both a colour and an anti-colour. There are eight gluons, since of the nine possible distinct
colour-anticolour combinations, one is colourless. We shall examine the properties of gluons
more closely in section 4.2.

Evidence for Quark Colour

Experimental evidence for quark colour comes from looking at high energy electron-positron
collisions. In particular, we can compare the collision cross sections for the processes:

et +e —pt 4
et + e~ — hadrons
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Feynman diagrams for these processes are shown in figures (1.7) and (1.8) respectively.
As both processes are assumed to have the same initial energy upon the e™e™ annihila-
tion, they have the same propagator factor. The vertex couplings are all electromagnetic,
meaning that the only thing that is different between the two processes is the magnitude
of the vertex factor; for the muons, the vertex factor is (+1)ggnm, while for the decay into
quarks (hadrons) it is (£Q4)grm (@4 are the charges of the quarks relative to the proton).
The density of states factors will be approximately the same if both processes occur at
relativistic energies.

The ratio between the cross-sections for these two processes can thus be written as

R:

o(ete” — hadrons) _ 3X Goar > Q2 _ 32 Q2 (3.29)

oletem — ptu) 1 X g&y

where the sum is over all the available ¢g states at a given centre of mass energy. We
have included a factor of three for the decay into hadrons to take into account the possible
colour combinations. Data from such experiments is shown in figure 3.7 below.

10 II\\I\‘ | I\\\\Il \\I\II‘

Jip W (28)
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Figure 3.7: Data on the total cross section of o(ete™ — hadrons) and R as a function of
the centre of mass energy /s

From the second graph, it is clear that R has a number of values depending on the particular
energy range:

(i) 2 GeV to~5GeV: R=2
(ii) ~ 5 GeV to ~ 10 GeV: R = 10

(i) ~ 10 GeV to ~ 20 GeV: R = 4
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Each of these regions corresponds to the presence of different amounts of quarks. In (i),
only the w,d, s quarks are present, and the value of R appears to include the degrees of
freedom for quark colour. The steps (ii) and (iii) correspond to the creation of more mas-
sive quarks, called the charm ¢ and bottom b quarks respectively. There is also a sixth
quark the top ¢, but this is too massive to be produced in ete™ collisions due to radiative
losses. The top quark decays weakly (into a bottom quark, and either an v or ¢q pair),
but due to its large mass, it decays faster than it can hadronise. As a consequence, there
are no bound states containing top quarks.

The values of R correspond to these new quarks having a charge of 2/3, —1/3 and 2/3
respectively, which is indeed the case. We thus have three generations of quarks, each
containing a 2/3 and —1/3 partner:

Q= 2/3||lujc|t
Q=-1/31d

(3.30)

The sharp resonance peaks at 3, 10 and 100 GeV are the bound charmonium (cc, ),
bottomonium (bb, Y), and Z boson states. The latter has a broader peak than the others
as they live longer before decaying. We shall discuss these bound states in later sections.
The two sharp resonance peaks at 0.8 and 1 GeV correspond to w and ¢ meson production
respectively.

47



Toby Adkins B4

3.4 The Quark Model

Hadrons are subatomic particles that are mediated by the strong interaction. All
hadrons are made up of some combination of the six quarks g¢:

Name Flavour Mass (GeV/c?) Qe) I Is S B J

Up u 0.002 2/3 1/2 1/2 0 1/3 1/2
Down d 0.005 1/3 1/2 12 0 1/3 1/2
Charm ¢ 1.3 2/3 0 0 0 1/3 1/2
Strange S 0.095 -1/3 0 0 -1 1/3 1/2

Top t 174 2/3 0 0 0 1/3 1/2
Bottom b 4.2 /3 0 0 0 1/3 1/2

where I = total isospin, I3 = third component of isospin, S = strangeness, B =
baryon number and J = total angular momentum. The charge of hadrons is
related to the baryon number and third component of isospin by

1
Q:e<lg+2Y>, Y=S+C+B+T+B (3.31)

The quark model has the following further properties.
e QQuarks come in three strong-charges, r, g, b known as colours

e Antiquarks g have the opposite values of all flavour quantum numbers except
for J, and the mass is unchanged

Quarks interact via the strong force, which conserves isospin. They are
confined in the colourless combinations that are hadrons

e Mesons are colourless qq combinations
e Baryons are colourless gqgq combinations
e Only weak interactions can change quark flavour

Together with the leptons, gauge bosons and the Higgs boson, the quarks make
up the Standard Model of matter.

3.4.1 Quarkonium

In the previous section, we saw sharp resonance peaks that correspond to a bound qgq
system that is dominated by the masses of the constituents. In this case, the system
can be reasonably well-described by non-relativistic quantum mechanics, for which the
Time-Independent Schrédinger equation reads

p? _
<2u + V) ¥) = E) (3.32)

where p is the reduced mass of the gg system. The potential V' due to the strong force
between a quark and its antiquark partner is well described by the potential

4 e
V() =—3 CTO‘ + kr (3.33)
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The first term s the strong force equivalent of the Coulomb potential. We have replaced
apy with (4/3)ag, where the factor of 4/3 comes from colour considerations. The term
linear in r means that V continues growing as r — oo, leading to quark confinement.

In the case of the cé charmonium and bb bottomonium states, the typical separation r is
usually smaller than 79 = 1/v/k, meaning that we can ignore the linear term. Under these
conditions, the energy levels of these bound states can be approximated as hydrogenic:

1 /4 >
The total energy of the ¢q states is thus given by

Ey; = E, + 2m,c? (3.35)

Charmonium

Let us consider the particular case of charmonium. Some of the lowest lying energy states
are:

Name n*tlL; JP

Ne 1150 0~
J/ 135, 1~
he 117, 1t

Y 235, 1~

The first of these states that was discovered was the J/v state. This is because this state
has S = 1, L = 0, such that J© = 17, which has the same symmetries as the photon; it
can thus be created in electron-positron collisions via an intermediate photon:

et +em — N — J/Y (3.36)

Measurement of these gamma-ray photon energies allows us to make a precise measure-
ment of the mass differences between the energy levels, and thus the predictions of (3.34).

Charmonium has a few possible decay paths, as follows:

e Charmonium states may decay into the D mesons if they are sufficiently massive
(> 2mp, mp =~ 18657Me\/'/c2). This decay is via the strong force into either a D°
(cii), D% or a DT (cd) and D~ (&d) pair

e [f the state is not massive enough for D meson decays, the system may also decay
through the annihilation of the charm and anticharm quark. One way to do this is
through an electromagnetic interaction, which produces a photon and subsequently
another gq pair

e Another way to do this is via a suppressed version of the strong interaction. In this
case, the resulting state does not contain any charm quarks, and so the intermediate
state must consist of only gluons. This leads to what is known as ‘OZI suppression’,
where the poor momentum coupling of the gluons causes a very large reduction in
the decay rate. The decay is usually into into 7%, 7° and 7~

This means that generally cc states with m < 2mp are long-lived, and are visible as very
narrow resonances with masses close to 3 GeV.
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The Strong Coupling Constant

Now, what is the value of the coupling constant for the strong force? We can estimate this
using experimental data. If the splitting between the n = 2 and n = 1 states in the J/1 c¢
system is 588 MeV, and m, = 1870 MeV /c?, it is straightforward to use (3.34) to calculate
that ag =~ 0.97. Similarly, if the splitting between the n = 2 and n = 1 states in the Y bb
system is 563 MeV, and m; = 5280 MeV /c?, we find that ag ~ 0.57.

This means that, unlike agy the value of the strong force coupling constant scales with
the momentum transfer ¢q. More specifically, ag is smaller for large ¢, and larger for
smaller ¢ (the bottomonium case has a higher mass with comparable energy, and so a
higher momentum transfer). This also contributes to OZI suppression. However, for most

calculations, one takes the value
337

This much larger value of ag compared with the electromagnetic fine structure constant
agpm ~ 1/137 is a reflection of the relative strength of the two forces.

3.4.2 Hadron Decays

As anticipated by our discussion of Charmonium, hadrons may decay via either the strong,
electromagnetic or weak forces:

e Strong decays (rapid, 7 «~» 10722 s) - The strong interaction allows reactions and
decays in which quarks are interchanged between hadrons, but there is no change in
net quark flavour; they conserve net quark content

e Electromagnetic decays (intermediate, 7 v~ 107! s) - Electromagnetic decays typi-
cally have lifetimes between those corresponding to strong and weak decays, and do
not change quark flavour

e Weak decays (slow, 7« 10719 s) - If overall quark flavour is indeed changed, such as
in the strangeness violating reactions

Kt — at4 o0 [AS = —1]
us ud ul,dd

X — n 47 [AS = +1]
dds udd ud

a weak interaction must be involved. This means that only weak interactions can
change quark flavour. Weak decays are suppressed by factors of G in the transition
matrix element M;;, meaning that weakly decaying particles are characterised by
quite long lifetimes

In general, decays (and reactions) are dominated by a particular mode. In general, we can
apply the following rules to find the dominant mode of a reaction or decay:

1. A reaction or decay is dominated by the strongest interaction that is common to all
participants. The interactions are ordered as Strong > Electromagnetic > Weak

2. If a photon is present in a reaction, then the strong interaction cannot dominate,
meaning that the dominant interaction is either electromagnetic or weak

3. If a neutrino is present, then either neither the strong no electromagnetic interactions
can dominate. The dominant interaction is then the weak interaction

The ordering of the strength of the forces may seem a little odd, given the relative mag-
nitudes of the coupling constants (g > aw > agym). However, the weak interaction
is.....well, weaker than the electromagnetic interaction on the scale of the quarks by a
factor of «~ 1076,

50



4. The Standard Model

In this section, we cover the main concepts associated with the Standard Model of matter,
including:

e A Summary of the Standard Model
e The Strong Interaction

e The Weak Interaction

e Neutrino Oscillations

The time has finally come to tackle one of the crowning achievements of 215! century
physics; the Standard Model of matter. Students may already be familiar with the ap-
proximate structure of the Standard Model from even secondary school physics, but now we
are able to motivate this structure on a much more fundamental level, as well as investigate
some of its consequences.
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4.1 A Summary of The Standard Model

mass | =2.4 MeV/c? =1.275 GeV/c? =172.44 GeV/c? 0 \ =125.00 Gevyfc?
charge |2/3 2/3 2/3 0 0
spin | 1/2 a 1/2 a 1/2 a 1 0 H
| up charm L top gluon Higgs
=4.8 MeV/c? =95 MeV/c? 24,18 GeVy/c? 0
-1/3 -1/3 -1/3 0
e @ e & |- & ||
down strange bottom photon
\ 4 L
=0.511 Me\l"}'c2 =105.67 MeV/c? =1.7768 Ge\.“/‘c2 291,19 GeV/c*
1 =il -1 0 (7,
w & - @ |- @ || =
electron muon tau Z boson 8
L | ¢ | § e o
2 <2.2 eV/c? <1.7 MeV/c? <15.5 MeV/c? =80.39 GeV/c* (28]
o 0 0 0 +1 LLl
- @ |- @ [[- @ ([ &
& electron muon tau W boson 2
_3 . heutrino J7 neutrino J{ neutrino G

Figure 4.1: The canonical diagram for the Standard Model of Matter

The Standard Model, as it currently stands, consists of three main groups of particles.
The spin-half quarks (u, d, ¢, s, t,b) make up all hadrons (mesons and baryons), matter
particles that can undergo processes involving the strong interaction. The leptons ()
are elementary spin-half particles that do not undergo processes involving the strong
interaction. Mediating these interactions are the spin-one gauge bosons corresponding
to the three (four) fundamental forces:

Force | Quantum | Mass® | Spin | Range | o | Strength®
Electromagnetic Photon 0 1 00 1/137 | 1072
Strong Gluon (x8) g 0 1 ~107P m | w1 !
Weak we S04 e 107 m | 1/29 | 1078
zZY 91.2 1
Gravity Graviton? 0 27 00 - w1074

The Higgs Boson is unique in that it interacts with the other particles with couplings
proportional to their masses. It is an excitation of the vacuum Higgs field, responsible
for giving mass to particles.

“in GeV
PRelative strength on the scale of the quarks
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Operator ‘ Strong ‘ EM ‘ Weak ‘

Charge @ v v v

Baryon number v v v

Lepton number v v v
Parity P v v
Charge conjugation C v v

CP v v' | almost
Strangeness v v
Charm v v
Bottomness v v
Isospin v

Table 4.1: Properties conserved in each type of reaction. Blank entries imply that the
quantity is not conserved. The combined CP operation is almost conserved in the weak
interaction

4.1.1 Leptons

The class of matter particles that we have not yet met are the leptons. These are spin-half
fermions that cannot undergo strong interactions as they do not carry any colour charge.
Like with the quarks, there are three generations of leptons. The lightest generation
contains the electron e~ and its partner neutrino v,. The second consists of the muon p~
and its partner neutrino v,. The muon is negatively charged, with a mass -~ 200 times
that of an electron. The muon lifetime is 2.2 us after which it decays as

po —re + v+, (4.1)

which is shown in the first order Feynman diagram figure 4.2 below. Note that the decay
is via a weak interaction.

Figure 4.2: The first order Feynman diagram for p_ decay

The third generation contains the tau 7~ and its neutrino v,. It is once again negatively
charged, but is much more massive, «~ 3500 times that of an electron. As such, it decays
very rapidly in 2.9 x 10713 s. The 7 can decay into either a e~ 7, or (v, pair, but due to
its large mass, hadronic decays are also possible, such as

T +Us

™+l +u,
T4+t 4+ 4,
K +v,

T —
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De, Uy, U

Figure 4.3: The first order Feynman diagram for 7_ decay

An important property of leptons is that of lepton universality; each of the families of
leptons couples in the same way to the W boson. Furthermore, each of the charged
leptons/neutrinos couples to the Z boson in the same way. We can confirm this by looking
at the decays of 4~ and 7~ into a e”v, pair. Using (2.43), we have that I' oc Q° o m%M
for relativistic particles. We thus expect the decay rates of the particles to scale as

(4.2)

Lt —e +0+vy)  [(mg >
F(p= = e + 0+ 1) my,
If lepton universality is to hold, the vertex coupling constants g, and g, should be equal:
2 _ _ — _\1-1 5
<97> _ B o e A vt [F(T)} Tu _ 0178 (mT) T8 20999 (43)
9 B(p= = e +ve+v,) [T'(p) Tr my,
=0.178

where we have used the fact that I' = 77! o g?>m?®, as well as known values for the masses
and lifetimes of the muon and tau leptons. We see that the coupling constants are of order
unity, as expected.

It is useful to define quantum numbers that count the number of leptons. Lepton flavour
numbers are the number of leptons of each generation less the number of corresponding
anti-leptons of that generation:

Le=N(e”)+ N(v.) — N(et) — N(7.)
Ly =N )+ N() = N(uh) = N(7,) (4.4)
L. =N(r")+N(v;) = N(r*) = N(v,)

We cam also define the total lepton number Ly = L. + L, + L., which is conserved in all
known reactions. The individual lepton flavour numbers are also conserved in most reac-
tions, the notable exception being neutrino oscillations, which we shall discuss in section
4.4.
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4.2 The Strong Interaction

Let us revisit the strong interaction. This is mediated by the spin-one, massless particles
that are gluons. Gluons carry both quark colour and anti-colour, and there are only eight
orthogonal gluon states because one of the nine possible colour-anticolour combinations is
colourless: )

757) +19g) + [00) (4.5)
The strong coupling constant «g -~ 1 is larger than the electromagnetic coupling constant
apv = 1/137, meaning that if both forces are present, the strong interaction tends to
dominate any reaction modes (as previously stated). However, the strong force is more
than just a stronger version of the electromagnetic interaction. Gluons (unlike photons)
can act as sources for their own field. This means that there is a gluon self-interaction
force, involving a three-gluon interaction vertex, which leads to new behaviours.

e
~=——0—
=00

Figure 4.4: A toy model of quark confinement

Consider the pulling apart of a quark-antiquark pair. These are held together by field
of virtual gluons, which forms a thin tube between them. As we pull the quarks apart,
potential energy is built up in this field, manifesting as the spring-like term in (3.33).
Eventually, this energy is large enough that it is energetically favourable for the tube to
break up by dragging multiple g pairs out of the vacuum. The resulting hadrons can be
observed in relativistic jets formed due to the headlight effect. This is the essence of quark
confinement; we can never observe a free quark, as it will just use part of its kinetic energy
to create hadrons out of the vacuum.

nowowmw "
[

w W 0 W
M ChaEbe Do D o B

Figure 4.5: A two jet event at an eTe™ centre of mass energy close to 100 GeV
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4.2.1 Deep Inelastic Scattering

Though we cannot isolate individual quarks, we are still able to perform scattering ex-
periments at the quark level, known as deep inelastic scattering. For this, we need to use
particles that are of sufficiently high energy («~» GeV) such that their de-Broglie wavelength
is comparable to the size of the proton (for example). This means that they will not scat-
ter from the proton as a whole, instead undergoing scattering events with the individual
quarks inside the proton.

These events pull the scattered quark away from the other quarks, which will create a
hadron jet in the original direction of the outgoing quark if energies are sufficiently high.
The other spectator quarks in the proton also form a coloured state, meaning that they
must create hadrons in another jet event.

The interaction between the electron and the quark can either be mediated by the weak
or electromagnetic forces. If the propagator is a W=, then the collision is said to include
a weak charged current, and the flavour of the scattered quark is changed. In the case of
the Z° or v, these are known as weak neutral current and weak electromagnetic interaction
respectively, in which the quark flavour is unchanged.

At low values of the momentum transfer Q, the ratio of weak interactions to electromagnetic
interactions is very small, where as at high values, it is of order unity. Consider the

propagators:
1 1

— Gy =————
Q2 w Q2 + m22
For low values of Q, m(VVj[,ZO)C2 > Q as the W* and Z° bosons are very massive,

meaning that G, > Gy . However, as Q becomes very large, we can neglect the rest mass
energies of these gauge bosons, such that the ratio of G/Gw tends to unity.

Gy =— (4.6)

Figure 4.6: A positron-proton scattering event under weak charged current

Let us consider an example of a positron-proton scattering event in the deep-inelastic
regime. We define the four-momenta

Pe = (Ee/c7 pe)v P/e = (Eé/c7p/e)7 Pq = xPp (47)

where we have defined the quark to have some fraction 0 < x < 1 of the original proton
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momentum. Using invariants, we have that

(Ee - Eé)Q

c2

2E.E!

—Q*= — (pe —PL)* ~ 2 €(1 — cos @) (4.8)

where the second expression follows from neglecting the rest mass energy of the positrons,
as they are sufficiently relativistic in deep inelastic scattering events. 6 is the angle through
which the positron is scattered. Thus, the momentum transfer Q is given by

Q= %Eésm? (g) (4.9)
The centre of mass energy is given by
s = (P +Py)?c*, Ecy =+/s (4.10)
for the positron-quark system. Then,
s = (P + Pg + 2P, - P,)c? = (m2c® + x2m12302 + 22P, - P)c? (4.11)
We then assume that the particles are approximately massless at these relativistic energies,
meaning that we can neglect the rest mass energies, and use

E. E,

|pe‘ ~ 7) |pP’ ~ 77 Pe - Pp = _|pe|’pp| (4.12)

where we have assumed that the positron and proton collide head on. With these assump-
tions, we arrive at the final result of

s=4zE.Ey,, Ecm =+/s (4.13)

Thus, the centre of mass energy available for the production of hadrons is proportional to
the square root of the geometric mean of the energies of the positron and quark.

Detectors

How do we detect the particles produced in the jets associated with deep inelastic scat-
tering? The momentum of the antielectron can be determined using the inner part of the
detector (the tracker) that tracks the trajectory of charged particles, and measures their
momenta as they bend in an externally applied field. The direction of curvature of the
track (relative to the magnetic field) allows the sign of the charge to be deduced, while
the radius of curvature R permits the calculation of the perpendicular component of the
momentum from

pil = gBR (4.14)

The calorimeter lies outside the tracker, and is designed to stop particles and convert their
energies into an electrical signal. This allows the other components of the momentum to
be determined.

Neutrinos (where produced) cannot be directly detected in such scattering experiments as

they are so weakly interacting. However, we can determine the perpendicular component
of their momentum from momentum conservation in the perpendicular plane.
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4.3 The Weak Interaction

The weak interaction is mediated by three spin-one bosons: the charged W* (antiparticles
of one another), and the neutral Z° (its own antiparticle). The weak force is very short
ranged as a result of their large masses:

my = 80.3 GeV/c?, myz = 91.2 GeV/c? (4.15)

from which we approximate their range hc/mc? is about 2 x 1073 fm, which is about 1000
times smaller that the size of a proton. As stated previously, the coupling of leptons to the
W boson is universal, with vertex factor gy. This means that decays of W+ into any of
the three lepton generations is equally likely (as the density of states is roughly the same
in these highly relativistic decays).

4.3.1 Quark Mixing

The weak interaction is the only type of interaction that can change quark flavour, which
only occurs in interactions mediated by the W+ bosons.

d c i
w+ gwcost.  W- gw cos 0, W— gw sin 6,
u S S

(a) (b) ()

Figure 4.7: The coupling of the W* bosons to quarks (a) ud (b) s (c) us (suppressed)

A vertex involving a W* and two quarks must include an upper @ = 2/3 and lower
@ = —1/3 quark, in order to conserve charge. The vertices that include two quarks of
the same generation dominate, while those involving transitions between those of different
generations are suppressed. To see why this is, let us consider each of the ‘lower’ quarks
to have their our weak interaction eigenstates |d’), |s’) and |b'), each of which is a super-
position of the mass eigenstates |d), |s) and |b) (the observable eigenstates). The |u), |c)
and |t) couple to the |d’), |s') and |V/) states respectively.

Let us consider the simple case of just the down and strange quarks. In the interaction
basis, the couplings of the W are diagonal, so the (W, u,d’) and the (W, c,s’) couplings
take the same value gy, where as the couplings (W, u, s') and (W, ¢, d’) are each zero. The
flavour eigenstates {|d),|s')} in the primed basis must differ from the mass eigenstates
{|d) ,|s)} in the unprimed basis, as we do indeed observe cross-generational quark mixing.
This is done by a rotation:

|d") |d) cosf. —sinf,
= = 4.1
(!s’> Ve ls) )’ Ve sinf.  cosf, (4.16)
V. is the 2 x 2 Cabibbo rotation matriz (or CKM matrix), while 0, ~ 13° is the Cabibbo
rotation angle. As this rotation angle is small, this means that interactions that change
generation are heavily suppressed, while interactions that do not change generation are

not. If we include the full basis, this becomes a 3 x 3 matrix, with couplings between
generations I and III being suppressed.
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4.3.2 Production and Decay of W* and Z°

The weak bosons can be produced in pp collisions where a quark from the proton and an
antiquark from the anti proton annihilate. For this to occur, the centre of mass energy of
the system has to be in the region of ~ 540 GeV. To produce a Z° boson, the quarks must
be of the same flavour - either u@ or dd. To produce W=, the combinations ud and ad
are required respectively. Neither the W= nor Z° are massive enough to decay into a top
quark as it is too massive.

£, v, q

[s]}
N
o

)

Figure 4.8: A Feynman diagram showing the production and decay of a Z° boson

e !"’!'+!T !q

SY]
2
+

Ve:”,u,:”‘r:@

Figure 4.9: A Feynman diagram showing the production and decay of a W™ boson
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Consider the production of the Z°. If the quark carries momentum fraction z; of the
proton and the antiquark carries momentum fraction x5 of the antiproton, then to produce
a Z° close to its mass shell - where the cross section is at its maximum - we require that:

myc® = —(Py+ Pg)* & —22122P), - Py = 122 x Eca(pp) (4.17)

The Z° boson is able to decay into any neutral combination of hadrons and leptons. This
leads to the possible final states of:

Decay Path Relative Decay Rate
qq 3X5H
ete” 1
php
THr—

VEDE
vy,

—_ = = =

VrUr

The extra factor of three in the ¢g decay path comes from the three different available
colour combinations. This means that we have the branching ratios

F7 —
2lg 5 Xlw 1 p 1 (4.18)
21

T - 77 T 77 2%
The total partial width for the decay of the Z° boson is given by
I'= Z qu + Z Fé[ + Dinvis (4.19)

The invisible width corresponds to the rate of decay to neutrinos (invisible as the neutrinos
cannot be detected in these scattering experiments) is given by the simply product of the
partial width for a given neutrino pair I'); times the number of pairs:

11invis = NI/ X FVD (420)

The total width I' can be measured experimentally, while I',5 can be calculate from the
related process of neutral-current scattering of neutrinos. This allowed the CERN group

to determine
N, = 2.984 £ 0.008 (4.21)

which is consistent with the three-generational model for neutrinos.

The W can decay into the following possible final states:
Decay Path Relative Decay Rate

ud 3x1

cs Ix1
etv, 1
whyy, 1
U, 1

In principle, bottom quark decays are also possible, but these are suppressed through
the CKM matrix coupling. It is clear from the above that the hadronic decays of W
have a higher branching ratio that leptonic decays, meaning that we would expect to have
discovered the W™ through the former decay mode. However, the hadronic jets produced
by the W™ boson decay are not uniquely distinguishable from all other processes that
create hadronic jets and are not mediated by the W boson. For example, we could
have ¢q scattering, which are strong decays, obscuring the observation of W decay into
hadrons. This is why the W was discovered in leptonic decay modes.
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4.4 Neutrino Oscillations

As stated in section 4.1.1, individual lepton flavours are not always conserved. This means
that if flavour eigenstates are not eigenstates of the Hamiltonian of the system, then lepton
flavour is not a conserved quantity, and the amplitude to find the neutrino in a particular
flavour eigenstate will be a time-dependent quantity.

Let us consider a simplified neutrino system, that we can characterise by the energy (mass)
eigenstates |v1) and |v»), with the latter being more energetic than the former. The flavour
eigenstates |v,) and |v,) are mixtures of the energy eigenstates

|Ve) = cos@|v1) +sin 6 |va) (4.22)
|v,) = —sinf [v1) + cos 6 |vg) (4.23)

where 6 is the mixing angle. Assume that the neutrino starts off as an electron-type
neutrino at some initial position x = 0. At later times, the neutrinos state is given by

(L, T)) = cos B~ 1)) +sin e ™92 |1n) | ¢ = (BT — |pi|L)/h (4.24)

where we have reduced to a single spatial dimension for the propagating wave (without
loss of generality), and L and T are the values of position and time at which we measure
the neutrino after its oscillation. The probability of flavour change is thus

P(ve — 1v,) = |[(wu|(L, T))|* = sin®(20) sin® (W) (4.25)

This phase difference can be written as

L (4.26)

2 2.2
hAG = h(p1 — ¢2) = (B — E») (T Ey + E3 > m2c? — m3c

|p1| + |p2] lp1] + |p2|

We now demand that energy must be conserved, such that E1 = F», such that

Aj— m2c? — m3c? I~ Am?2c3L (4.27)
h(lp1| +[p2]) AnE

where we have assumed that the neutrinos have negligible rest mass energy in comparison

to their momentum, and Am? = m? — m3. We thus arrive at the final result of

Am?c3L
P(ve = v,) = sin?(20) sin® <Th;> (4.28)
In more convenient units, the arguments of the oscillation can be written
Am?AL Am?2c® L GeV
A W Yo © (4.29)

4hE V2 km E

As the mass differences (as well as the masses themselves) are quite small, this oscillation
will happen over the distance of many kilometres. These long distances come from a
combination of the near-degeneracy of the masses, and the neutrinos’ large Lorentz factors
(«~ 10'2), meaning that they are subject to a very large time dilation. Neutrinos detected
in experiments are usually produced in solar pp fusion reactions (1), or in pion and muon
decays (ve,v,) in the atmosphere. Due to their weak interaction with matter, neutrinos
are usually detected using vast quantities of water in order to increase the probability of
interaction, and this detection.
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